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HISTORICAL DEVELOPMENT OF PHYSICAL DEVICE MODEl.LING 

· Prior to the wide spread availability of digital 

computers, solid state-devices were theoretically cha­

racterised ui;ing "closed - form analytical techniques 

base d on approximate solutions to the carrier transport 

proce sses. A well kn.own e xample of this type of 

analysis was described by schockly ( 1) in his paper 

on Unipolar FETS in 1952.. _This approach usually proceeds 

. by div.iding the device into regions in which simplified 

linearised approximations are applied, joined by appro-

priate boundary conditions ( 1 ,2, 3) . This method was 

origin.ally applied to one - dime.nsional models, _but was 

later. extended to include: two - dimensional e ffect�· in 

both silicon and Galli·u·m Arsenide de vices (4,"5,6). 

Important e ffects sucb as carrier velocity ·saturation, 

absent from some of the very early m�dels, were included 

in later analyses <1,a· }. The closed - form analysis 

technique proved very effective in characterising large 

ge ometry uni_polar devices and has continue d to be used 

in many applications which take advantage Of the relative 

simplicity and ease of programming inherent in this approach. 

However, although this approach allows rapid analysis 

and provides a basic insight into the ·device physics, 
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it is unsuitable for modelling devices where th.!i traas­

port' process is other than largely one - dimensional 

and where the electric field varies rapidly throughout 

the. device. 'rhis implies that a closed - form 

solution is unsuitable for modelling su·b-rnicron devices 

'and many planar devices, such as FETS, found in a. 

Wide range Of discrete a-nd integrated forms. 

Interest in the numerical simulatio11 of. semicon­

ductor devices, using phytl"i.cal device models, began over 

twenty years ago. In 1964,
. 

Gummels. ( 9) successfully 

demonstrated that this approach c'ould pe used to charac­

terise a silicon bipolar transis_tor, using· a ane-dimen-

sional steady - state model. The limited computer 

resources· available at this time meant that device simu-

lations had to be restricted to one- dimension. Mccumber 

<!-nd Chync;:cth ( i.o) dem6nst�ated Gunn instabilities, in 

what was one or LJ • .; first. reported one-dimensional electron 

tempera tu re models for a unipolar OaAs "Sample. De Mari 

( 1 1; 12) app:;.y one -dioiensi.onal.9umerical models top - n 

junctions. In 1969 Scharfetter !J.nd. Gummel ( 13) reported 

a one - dimensional simulation used to ·1110del silicon 

Read (IMPATT) diodes. 

Their numerical scheme for accurately solving the 

continuity equation ha"' now become an e·stablishcd technique 

in many simulations and is still used in many two-dimen­

s:ional simulations. 
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Two - dimensional numerical simulations were' 

developed to obtain a more realistic representation of 

planar and thri;ie terminal devices • .  Two-di mensi .onal 

models also allow other important phenomena sUCh as 

current crowding and high level inject.ion in bipolar 

junction transistors (BJ T s) and short and this 

channels iu F£'l'a to lie investigated, which is not possible 

·for vne-dimonsional models. Kennedy and O'Brien ( 14).· 

reported a two - dimensional sinrulation for silicon 

junction ( FETs) in (970. Considerable effort has 

been diirected at simul,ating FETs. In particular · 
. 1 • 

metal - Oxide semiconductor FETs and metaL semiconductor 

FETs have received much attention. 
Three - dimensional simulations lia ve been recently 

developed to account for three - dimensional ·effects 

found in small.. devices . with narrow widths and n_<;>n:-uni for­

mities in· the ac.tive region·s. Small geometry very 

large scale integration (VLSI) MOSFE'.l'S with. channel 

widths .of this order of the gate length cannot be 

accurately modelled using two-di· mensional models and 
' .

. 

three -dimensional simulations have been ·used to inv.e.s-

tiga te non-uniformities in this . channel, fringing field 

effects, breakdown voltage and, threshold voltage variations • 
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ABSTRACT 

The historical development of physical device 

mo.delling was discussed and the physics of semiconductor 

devices reviewed with particular emphasis on PN junction. 

The depletion layer of.a PN junctioq was studied 
extensively. The poissori equation was solved and 

an expression. was obtained which enables us to obtain 

the width of a depletion layer. 

Newton - llaphson iteration method was used to 

obtain the extent of the depletion layer under a 

specified biasing potential. 
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7N111��JC'I'ION 

Semiconductor devices form the fundamental of 

modern electronics, being use.d in applications extending 

from computers to Satellite communication systems. A 

wide varioty of. devices are available, fabricated from 

a range of semiconductor materials • The most common 

. _active devices found in · electronic systems include 

bipolar and field effect transistors, diodes, thyristor 

And. triacs. Silicon is one of the most COll111only used 

semic�nductor material for both .discrete and i�tegra ted 

·d.evices, although we have other materials like Ga.As· and 

InP. 

Modelling plays an important role in the design- of 

the semiconductor devices. The development or· solid 

state d"'vicei; has involved a largely empirical· design 

prqcess with many iterations of the.fabrication stage 

·being requi·z:ed to Qchieve the desired specification. 

Device modelling could be able to predict characteris­

tics such as current - voltage, capacitance - voltage 

relationship and voltage breakdown, all of which are 

function's of the design parameters. 
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NOTA'rION 

q Electronic charge 1.6 x 10 19c 
E = E (Er, Eo) Dielectric constant. 

Me, Mn Electron and hole effective masses 

h Planck's constant, 6.626 x 10- 34 J - S 

k Boltzmann 's constant, 1.38 x 10-23 J /K 

Ei; Eg Electron energy_ at Fermi lenel; Energy gap 

T 'remperature 

Q l.lol ti;mann factor · ( q/\<T) 

ni Intrinsic free electron density 

· n,p Electron and holw densities 

Nd, Na Donor and· accep-tor concentrations 

I Po.tential 

¢n, ¢.P Electron and hole quasi -Fermi Potentials 

E Electric field in vector and scalar, E = grad 4 
Uni Up Electron and hol:e mo.bil:\.ties 

Dn, Dp Electron and hole :liffusion c onstants 

Jn, ·Jp, jn, jp Electron and hoJ:e current densitie:> in 

vector and scalar time 

t time 

G, U Generation and .recombination 

Ln, Lp ElL·, �.:--r.n and hole lifetimes 

Mo Free electron m:i.ss 9. 11 x. lo- 3 l ·Kg 

,:1 
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Mee Conductive effective !ll<lss of electrons 

Ne, Nv · Effective denaltj of states in conduction 

and valence Band, 

'Vin· Built - in potential. 
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CHAPTER ONE 

CARRIER CONCENTRATION AND ENE�Y BANDS IN SEMICON­

DUC'l'OH 08VICES. 

1. 1 Semico�duc tors 
At absolut.e zero a pure, perfect crystal o.f most 

semiconductors will be an insulator. The. charactei-i's- · 
tic se.miconducting properti.e s are brou·ght ·about by 

thermal excitation, impuritie s, la.ttice defects, or 

departure from non-chemical composition� . Semicon.-. 
ductor materials are. distingufshed: by having their 

specific electrical conductiv:j.ty somewhe� between that 

of a good conductors ( 106 ( ..ru: m) - 1 ) . and that of
· � 

good i�sulators ( 10-5 (.n.cm)- 1) ; hence the name. Among 

those material,s, by far the most important in engin
.
eering 

tise iS silicon (Si). ()f quite le5ser importance is 

Germanium (Ge), which llke silicon is .an element belonging 
to ".::-""!'IV 'Of the periodic table• Becoming more 

important daily are the · compoiind semiconductors, 

usually, compounded of two elements (but. sometimes more) 

or Groups III and V or ll and .VI Qf the periodic table. 

Among .the compound semiconduct,ors Gallium Arsenide 

(GaAs) is the most impor tcint . A.lso in use. for 
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speci fic purposei:; are:-

. . 

Indium AntiMonide _ (InSb), Gallium Phosphide 

( GaP), Cadmium Sulphide ( Cds), lead - Tin -

'.follu ride ( PbSnTe ) and others • 

1 .2 CARRIER CONCENTRATION 

0� ® .: @: :@ : @ ; @: ... - 2 . . • . . . > • 

®:@ .- €): :@: @:_·®: 
. .  .. . -

®--® . .  
( c; ) 

. 

®: ·@·@ · @ .. ' ., t • s" 
.. (I.) - . . -. .  ·0 @@• ., • I  • 1 ;_ ' 

. s, . . s, . · . s' . 

:Q '. rfJ :·Q� . . . . 7' z. . •  

:@: ®: ®.� 
l c ) 

Fig, 1 Three b�sic bond pictures of a semiconductor 

(a) Intrinsic Si with ilegl:lble i�purities 

{b) n - type Si with donor (phosphorus) 

� c) l? ..: type Si with ac�eptor (boron), 
-, 
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Figure 1 ,  shows three basic bond pictures Of a semi-

conducLoc. Flt; Li :;ho·.rn inLr:Lnsic silicon, which is 

very pur·" e1nd cuntaius a neglible small amount of impuri­
ties; each silicon ·atom shares its four valence electrons 

with the four neigbou-ring a toms, forming four covalent 

bonds. Fig. 1 b shows schematically an n-type silicon, -

where a substitutional 

Phosphorus a tom with five val enc'!. electrons has 

replaced a silicon atom, _anci a negative - charged erectron 

is donated to the conduction band. The· silicon ·is n-type 

because Of the a.ddi tion Of the -negative charge carrier 

and the phosphorus atom is c alled a donor. 

Fig. 1 C Similarly shows· that when a Boron a tom with three 

valenc.i. elec trans subs ti tu t
_
es for a· silicon a tom, an 

additional electron is acce�te� to form four covalent bonds 

around the boron, and a positive - charged hole_ is crea�ed 

in this valen� band. This is P_ � type, and this Boron 

is an .acceptor. 

1.2�1 Intrinsic Semiconductor 

We now consider the intrinsic case. 

occupied cc�duction band levels is given by 

n j EtC>p 

-

N(E). F.( E_) dE 

E
c 

The number of 

( 1 • 1) 
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•here Ec. is the energy at the bottom of the 

conduction band and Etop is the ·
··energy at the top. 

The density of statis N(E) can be approximated by 

the denui ty nJiar the bottom of the conduction band 

for low - enough ca rrie.r dens! ties and tempera tu res 

N(E) 
!2 =

Mc� (B - Bc) i (H .} 3/2 ( 1 .2) __ de --3 

where Mc is ·the number of equivalent minima in 

the conduction band and Mde is the density-of-state 

effoctive·mass for the electrons: 

where M;, 

Mde 

• 
M2, 

(M7 M;.M; )1/3 (.1.3) 

�- are the effective masses 

along the pr.;incipal axes of th.e ellipsoidal ene"_rgy 

surface, an �xample is, in Silicon, Mde (Mi M�) 1/3 

___ ( 1.4) 

The Fermi - Uirac distribution function F(E) is 

given by F( E) . ' "( 1 .  5) 

+exp {E-E ) 
_,_�F 

KT 

., 
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where K is Boltzmann's constant,· T the absolute 

temperature, and EF the -Fermi energy, which can be 

determined from the charge neutrality condition. 

The integral in aqua ti on ( l) can be .. evaluated 

to be 

n" N � Fi (EF - Ee) c .{ff ( 1 • 6) 
KT 

where Ne is the effective density of states in the 

conduction ban� and is given by N ., 2 (27f md KT)3/2 c e . M 
.b 2 c 

( 1. 7) 

>'or t�e ·Fermi level severai KT below Ee in 

non degenerate seaiconductors,.,,the integral approaches 

j(/ 8nf/2 and equation ( 1. 6) becomes 

n "· Nc exp {E�f) ( 1 .8) 
, . KT· 

Similarly, we can obtain the hole dellai ty near the 

top of the '!!!lent;: t-"nd: J!' "  Nv � Ft (Ev - Ef) 
KT 

______ ( 1 .9) 
where Nv is the �ffec.tive density 

in the valenc<i. band and is given by Nv = 

_____ (1.10) 

of atatis 

2(27i mdh 
h2 

KT)3/2 
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�-hera Mdh is the density of state effective mass 

of the vale12<.e band 

Md h  
• ' • 2/3 

'Mlh 3/2 + Mlh 3/2) .. ___ 1 .11 

where the. subscripts refer to light and_ heavy hole 

masses. Again under non de generate cbndftions. 

p = Nv exp - E - E•-) �v 
_____ 1.12 

For intrinsic se'micopductcfrs'at ·fin;i.te temperatures 

continuous thermal agitation· exists, which results 

in excitation vf electrons from the valem band to 

the conduction· band and leaves an equal number of 

holes �n the Valeoc�ban.9-, that is n "'  P = ni' where 

ni is the i.'"' :-insic ca':rier density. : ·This process 

is balanced .. by recombination of. the_electrons in 

the conduction band with holes in the vaienee band • 
. , 

The Fermi level for an intrinsic semiconductor 

is obtained by equating equatio�s (1_.�8) and ( 1.12) 

EF • Ei ., Ec + Ev 
2 

Ee ... Ev + 
2 

EI ln 
4 -

+ KTln 2 (NV) N c 

(Mdh 
· 

- __ --- � 
- Mde He 2:3) t 

1 .13 
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Hence the _i•ermi level Ei of an _ intrinsic 

semiconductor generally lies very close to the .. aid"dle 

of tbe bandgap. 

The intrinsic carrier density is obtained from 
equatioris (1 .8), (1. 12)°and (1.13) 

nP • D� a Ne NV exp (-Eg/K'.l') 

1.2.2 

or n "' -� 9·_ "Eg/,lKT. i c v 

Ponors and Accep tors: 

___ (1/14) 

Wben a aemiconduc tor is doped with dono r or 

accepto r impur1 hes, imp11.ri ty energy le vels a re intro-
duced. A �-=·"�!' level is defined as being ni,utral if 
filled by an electron, and posit�ve iJ empty and 

negative if ·filled by an electron. 
� "l 

The simplest calculation or impurity energy levels 

is based on the hydrogen - atom ·,model.,-
erie rgy for the hydrogen atom is 

EH = 
M q4 

O• 

The ionization 

32 fl 2E 2}i2 
0 = 13.6 e V  ____ (1.15) 

where E is the !rtre - spa.ca permittivity. 
o. 
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'Phe ionization energy for the donor Ed, can be 

obtadned by replacing M0 by the conductivity affective 

mass of electrons 

Mee = 3 ( l + l 
. M� .M2 • 

+ ! }-1 
M• ) 3 

and by re�lacing i0 by the permittivity of the E8 
in eqn (1.15) 

Ed 
E 2 M (---2_) (__£.!) EH Es Mo 

___ (1.16) 

The ionization energy for donors as calculated 

in Eq, 1, 16 is 0.006eV. for Ge, 0,_0�5eV for Si, 

and 0. 07eV for GaAa. The hydrogen-atom calculation 

for the ionization level for the ·acceptors is similar 

to· tba t for the donors. We consider the unfilled 

valel'.lC<l band as a filled band plus an imaginary hole 

in the central force field of a negativiely cha.rged 

acceptor. 'rhe calcula.ted acceptor ionization energy 

·(measured from the valeJ:Ja! - band edge) is 0.015eV for 

Ge, 0.05eV for Si and about 0.05eV for GaAs. 

1.3 Energy bands in Semiconductors. 

The band structure of a crystalline sol+d·, 

that is, the energy - momentum (E - K) relationship, 

is usually obtained by solvi.ng. the schroedinger equation 

of an approprilllte one· - 13lectron problem 



·t2 (. --2m 

9.. 

7 2 + V(r) j �Vr> = Ek ilk(.r) 

The bloch theorem sta tee that if a potential 

energy V(.r) is periodic .witb tbe periodicity of the 

lattice, then the solutions ilk(r) of the Schroe-

dinger equation are of the form 

¢k(.r) = e jk.r Un{K.r) = Bloch _function. 

where Un (K.,r) is periodic· in r with the 

periodicity of the direct lattice and_ n is the band 

index. From the Bloch theorem, it can be shown 

that the energy Ek is periodic ·in the reciprocal 

lattice, that is li:k .= Ek +G, where 

* * * Ga = h a + k b + 1 c 

h, k andl are integers 

vec to;-i:;. 

* .. .. <.lnu a , b and c are reciprocal lattice 

for a given band index, to label the 

energy uniquely, it is sufficient to use only K's 

in a prilllitive .cell of the reciprocal lattice, 

The energy banqs of solids have been atudi.ed 
1 

t_heoretically using a variety of numerical methods� 
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In the case 01' semiconductors, the three methoqs most 

frequently used ·are . tl).e orthogonalized plane-.wave 

method, the Pseudopotential method and �he K·.P method, 

The valenc.e band in 'the :t'i�cblende consists of 

four aubbands when spin is negl ��ted in the schroedinger 

equa.tion, and each ban\i. i·s ·doubled when· spin is taken 

into account. 

Energ:: I L; , . l ___ L_· ·-� tHole 

VALENCE BAND ./ . . E�ergy 

I �Diatance· 

.

. i 

fig, 2: Energy band diagram 

A
.
b

.
ove is' thtt energy band diagram of a Semiconductor. 

At room tem peratu r� and under normal atmosphere, 

·the values oi' the bandpp are 0.6l) eV for Ge, 1.12eV 

for Si• and 1 .42ev for GaAs. These values are for 

high - purity materiaJ.s. For highly doped aeterials the 
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bandgaps become smaJ.ler. It has been observed experi-

mentally that the bandgaps of--.ost semiconductors 
decrease with increasing temperature. 

1 .6 
1 .5 

1.4 

1 .3 

-1 .2 

�·0 . .,_2) � 

S,. 
,.-.._ :> 1 • 1 

1.0 � "- · .,. 
� c 
;A 

0·9 
0 .8 
0.7 

o.6 .-, 
200 400 600 800 

1'(K) ____ _ 

fig. 3: Energy bandgaps of Ge, · Si and Ga.As as· · 

a fu�ction �f te�perature. 

Fig. 3 shows variations of bandgaps as a function of 

temperature for Ge, Si and Ge, Si and GaAs. Tbe bandgap 
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approaches 0.75, l.t?and t.52eV respectively, for 

the three semiconductors at OK. 

The variation of bandgaps with temperature can be expressed 

by a function 

Eg ( T) Eg (0) - �2;(T + b) . 

Mat.::-i:>.ls Eg( 0) ��- �2 b 

GaAs t .52. 
• (xi g.4 204 

Si t. 17 4,73 636 

Ge 0,75 4,774 235 

where Eg( o}, a, b are given in the above table. 

The 
·temperature coefficient dEg/dT is negative for the 

aforementione'd three semiconductors. Some semicon-

due tors have positive dEg/ dT, for example, the bandgap 

of Pb.S increases from 0,286eV · at OK to 0,41ev at 

300K. ',l'he bandgaps of Ge and Ga.As increases with · 

pressure near room temperature. 

t .4 GENERATION AND RECOMBINATION OF EXCESS CARRIERS 

In view of the fact that noozero excess - carrier 

concentrations represent .a deviation · fr.om Etquilibriilm 



13. 

conditions, there arise. �hysi�al mechanisms that 

endeavour to restore the equilibrium state, 

Hore precisely, whenever the electron and hole concen­

trations i.e • .  n and P are positive, corresponding to 

total carrier
. 

concentra,t ions greater than
_ 

th
_
e equilibrium 

values, ther!I is a te .ndency for the excess carriers to 

recC'!!'h1 ne or to disappear by mutu al a'.'nnihilation· conduc­

tion electrons fall back into ,:vacancies in the bond 

structure 1 the re by removing both tliemsel ves and an equal 

!lumber of holes'P' from circulation.�' If OD the 

other, electron concentration 'n' and.ho'l.e concentration 

rp• are ·negative, as they will be if the total concen-

tratioua are caused to be less than t.he corresponding 

equilibrium .values, there is a tendency for excess 

carriers to appear or to be generate in 'pairs by the 

breaking of covalent· bonds. 

Recombination - generation procecs that comes 

into operation when the equilibrium is disturbed can be 

described in terms of a local rate of recombination 

which bas a dimensions of pairs per cubic centimeter 

pe.r second. 
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1.5 COMPENSATION AND DEEP IMPITTUTIES 

A semiconduc tor doped by equal concen tra tions 

of don oz: and acceptor impu ri ties is said to be fully 

compensated. The free elec trons donated by the 

donors are grabbed by 
.
the accep tors since a free elec tron 

co mes.down in energy when i t  occupies an. accep tor 

.s tate, and each system tends in equilibrium towards 

i. ts lowes t possible energy. 

In a fully compensated se,m.1conduc tor, ther.e_.fore, 

ail the donated alee. tr.one have been caugh t t!Y accep tor 

states and none is available for conduction. . All 

the valence electron s s tay in the valence levels since 

no accep tor s ta te is.lef t inoccupied, so th�re are no 

boles ei ther. The. nu mber of available charge carriers 

will be very low, like in an in trinsic, undoped, semi-

conduc tor. Contrary to in trinsic ma terials, howe ver, 

a compensate .semiconduc tor has a lo t of posi ti vely and 

nega tively ch��ged ions ( the donors and accep tors) 

e11beddeil. in i t  and though macroscopically it is elec­

trically neu tral, these cha.rges would affec t i ts 

conduc ti vi ty. 
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If an atom from Grou.p II, like Zn, is used to 

dope a group IV semiconductor 1:1,ke Si, two bonds in the 

lattice will be missing in the vicinity of the Zn atom, 

This atom can therefore accept either a single electron 

from the valence band and become �ingly ionized, or 

accept two and become doubly ionized, The energy levels 

that these valence electrons �st. attain
.

to be accepted, 

however, are rauch higher than for a !l_roup III acceptor 

like boron. Such levels are called deep. Thermal 

energy is not su tricio;nt to excite valence electrons 

into th;,;n but they can catch free electrons from the 

conduction level. This m�y enhances the recombination 

of such trapped electrons with holes that may come by •. 

Thermal energy is not sufficient to liberate an elec.tron· 
I 

trapped in a deep impurity. One the re fo� finds that 

deep impurities drastically reduce the number of elec­

trons free for·conduc.tions and an N- type mate·rials so 

doped behaves like an insulator. 

Deep levels may be created in semiconductor �y 

crystalline defects and by many heavy metal atoms. 

Especially useful are ·gold (Au), which. in minute quantitie-s 

is used in Si to enhance recombination and ·increase the 

operating speed of switching dev.ices, and chromium (Cr), 
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is used tq dope P - type GaAs, create deep donor l evels 

tha.t cause compensation and turn it into a practical 

insulator cal led semi-insulating GaAs. Such GaAs has 

resistivities of. up tp 109 ..a.cm' and is used as a single 

crystal subst rate on which digit al c�rcuits or 'microwance 

devices of GaAs are llkide. 

j'.6 HIGH DOPING. DEN SITIES AN D DEGENERATE SEMICON DUCTORS 

In all ou.r above discussion, there is one implicit 

assumption and that is· that the ioipurlty· atoms are· few 

and far between in the semiconductor crystal .  If the ir 

concentration is made large enough for orbits of the 

fifth dictd.Ht elcctruns of neighbouring donor atoms 

to st�rt to overlap them they begin to be influenced by 

each other and -then the semiconductor. 

Properties, such as the behaviour of its conduct:i-

vit y with temp erature, will change. Such a materials . 
I . 

is called degenerate, that is, one can no longer corrsider 

the allowed orbit s of the electrons independently . 

They uni ts int-o a single system in whcih the paut i ex­

clusion princip le, for-bi dding electrons to have the 

same all owed _st ate holds. We c.an ob·tain an estimate of 
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the impurity concentration, N, above which energy l·evels 

of impurity atoms become affected by the nearnes_
s of 

other impurity atoms in their neighbourhood as follows: 

The average di.stance_ between neighbouring impurity 

a.toms is N-l/3 if N is· their concentration, If this 

distance becomes compar.able. to .the "diamat.er of the .fifth 

electron orbit, degeneracy sets in • This leads to 

a value of approxima.tely : 1019 cm-3 as tlile limiting 

concentration (about three orders of magnitude less 

than the e�!!!iconductor atom concentration), The 

technological limit to impurity inclusion is usually 

higher and is called the solid solubility limit, This 

is proper.ty of the semiconductor, the impurity and ·the 

tempe .ra tu re. at which "the impurity is introducejl. · Attempts 

to increase the impurity concentration fur.ther will 

fail because the excess impurity will segra�e form 

inclusions in the crystal. and will not be electrically 

active, that is,will not contribute carriers. High 

doping densities also introduce .1110chanical str.esses in 

the crystal because 'or _accu1DUlated differences in atomic 

sizes and increase the number of crystal fauits, 
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CH APTER TWO 

MOBILITY, ELECTRICAL CONDUCTIVITY, EXCESS CARRIERS, 

LIFETIME, DIFFUSION AND TRANSPORT PHENOMENA. 

2.1 SCATTERING MECH ANISM 

If a constant _ voltage _source is connected to the 

two sides oi' a semiconductor chip, and electrical field 
E ii; created in it. Thi.s f ield acts· upon the free 

'.charge carriers and causes them to dri,!t in the qirection 

of the force it applies, thereby creating a drif t current. 

When a charge carrier ic acted upon by a constant 

electrical field in a vacuum, its ensuing acceleration 

o. is a = qE 
1\, 

and its velocity V at time t, if it started from rest: 
t 

V = J adt 
0 

qEt 
M e 

I 
Inside a semiconductor, on the other hand, the 

movement of the cha.rge carrier. ii;; not smooth but is 

perturbed by various obstacles, causing what is known. as 

scattering. 'fhere are two main types of scattering 

110 cha ni sau 
(a) Lattice .scattering is caused by collia�ons of 

the moving c;arrier with distrubances in· tpe pe·riodic internal 
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potential inside the semiconductor crystal, These 

dicturbances are due to the vibrations of the crystal 

lattice atoms around their proper .place in the lattice 

because of. their thermal. en.13rgy. The effect of the 

·internal, pvriodic potent1al itself, which exists in any 

crystal, can be taken into consideration by assigning an 

eri�·ctive mass * m to the moving el�ctron or hole. 

'l'hese 111Ssses �,..e different from· the mass M0 of .the 

els.ctr.on outside the crystal. The re fore it is only' the 

disruptions in the periodic potential, caused by the 

thermal Vibrations Of the atoms, that scatters thll drifting 

free carriers: at a cert.sin moment ap electron can bump 

into a region where the crystal atoms are more densely 

packed than usual, yet a moment later.it may find itself 

in a spa.r sely packed region, . 

The dense and sparse Ngions form pressure were 

existing inside the crystal. 

entitie� are called PhonOJ:!s. 

The vibrational wave - particle 

The wave or particle nature that 'pb01i;.1s exhibit depends 

on the type of experiment performed. Their inte·raction 
with current carries inside the seadconductor resul'ts from 

the local disturbanc'es introduced.by the existence of 

'.phonous in the otherwise periodic lattice potential. The 

interactions can also be looked up�n as c�llisions b.etween 
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the current carries and .-PhOnOQs, In these collisions, 

the' total energy and momentum are conserved, but becpme 

redistributed, changing magnitude and direction of 

t-arrier velocity.· 

Following the collision the cartier iS'again accelerate 

in the direction of the field and, inevitably, scattered 

again, and this re.peats all the time, It is obvious 

tha.t lattice scattering will grow m:ore severe with increa-
sing temperature. 

(b) Impurity Scattering is caused by the presence of 

ionized impurity ato� in various positions in the crystal 

lattice, Due to their net charge, they exert a force 1 
on the free carrier passing nearby, causing it to change 

· its di rec ti on, This type of .scattering is less severe 

if the free carrier is moving faster (that is, at higher 

temperatures), and spends less time in the vicinity of tho 

ionized impurity atom • 

. 2.2 AVERA.GE DRIFT VELOCITY; MOBILI'rY 

Consider a charge carrier under the "effect of an 

electric field E, when there is a ;�ca.ttering mechanism. 
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Suppose we start with n0 carriers at time t = o, 
measured for each carrier from the moment of its last 

collision, then atime t later. There are still 

n(t) th"-<t have not suf_ferGd a second scattering colli­

sicm and tha..t are still accelerating in the direction 

of the field. Between t and t + dt an additional 

dn carriers w ill suffer a second collision and lose 

their momentum in the field direction. The number 

of still acct1l<'ratini:; carriers will therefore be reduced 

by by dn which• to a first approximation, is proportional 

to the number o.f still uncollided carriers n and to the 

time increment dt but not to the moving carriers' 

energy 
dn = i ndt 2.2.1 

where l is a constant of: proportionality. The 
-i 

solution of equation · 2.2. 1 ,  by separation of va·riables, 

i'� n = n0 exp (- l ) I 2.2.2 

where 1. has the dimensions of time, the a:ver;i.ge 

free time between coll:ision. 

collision during the period 

� = · l 
no i; 

The probability· for a 

dt is dn/n_o. Therefore 

exp C-.f; ) dt 2.2.3 

ABUB_AKA� TAFAW . .:. SALEW� I !""- .UNIVERSITY LIE.RARY , �..., l!IAUC,!:_l_I _ 
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The right - hand side .of 2.2.3 gives the distribution 

. of the ti.me t that a carrier 111ov:ea till it collides. 

For instance, a. relative.ly large fraction of the starting 

- n0 ·carriers will collide again. ne . .;i..r t " O, at. the 

beginning Of their 111ovement, because at t = O, the 

right - hand side of 2.2.} is lll!lxi111um • .  But there will 

be so111e, on the other hand, whose time t to the next 

cvllision will be v.ery long because exp(- J. ) never quite 

reaches zero in a finite time. There fore ·some electrons 

or holes will be ,accelerated to very high velocitiea, while 

moat will reach only a low velocity be fore collid1ng and 

being scattered again.· To find an average time' between I . 
collisions, we must sum the times to the second collision 

for the various carriers, assigning a proper weight to 

each time t depending o.n the relative numbers ·or carriers 

colliding at that time. 

The carrier drift velocity V "' qI· . .  
d � E we· obtain M 

a velocity that ia proportional to the field and.. is 

constant in a constant field. The proportionality factor 

is called MOBILITY and denoted by p. 

}Je • h = -3]· 
M • e,h 

Vd:= ,lJE. 
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where e, h refer to electron and hole re specti vel y. 

The ne t .col li sion ti me L betw een the l atti ce 

scattering coll1s1 on 
.
. t1 me I. and the ·i mpuri ty 

coll ision t:!. !!!•o L o  i s -.. 

l = l . + l . 
i; L 1. . t.� 

The re sul ting mob ili ty is ,:< l 
JI l + l 

»1 .IT1 

where )11 is the mobil
.
i ty fr6111 acoustic phon.on 

lattice se a fte ring and JJ i ,  the mob1l1 t y  from 

ionized impurities. )JL and Jli ar!I tempe ra tu re 
dependa nt, 

The depo ndance of JJ on the te mpera tu re wi ll 

the refore be dete rmin ed 
. 

by JJi at low temperatures, 

an d by ,11 1 at high temperature s, The high� r the 

dopi n g  lev el the low er »1 becomes, and consequen tly 

the lower .the become s, Infa c t  i t  may b ec ome so sma ll 

·· t.hat even at room temperat ure an d above )11· would still 

dete.rmi ne the total mobility, 

2,3 -<:ONDUCTI'f!TY 
The drift curre nt de·n td ti es Qf the holes and 

e le ctrons are given b y  

J e  ( drift) qn (Vd)e + qn,U0E _: _· _ · 2,3. 1 
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Jh (drift) .qP(V d),h . ·= + qn)JeE 2.3 � 2 . 

whore J e is the electron drift current density 

and J h is the hole drift current dens! ty. The 

total drift current density is also given as: 

J = J e + J h = 'l�nJJe + · P,Uh)E 2.3.3 

The specific c.onductance 'J of the semic onductor is 

defin"..i ar, tl\e ·ratio of the magnitude ·s -of J and 'E • 

CJ= '. J 
E 

.. 
q(.iipe + P)Jh) 

In the case of intentionally doped extrinsic 

maternal, one of the te rrns in the brai;ke t ·of equation 

2 . 3 � 4  is ·usually negli gible compared to the other. 

2 .3 . 4  

I n  the case u f  a n  .i.n �r.1.us.1.c materi als, where the number 

of electrons equals the number of hples. 

01 "' qni ()Je
. 

+ )Jh) _____ 2.3.5 

The specific conductivity · varies with temperature 

for two main reasons: One is the dependance of the 

free charge carriers c oncentration or teiaperature which 

will be felt either at very low temperatures (when not 

all. the impurity a toms are ionized) o.r at very high 
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tempera tu re a (when the 1'<i te Of genera ti on of thermally 

crea t ed free carriers becomes very hi gh) . The second 

rea son is the dependance of mobili t y  on t e.mpera t u  I'll , 
which has l ess e f fee t a n d. de t .e rmine.s the con due ti vi t y  

i n  the i nt ermedia te ra nge · i t;  the doping 1S high and 

t he mate ri al degenerate, the conducti vity becomes more 

or l ess const ant with temperature i n  the l ow a n d  int er-

mediate range ii. At 1 ow tewpe ra t u  re·s thi a resul t s  

from t h e  ablli t y  o f  the extra e1 ectron. o r  hol e 

associ ated wi th the dopa nt atom t o  drop froa one 

irD;>"'"tty a. tow t o  its ve ry near ii eighbour ttithout the 

n ecessity  for thermal energy t;o ionize it. 

The mobility  obtained from conduct ivi t y  mea su remen ts 

is called conductivity  mobility_ and" refers t o  maj ori t y  

carri er movement , The mobility p.f. the mi n·ori t y  

· speci es is usuall y te rmed dri ft mobility, a n d  i s  

a pproxima tely equal �o th" condu c t1v1 ty mobili t y  for 
the sa me dopi ng. 

2, 1+ EXCESS CARRI ERS 
. AND LIFE TIME 

The densiti es of ca rriers in the se llliconductors 

a nd determined under t hermal e quil ibrium, that · i s  wi th 

tempera tu re uni form and equal to the surrou ndi ng ambient 
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tempera tu re ,  -and with .no exte rnal carrier inje�.ting 

aiechanisms, su ch. as .1.r_radiation by photoas, or forces, 

such as electricfied, ·applied the homoge_nuity of the 

doped se lllic onductor have . been dealt · with un'der this 

condition, only the temperature
,
, _ dopant density and 

the semicondu ctor mater,ials ·dete rmine the· car-rier con­

centrations, which are . uni form ·(S.tati:stically) in
. 

time 

and ·position , since there is . nQ reason for them to vary . 

Equilibriu m, however, can be disturbed: carrier c on­

cen trations can be increased well above the values 

app ropriate to j;he tempera tu re .  When· this happens we 

say that the semic onduc,tor contains EXC�_SS _ CARRIERS. 

Le t in denote the equilibrium value and n the 

exce ;::.:; '!!'l \le.. The re fore the tot<1l carrier concentra-

tions is n n + n . :;: 2 . 4 . 1a 

Si milarly for holes, the total carrier concentrations 

113 p = f + p_ 2. 4. 1 b  

A common method t o  generate excess carrier i s  to 

irr;;.diate the .setic;:;.:ct;.; c tor by photous 'Iii th a waveleng'th 

short enough . to ionize .the valence elec trons, the reby 

generating elec tron - hole pairs. In · such a case 

n P. Ho�ever, i f  the semic ondu ctor is dope d, FP.y 

type N , i t  has many more elec trons than holes,  so that 
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t he re la t i  ve i·mportance of t he a ddi t1onal ex ces s  
elect rons is m uc h  Slllll. lle r than · fha t  of· t he exc e s s  
m inority holes. The numbe r of t hes e may be inc rea s ed 

by se vera l orde,ra of ma gnit ude . O ne can t ho re f oro 
ex pect t hu . t in a ny su c h  e x pe ri m ent on ext rins ic mat eria l  

_ ·m ost st rih:i.11g ,; r fee t  will be t he i ncrea s e  in m in ority 
ca rrier dens ity ,_ The t ota l g ene ra t i  on i s  t he s um of 
t he t he rmal ge ne'ra_t ion Glh and t he phot on gen era t ion 
G

ph ' I n  t he rmal eq uilibrium, Glh is bala nce d  by 
t he equilibri um rec ombi nati on ra te g ive n by 

R( T) = r( T) ii p Glh (T) 2.4.2 

w hen t he se m iconduct or i s  n o t  i n  eq uilibriu m and 

th e irra d ia t ion is s udden tly st oppe d, Som e.t ime s  w ill 
pa s s  bef ore t he e x ce ss ca rriers · recombine a n� .t he s emi-
conductor ret urns t o  eq uilibrium. D uring tlla

_
t t ime 

t he roe ombina ti on rat e, bei ng proporti'onal t o  t he inc rea a e· d  
n and p i s  highe r t ha n . the rma l ge nera"t ion ,  w hich is 
uncha nge d beca us e  t he t em pe ra t uryi is k ept consta nt . 

T he ex ces s  ca rriers will the·re f ore gra dua), ly · disappea r, . 
D uring t his peri. od t he e x ce s s  O f  re comb ina t ion 

over genera t ion is 

R = R R(T) R - Gth = . rnp - rn' . . .  2 . 4 .3 
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Sub sti tt u ting n , P f ro m  2 . 4. 1 ,  we obtain 

,. , " 
R = r (p �-+ pii + P LO 2 . 4 . 4  

For N - .type e x trinsi c ' .  mate rial, where ii 

n = p 

2 . 4 . 4 

ii, the only significant term i n  ·e quation 

i s  the o ne containing _ii: 
A 

R 
- ,. rnp 2.4.5 

'rhi s equation shows that excess · I'!3cOmi11nation 

i s  pro port ional to exce ss· minority" coricen tra ti on . 

ND 

If the light , a fter generat1.ng ;ca rr iers for some tiaie, 

is turned off at t = o; then _the de cay " of exce ss 

mi nority carrier s (here hole s). duri ng the time seg men t 

dt·, t se conds la tCil f, will be -

dp( t )  =-R( t) dl 

De fi ning I11 . as 

rh "= .11.:k> .., 
R(t) 

-

one get f.I. fill 
dt - £ 

1.h 

J. r n  co1�st ., 

riip dl __ 2 . 4 . 6  

2.4.7  �--:---

2.4.8  

where i:h i s  called the ·�xcess holes life time . 

It controls the electronic behavio ur of device s su ch 

-as tra nsisto rs a nd diode s at hi"gh fre quencie s a �d during 

swi t ehing . 



29. 
2.5 DI FEl.! SION OF CARRIERS 

Di ffu si on is a manifestation o f  the random t.hermal · motion of .. particles; it shows • up as a particle cu rre nt that appears wheneve.r mobile particle s are 
non uni formly distribu ted in a system, We bkse our 
discussion or' di ffusion on the ske tch below, showing 
the C:Oncentration Of _the carriers, taken to be hoie s 
for this developme n t ,  as ·a function o f . the position 
c oordinate !- in a one - dimensionai se·miconduc·�or 
bar, Con sider a surface normal to the x c o ordinate 
a t  X O  

p 

( a )  

(b) 

P(x) 

I I 1-()-.. · 1 I io- cr-1 

I 

I 
I 
I 

0 x. x 

p r 1 · · \� 1 �· · . 
x.. ...) x 



fig (a)  
fig ( b) 
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H ole concentration 
Ca r rie r. di st ribu tions that produce the 
same di f fu sive flow at x0 • 

For th� hole distI'ibution shown in fig (a)1 a .. bov!l •  
there i s  a di ffusive flow of holes across thi s su r face 
in thEJ + x direction. This:diffu sive now ari.ses 

simply becau se the hole concentration to the· le ft or 
XO 
Of 

is greater .than the hole concen tra.tion to the right 

xo. 

We illustra te the. dependance of the di ffUsive flow 

o f  carriers on the concentration imbalance by' focussing 

on the carriers in the two bonlike volume elements 

of cross-sections area A and width · o- wpich lie on 

e i ther side o f  the plane at  x0• In unit time some 

fraction o f  the carriers in ·the . vol11nie element to the 

le ft Of x0 flow in the + x direction across the· plane 

a t  XO a s  a result o f  their random thermal motion. 

In the same time inte rval the same fra c tion of the carrier• 

in the -:�lume eiements are in the same the rmal environ­

ment and a N  ;;;,·;;imet rical.�Y de fined • 

• •  ·i 
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There is a ne t flow of carriers from le ft to right becau 1;;e tho ro .:.. re · more ca rriers in the le rt Yolume elemen t  than in the right one . The net re. te of fl ow o f  h ol e s  i s  proportional to tho concentration imbalance i f  P • denotes the hole c ontraction in the le ft volume element and P+ the concentration in the right v<;>lume 
I . eleme n t , the rate at •hich holes across the . b oundary a t  

X 0  i s  

hole flux :: ( c onstant) (P_ - P+ ) 2 .5 . 1  · 

I n  the limi t ,  a s  r approaches zero, t.his rate i s  
proporti onal t-o dP/dx at xo . That is 

hole flux := - Dh (�) XO 2 . 5 . 2  

The c onstant o f  proportionality is . called the 

di ffusion c oe fficient for hole s .  The negative sign 

appears because carriers now down the concen.tra. ti on ·. slope 

. from regions of high concentration to. regions o f  lower 

c oncentra tion. 

The hole current density associated with di ffusion 

i s  

J h = - ql?b 
dp 
di .  2.5.3 

· �} 
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The elec tron current densi ty associated with 

di ff\laion i s  

= qDe Je !!!! 2.5.4  dx 

These are ca se.a or one - dimensional concentration 
v11.riationa for hol·e a  and electrons. 
Diffusion flows occurs simply because the number,_ .or. 

. I carriers that have velocity components dire�ted from· 
the region of high c oncentration towards a region o f  

lowe r c oncentration i s  greater than the number .or 

carriers that have Oppositely - directed veloci .ty 

components. 

The pa rticle Uux density that results fro111 

di ffusion depends on
.

the carrier - concentration gradient 

and not. on concentration. itself• 

2 . 6  TH E TRANSPOR T  AND C ONTINUITY EQU ATION S 

In the gene rel case where · both concen tra ti on gradien ta 

and. alee trical fields are present the cu rrent carried 

by each
_ 

type o f  charge carrie r has .two components: 

di !fUeion due to concentration gradients and drift due 

to alee tric field. . From equa Uons 2.3.3 , 2.5.4 and 

2 . 5 .4,  th.,,,.-:: t;'Urrent densities 

J h :: qJJ h PE - qDh 

) 

ars 

'*· ...,_,..-----
2 . 6 . 1  
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J � = qJJ enE
· 

- qDe .!!!! dx -----

and the total c onduc tion current wili be 

J - Jh + JJ • . 

2 . 6 . 2  

This i s  a Cu rrent - transport equations. It 
forms a starting point for semiconductor device analysis. 

L14�t 

Fig. 2 . 6. 1 :  
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Fig. 2 . 6.2:  Type N Semiconductor, partially expose d  to ligh t .  Electrons ( the maj.ority) a re .  not mrked. H ole s ( the· m1nority) · a.re marked with + . 
Re ferri ng to fig . 2 . 6  .• 2 ,  how geep the excess ca rriers can penetrate the c overe d region be fore their number is reduce d back to equilibrium .  due to recombi­nation. 

I n  order to solve thi-s que st.±,on , the c ontinuity 
equation for the charge carriers mu st first de developed. 
From fig. 2 . 6 . � ,  we examine a narrow ,, di fferential 
section of our unit-are semiconduc tor bar, between 
x and x + dx in the covered region. 

I 
Equating the time cha� in hole concentration 

there to the differe.nce in ho:\, e ,  nows into and out or 
this secti?n •  a dding · the therllli:llly generated new holes 
a�d subtrac ting those rec ombin.i.ng, all per unit time , 

Wil.11 get us the con ti nu ity equation. 
.. 

fill dx = ( � 16<,0 _ .!.. 'Ji,(><+ h d )) + 
d t  f .  f 

( c, 4 - 1. ') c( ::x. 
[h 

2.6 .3 
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Fro111 equilibriu111 , we know tha + G - P/1 h 

· 

. • th - h ,  w ere J5 i s  th� ·time - independent equilibr�um hole concen-tration . Subst1 tu ting this and p = p + P into the -equation above an·d dividing throughou t by dx yields. 
£1! · (x , t) · l dJh( x , t) _ P( x ,t) dt . =-q dx 

i · h 
Similarly for elec trons,  

2 . 6 . 4  

1 . .li!l ( x ,t) = + - � c x ; t) - n< x , t) �2 . 6 .5 dt q dx re Re stricting our a t tention to the static, t1111e - indepen-dent, fiel d - free· s1 tua ti on of fig. 2 . 6 . 2 .  The 
concentration in the covered region at a depth x "111 
be governed by equation a.6.4,  which reduced to 

- l cUh - ·f = 0 
q dx lh 

--����-1_2.6.6 

substituting Jh from 2 . 6 . 1  
2 . . .!i:f - f = 0 

� �  

The solution of _equation 

integration c onstants: 

we obtain 

2.6.7 

2.6.7 c ontains tw·o 



P(x) ::: 
36. 

C exp ( - x . ) 
( ) 

I 
. :r-n i + c2 exp + }.' . h h) 

. ( h Dh). The quan ti �y ( th Dh)t ha s the ditaensions Of dis tance and is call�d the d�th .. for . .  holes 
Lh � (I:h DhH 

2 . 6 . 8  
The exes s s  hole cone e n  tra,t.ion drops to e - I tim s i t s  initial value a t  a distance of Lh a'�d ia prac tically back to squilibrium a ft11 r three to four d i ffu si on lengths. 

2 . 7 INTERNAL FIELD IN A SEMICONDUCTOR WITH A NON­U NI FORM .DOPING .• 

All :..] ·"'� e: ,  only s?mic onduc tors , whose '.impurity doping density i s  uniform were. di_si;;ussed, Let u s  examine a ·case where. there is. a concentration gradien t  o f  the dopant along the X - il'xis, 
I !  the ou tside current circuit_, is  left open, 

then we must have 

J = Je + Jh = {O) 2 . 7. 1  



I f  the se mic onduc tor ie al so in the� equilibriu m, the n  al so the cu rrent of each individual carrier type must be ze ro; 

J e
' :; Jh " O 

�-..-..-..-..-..-.._ · 2 .?.2 
Substi tu ting 2.6 . t  
find tha t i n  the 
at equilibrium,  <in 
must exis t. 

and 2.6.2 into .2. ? . 2 ,  we then 

caae of a nonuniform, semiconduc tor 
i n te rnal ' built-in• electrical field 

E = )lli 
)Jh 

l � 
p dx - .!& l .!!S )le ii dx ___ 2.7-3 

Einstoin1 a relations iB written as 
.Q.!,h " .!IT 
JJe ,h q 

Applying .l!:inste.in• a relations 

E = KT l !!J1 
q p dx .!CT l dii 

q n dx 

--�--

2 . 7 , 5  

The physical reasons ro·r this internal t:l. eld·," 

dependent on.. carrior gradients, are as ·follow13: Assume 

the dopa.nt concentration, say that of donors, decrease s 

•1th x.  The free elec trons contribute by the donors 

tends to di ffuse towards the .lower concentrat:l on ,  i . e .• . 

2�7.4 

·in �he +x direction, The. donors, . which are positively 

ionize d ,  cannot move from their. lattice poai tions . 



38. 
Conse qu ently ,  a ne t posi tive charge will be crea ted on the l e ft , e qua1 to q , (ND(x) - n(x) _ ) ,  While on the '.eight'
, the re are mo re elec trons than donors and ttie ne t cha rge Wi ll be nega tiye , so that a · field cause arise .  The di ffusi on and the fiel d  cause two 9PPOsing currents and e quilibrium i'f: reache d when the two e ffec t s  just ha.lanc e each O LJie r. 
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£.fu\PTER TH� 
LN JIJNCTioNs 3 . 1 l!!_troductio..!Ul 

A PN j u nc ti on occurs whenever the . i mpu rity con-centra t i on change s from a pre dominance of donors t o  a pre.dominance Of accep tors over fl . eu fficien tly small di stan c e . Unde r su ch conditions a region devel "Op6 . in. which the mobile - carrier concentrations a·re much small e r  than the immobile _ - impurity concen trat�ons.  and the1r 1 ocal deviations from elec trical neutrality , acc ompa n i e d  · by intense electric fields. The· charac-
teristic behaviour a ssociated with .!". N junc ti ons i s  a 

c onsequence. of these deviations from neutrality, in 
silicon and Germanium ,  this change must occur ove r a 
distance not signi fica tly greater than about 1 0-7m Co 
produce a PN j u n G tion, 

I f  the change in impurity concen�ration occurs ·more 
gradually , there will be no substantial devia tion_ from 
neu t rality ,  and the structure will behave simply a � a 
t w o. c�rrie r c onductqr in '11'.hich the carrier c oncentra tions 

. .  va ry from point to point·, 



3.2 Tl!£ JUNCT!O�: !�i EQUILIBRIUM 
0 - (±) -· G) - I 8 �+ 8 + c:) - © - ® - QJI . s - - -

id L <-0 - e> - Cb -· ! -f 8 -f 8 -t 0 
- - ) . 

. I 
- Q:;.. 8 18 + 0 + 8 \!:/ - . t - t:;\I . �I . 

·. (j) � © - (!) ; +  0 + 8 -r 0 !,! {�"� � r� : (C. ) 
Fig .  3 . 2 . J : Th e step (1, /  

· June t i  on: ( a) the 
j u n ction vicinity as 
it w ould l ook if the 
carriers d id not 

di ffu oe; 

(+ ) ionized donors , 

( -) ion iz�d acceptors; 

+ holes, - el ectrons; 

(b) el ectron and h ole 

flows; ------ d iffusion 

G('.±)GG 8 !0 0 '. C::J -t 8 (}) G © 8 01 G G -� O f!) (feo ©.G B o '-'--' C!J e> rv0G J D v 8 c!:Je 
QCD G G 0  0 0 0 

. '+'e> © G @ 18 8  8 G) 6  � G)Q 0 0 . u G & O 08/00t:}t:)E) 0 N �rp 
n ow ,  drift flow ;  

.Depletion region 
(c) 

( c )  distrib uti on of ionized 

. impurities and free ca rriers in equiliprium, 
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Fig, 3 . 2 . 1  (a)  shows the i1Dpu0ri ty a to1Da on both 
sides Of the j unction, t bge· t he r  with the c ontributed·  
carriers as though C OIDplete. neutrality existed e.ve r)'where . 
At .any point the ionized i1Dpurities charge is balanced 
by the opposite charge of the free carriers. 

ND +· fl = NA'. + ii 3 . 2 . 1  

Such a sftua t i  on cannot really e xist . The 
electrons, which are in !lxcess on the N side , di ffuse 

int0 t.he P . side ,  when there a re few of them, Holes · 
di f fu se in the opposite direc t:i.on. A 1Domentary 

di ffu s i on current flow ar ises, as marked by the dashe d 

line in fig, 3.2 . 1  ( b ) , But' this· flow causes an 

immediate · 1 oss of.  neut rality ; the ,N .side, losing 

elec trons, is charged positive becuase of the net 

dunur cho;rge lo f L  l.H='}ilHd , the P aide simila rl y bacDwes 
nega tively cl;larged . A. potential _ba rrier builds across 

the j u ncti on which obstructs .any rurther · maj ority carrier 

di ffusion and mak e s  th e cu rrent zero, as it would be 

in equili.brium. F or each carrier type, there must 

be t wo current components,
. 

di ffusion and drift , which 

balance each other to ·zero the rmodynamic equilibrium, 
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A region· mus.t th.ere roro · exi st , on both side� · O f the m1;1 tallu rgical junction ,  in which  there is .a bu11t-
in field . in equilibrium and .  in which . tho re i·s a deple tion 
of mobile carriers ,  since the field sweeps them away . 
Thia region is  called the · DEPLETION LAYER. I t  is · 
e. spac e  - charge region. becaui;;e .o.f the net ionized· impu-
r1ty -cha rge in i t .  This :ie  s}\own in fig 3.2,  1 ( c ) . 

To obtain expressions for the built in field and 
the width of the depletion layer, we need the transport 
equa.tions ( 2 . 6 .  t � ,  ( 2 .6. 2) , that is 

Jh qphPE qDh � dx 

J e = qjlenE - qD11 _l!B 
·· dx 

and poisson' a equation (in  one dimension) which relatee 

the ra te of  chan�e of the electric field E to the net 

charge. den Eli ty ( and dielectric constant EE0 

whe re 

� ux 
d. = 
ciX<:'. . 

-
p EE 0 

V ia the potential. 

above , we mu st have J h = J e = . 0 

____ 3.2.2 

From the discussion 
in equilibrium. 

\ 
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From Jh ::: o we get · Edx :: Dh ldP 
- p 

3.2.3 JI h 
Integrati�g E from p to N . side , · between .. p.ointa far eno1.1gh from t'he junction for i ts innuence t_o be negligible and for neutrality to hold ,  where Pp ::: NA on the p· si de and P n "' nf/nD· on the N s1d� , one gets the built - in voltage denoted. by vb. 

VB 
= 

-
Dh Edx = - _ 

)Jh 

D NA ND v - ....h ln • • B. - )Jh 2 ni 

N . . 
· ldp 

= 
� ln p )Jh 

3-.2.4 

p-
.:.JI Pn 

Similarly � if we sta.rt from the J e = O 
equation we obtain simila·r result 

VB 
= 

- Edx = . De 
}J e 

Since · it  is i<he sa me  VB 
( 3 .·2 .4) ·Or ( 3 .2 .5)  is used, 

l dn = .l2.21n NA ND: n JJe 2 ni 
. _ __... ___ 3,2.  5 

irresp��tive of  whether 
we must have 

· !h. = � 
)Jh }Je 

--�������J.2.6 



. . 

�4. 

which i s  I>art Of Einstein •  s relations. �.'he buil t-in vol tage V : d�pends on the concen-. B . trati ons O f  lll;( j ori ty carrfe rs on both side s 'or the j u n c tion . B�cau se of
_ nf in (3 . 2 . 5 )  v8. in Si

. -
is so much large.r th_an in G e ,  and i t  is . even larger in GaA s ( wi th all a t  the sci me tempera tu re)_. 

5 . 5  'Phe Depletion Region in_ Equ.ilibrium and under 
Reverse bias. 

In order to find how the potential, ele c t ri c  ·field 
and cha rge depend on x, tile distance from the injuction 
plans, poisson• s equa ti on must be used because of the 
ne t impurity cha rge in the depletion regi on. 

EF. '!:: E
ri + pin � 3 . 3 . 1  

where E F is forllli ene rgy , E Fi is the fe rmi 

level :4.. !" the . intrinsic semic onduc tor. Let us obtain 

the poisson' s equation. U se of ' ( 3 . 2 . 7 )  yields for 

the N side o f  the j u nc tion. 

qVn = EF - EF1 ,K1ln 2 � 
Pn 

-�--·_,3.3 .-2 



where Vn depen ds on x . •  2 U se o f  nP = ni giv� s qVn = KT l n  Nn 
ni -- 3.3.3 

Simila rly , for the p· aid!) 
pp = ni exp ( - �) 

3 . 3 . 5 KT -

Equa,tions ( 3 . 3.4). and (3.3,5)  are called !loltz..mann 
relation s .  U sing them we can expre ss the carrier 
conce n t ra tions a s  fu nc ti on� of the potentials Vn and 
V p .  The two separate potentiais can be. c!>mbined 
into one by taking the intrinsic Fermi and EF at i . 
the j u nc tion plane x = 0 a·s . the common reference level 
of zero potential. This combined potential V ( x )  

would then revert to Vn(x) for x o and to  V� ( x) a. 
0 The . toto.l ch0trge density in the depletion region 

• · is the 1-.. rore : 
Q 

= q UiD P -. NA - n) 

= . q ( ND + NA - 2 ni sinl-t �) 
KT 

.1 
where ( 3 . 3 .4) and (3,3.5) ha ve been used. 

Poisson ' s  equation can now be written for our 

one dimen sional June ti on 

3.3.6 
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Thi s ·is a sec ond - orde r  nonlinea r differe ntial equati on for V ( x) .  To solve i t  we must kno,w · the impurity pr_O file s  NA ( x) and N0( x) . • "Analytic solu tiona can be obtained:  O!lly for simple case.a suc h a s the i deal step . j unc tion where 

N0 = C on·s tant . NA = 6 for x L O 
N0 = 0 NA = Constant for Jc >  0 

o r  for linea rly gra.ded junc t,ion . where 

NA = g( x )  ( x ) O )  and ; _
N0 : - g(x) ( x L O) , 

g( m-4) is a positive constant .  

tT � 

--
·1 . : - - � Pi)'jhx ·19 '1:.')('(«t ...--,.,, )f-Xp r'.> >< . ·- X,, 

'----,----

& . < ) x. 
v 

·'• . x. 

'4 



Fig. 

4,7. 

3 .3 . 1 :  The cha rge . f.1.eld intensity and potentia l· in .the depleti on regipn o.f a step j unc tion ( or Abrupt junc tion) . 
The bounda ry condition for ( 3 .3 . 7) is thilt the t o tal vol tage a c .('oss the junc tion V t fro111 x = 

-

xn on the N side to x = x ·on the P side , . p i s  the ·  sum o f  the exte rnal voltage VA and the 
i n t e rnal bui l t  in voltage v3 given by (3 .2 .5) . 
I n  e q u i l i b ri u m  VA = O .  I f ·an externa·1 voltage 
VA is applied it changes . Vt and with it Xn and 
X

P .  I f  VA has the same pola'-ri ty a s  VB (+ t o  N side , 
.., t o  p . side ) , it i s  called Reverse flias and is then 
a nega tive number. There fore 

V t = VB :_ VA 

Now so.:.,. 1 ;:� poisso"� • s  equa tion for any Vt . 
Because o f  the fu ll depletion assumption, ( 3 . 3 . 7 ) 

N side ( n<:: P ha s  the fol'l owing :: O ; form on the 
:1 

d2
V 

. 

= <t,Nn • X � x �  0 __3 ,3 ,8(a}' 2 . ....:....M ' - n dx £�.,. 
N

A ., O; N0 = c onstant) : 
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and o n  lh� P side ( n  P 

N0 : 0) 0d2V 
� fil!h. 

EE 0 

O ; NA = constant ; 

o :$ x $ xP . 3 . 8 ( b )  
I n te g ra ti.ng equa tiOns ( 3 .3 . 8 )  yiel ds 

dV ; qN0 X + c 1 ; - xn � x < 0 - 3 , 3 , 9(a) � 
EE 0 

dV = qNA -
x + c2 ; dx - o �  . x � xP . 3 . 9 ( b) EE0 

Th<' in tegration constants c 1 and c2 may ·be 
replaced by expressions involving X and X because n .  p 
the f.ie l d  E = - dV/dx bec omes zero a·t th<: depletion 
edges x - Xn and x • + xp . : . There fore 

c l - qND X C2 
= 

-- n ,  qNA .X · 
�

p 

E' = - Jf:!.. 
dx 

The field 

EE 0 . 

qNA 
EE 0 

E is 

( X  -Xp) ;  

, Q  

0 .$. X � Xp 3 . 3 .  l O ( b) 

A Sec; ond 

shown in fig 3 . 3 . 1 . 

integr.a tion yields 

v = - qi;D 
EE0 

'i = qNA 
EEo 

v2 
r-

· 2  
x " A ) + D 11 .... + z 1 x'� 0 _3,3, 1 1  (a) - xn � 

xpx)°+ Dz � �  x � xP __ 3,3 . 1 1 ( b) 
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A t  X ::0  the two e qua tions yiel d the same potential . 'fhe re fore D1 = D2 • Since we took x' = o as the reference plane for zero pote n tial we 

The potential 
also have ?i 

V( x) is also shown in fig The p o te n tial di ffeN nce Vt is given by that from 

= D2 :O. 

3 . 3 .  i .  

x = · - xn to x = + xp , 
tha t the re is a field. 

since it is only in this region 

V t = V ( -X ) - V (+X ) n P 
q 

ZEB 0 
2 2 ( ND x n + NA xp ) 

I n  orde r to obtain xn and xp 

3.3 . 1 2  

separately , we 
impose a c ondition that the net positive charge on the 
N side equals the ne t negative on the P side , or that 
the f i e l d  a t  X = o ,  obtained from 3. 3 . 1 0(a ) , is ; the 
sam.:t a s  tha t obtained from 8. 15( b) (which by Gauss' s  

law amou n t s  t o  the same thing) ··  

Q 
A qND xn :: qNAXp --- 3 � 3  .• 1 3 

w he re A is the j unc tion a rea , the charge .. Q 18 

shown in fig. 3.3. 1 · 

For·- e . g  

be ob tai n :  

( 3 ,3 , 1 2 )  an d  ( 3 .3 . 1 3) X -and X n p can 



�n = � 2E0E 
f-q-

Vt 

50, 

·NA ) t NJ"NA +N0) j 3.3 . J 4(a ) 

xP == t � "t 
9 

N � N: (NA + . .NDJ 3 . } . 1 4 ( b )  The "t otal l e ngth o_r the depl e tion layer is X ·= X t X = ( 2EEo Vt ) ) )t{ f NA)) t ( ND �t] n P Q[ - =. + <-(q NA + ND)5 . ( ND) (1'A ) · :f t · shoul d be noted that Xn 8:nd xp are propor­ti onal t o  vt , which is cha racteristic of a s_tep j u n c t i o n .  

Thtl lllUximum field occurs a t  the metallugical 
J u n c t i o n ,  a t  X = 0 ; · 

Emax = qND xn 
EE:o 

( 2q Vt 
EE0 

qNA Xp 
B80 NAND H NA+ ND ) 

3 ° 4  THE JUN<:;TION UNDER FORNARD BIAS 

I f  two ol:imi.c con tac ts a.re a t tached to the oppoi;;it e  

si des of the P a n d  N regions and a n  external posi tive . 

voltage V.
A applied ,

. 
the t otal potential barr11e r  is· 

re-du ced to Vt = YB - VA ----- 3.4. 1 



5 1 . 

'P N 
c'onne c t;lon and i t  reducee 

. . · 

Thi s i s  forwa rd -· bia s . 

~ tho '""<Y·bao ct ,  bonding . 
I 

. + 0 � 
Fig .  3 . 4 . 1 :  The forward bias 

junction connection. 
Even a small reduction o f  the barrier VR by VA imbala nc e s  the dri ft and diffu sion components i n  the 

Je and J n  expressions, the drift being reduced and the 
di f fusion inchange d .  A net current I now flows i n  the 
circuit Of fig, 3 . 4 . 1 because of diffu�ion of maj ority 
carri e rs .  Let  u s· examine the ch.ange s  in minority 

carrier concen trations a t. _the boundaries of the deple-

tion lay e r .  The imbalanced components in the cur:rent 

aqua t i ons ( 2 . 6 . 1 )  an d (2 . 6 . 2 )  are two . very large quanti-

ties . Taking ( 2. 6, 1 ) ,  for example , they are qU hPE 

8 0 d  qDh tl11/Jx . 

One can approximate dp/dx by ( Pn- Pp)/Dx , 

where Dx i s  the · width of the depletion layer 
N 

Jh ( di ffsn) - qDh Pn - P
..E 

n qDh _A . 
Dx Dx _3.4.2 
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Since Pp 0-' NA and p n = nf ; �D «. NA . Suppose , in equ i libriu111; NA = 1 o 1 8cm-3 , Die = 1 c)-4c111, and assuming Dh = 1 5c m . 5·1 in Si ,  we get Jh . ( di ffsn 

. 2 . 
) "' 24000Ac m-2 , 

by 

Thi a  ve ry high c u rrent densi ty ·is exactly balance d  
Jh ( dri ft )  :r qphEP ---- 3 , 4 , 3  

flowing i n  tha opposite dire c tion , Wi. th two such 
la rge quan t i ti e s  only a very small unbalance is . nec.essary 
t o  obtain a sizable ne t current , We restrict our 
at ten ti on to such small umbalnces and we assume ·tha t 
the func ti onal relati onship b e tween E and P or n 

remains the same in fo.r'llard bias a s  it was in equilibrium 
when Je = J.h = 0, Equeations ( 2 , 6 . 1 )  and ( 2 . 6 .2) 

then yield respectively. 

E :: Dh 
uh 

E = - nA 
e 

l p 

l n 

.l!f dx 
KT 1 dP q P dx __ ___,. . 4 , 4 ( a )  

dn = - KT dx q l 
n 

dn 
dx -- 3 , 4 , 4 ( b )  · 

I n tegrating: from P side to the N side boundary 

Of the depletion layer will yield the total voltage v · N t 

Vt = VB ·- VA = -1 Edx a s  be.tore : 

p 



= - . Jil'. 
�dp q 

v t 
= 

.!S1 . ldn q n 

= .!CT ln 
q 

= !il:1n Nn q -
Np 

� 
3 . 4 . 5(a) Pn 

3 .4 . 5 . ( b )  
n p -Bu t n a n d  P are the maj ori ty concentrations a t  the depletion boundarie s ,  and provided .ttie forward bias i s not too high , they are not a ffec ted by the now and . n ND d 

retain t h e i r  equilibrium value s ,  namely n an ·p p NA . Equation s . 3 . 4 .5 can · be use.d to obtain the e n ha n c e d  monority concentrations at the depletion 
boundari e s :  
p

n = P0 exp ' ( -qV ) _t) N .  ( _ qV 
K'r = JL exp �) exp v-

KT q A J<Tr 3 . 4 . 6  
n n . P = n exp ( - qV ) 

R;f .,. N D  exp(- �a ) + u p £ 11,, 
k.T 1<.T 

For positive VA the minority concentrations are 

the re fore i n c rea se d . '!'his is called carrier i�jec tion. 

The exce s s  minori ty concentrations nea r  the deple tion 

boun da ry must gradually dec rease as distance from the 

j unc tion inc reu. se s ,  b ecau.se th�Y rec ombine wi.th the 

11111.J ori ties .  



'fhe ca rrie r inJec ti on i s called low •hen the 
inc rease d minori ty concentra tion.  Nmains a t  least an orde r .o f lliagni tu cte l ower than the 111aj or1ty on tha t  side . Under l ow inj ec ti on the lll.•J ority concen­tration are . pra ctically unchanged from· thei r equili-br.iu m value s .  

_The situ a tion i s di fferent in the case ·Of' high .. inj ec ti on , that i s , when the forward bias Yoltage.  · · VA i s  high enough t o .
increase the exce ss minority on a t  �east one side o f  the junc tion to the saiw 

orde r O f  magni tude a s  the maj ority . on tha t sid_e �  In 
thi s case an apprec.ia ble field will build 

0
up in the 

b�lk semic onduc t o r  on that si de , taking up part Of 
th.1 externn:lly applied vol taie 

. voltage is no longer VB ·- VA · 

VA so that the j unction 
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� 
NUMERICAL ANALYSIS FQR SEMICOND!JCTOR DEyrc�. 

The semic on du c t or equations consist of a set 
o f pa rtial di· ffe rential equations which aust be solved 
subj e c t  to a pre-de fined set of boundary condi tions 
ova r a· apeci fied domain. Although gene ralized 
solutions a re not available for aJ.l devices  �here 
are muny alli.lly ti cal solutions available for a wide 
va riety of de vice s . They are severely limited in 
their range o f application and acuracy because of the 

1111.1l ti-dimensi onal non-linear na tu re  of 111ost modern 

de vie.e s .  A more generalized method of solution 

frequen tly applied to the semiconductor equations is 

to colve t h e m  u si n g  numerical techniques. 

4 . 1  ANALYSIS OF A P N JUNCTION 

A p N j unc tion perform a wide variety of junc­

a s cu rrcnt rec t1 fica ti on, amplification,  
tiona such 

swi tching, and o scillation . 

basic j u nc tion 

Hence a P N junc tion · 

unit in c onstituting a 
se1·ve s a s  a 

The 'two most common forms of 

se11dcinduc t o r  device. 

..  a P N J une ti on a re the ·abrupt junction and .a
 linearly 

grade d J u nc:i o n .  



Se mi c ondu c t or device modelling requires tha t  eve ry se mi c onduc t or de vice proble 111 shoul:d be solved  by obtai ning aolu ti ons for th e full se t of  seflli­conduc tor equa t i ons. 

Le t s  c onsi de r poi sson •  a equa tion in one-di111ension . 24,.J 
.d:..: = 

- .S (Ii d - N8 + P - n) dx2 E 4 . 1  . 1  

!n thi s c a se O f  .a · linearly graded junc tion , the net 
impu rity c oncen tra ti on is given by ; 

The 
Nd -

Na = lllX 

bole - cu rront  equa tion . 
JP = - qpl gra d ¢P 

reduc.e a  i n  the one - dimensional 

d�
p dx 

J 
= - .::l! 

4 . 1 .2 

case to 

.4 . 1 .3 
qJI pp . 

Unle ss the hole density P is extremely low ,  

tho gradient i n  ¢
p 

is essen tia�ly zero
. 
for non-signi­

Thu s ,  i f voltage V is appl·i.ed across 

then ¢ i·a· flat .and equal to V 
fican t  J P . 
the p N j u nc tion, 

for most o f the P 

. P 
Similarly , 16n is shown 

- region.  
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tO be fla t  anu equal t o Zero for lllOst Of the I t  mu s t  be sta te d here tha t .the 
n region, 

therlllal - equili­( p  - region) and � = 

brium c ondi t1on s 16 :: ¢0 :: v 
¢ = o ( n  - regi on) hold a t  n . ·p location� th� t are su ffi-ciently apa rt from the j u nc t1on. The e l e c ti on and hole densities in the deple tion laye r a r  .. W rl l tua D. o..; ; 

n = ni e Q4', p = ni eQ(V - It>) 
4 . 1 .4 

whe re Q = q/KT 

Substi tu ting equa tions ( 4 . 1 ,2) and (4 . 1 .4,) . 
into equa tion ( 4 . 1 . 1 )  we obtain 

d24J 
dx2 = 

. ( 
- t fmx + nieQ(V-tr) _ nie Q� 4 , ·1 ,5 . )-

Boundary .c onditions for <tJ are established at 
loca tions thu.t a re su f ficiently .fa r from 

.
the junc"tion 

l oca ted a t  x ,. o so. that the space charge neu.trali t.y 

holds wi th good approxi ma tion l ocations · for these points 

are de.termine d a s X = !. a • Cha rge neutrali ty a t  

the se poin t s a re expressed a s ;  ' 

. ) Q ( ljll-a1 )-V) 
- ma • + n e Q( v-tf( -a ' > . > -n1e , ' y= 0 

i . . . . 
___ 4, 1 ,6(a) 



and 
ma ' +  o1e-�a1 ) . :: 0 

----..,__ 4 . l ,6( b) Simul tane ou sly , the thermal - equilibrium c ondi­tions are assu me d  a t  tlie ae point6.i tha t is fl ( -a ' )  "" .00( -a • )  :: V, and 13 ( a • ) =  13 (a • ):: o 
p 

P . n -�bstitu ting this e qua ti on into equa tion ( 4. 1 , 6) we obtai n explic i t  ro1-UJula s  for lf<+a ' ) :  It( -a ' )  = l 1n f�-, 2 Q (l2n ) + I - � ) i ) 2n ) , 1 
� a • ) ::  l1n �Jc ma ' ) 2 ' ma '  Q ( 2n1 ) + 1 + 2ni 

+ v 
- 4 , l ,8(a) 

--- 4. 1 .a C b) 
Neglec.ting the free carrier terms, equations 

( 4 ,  1 ,5)  becomes 

d21ti 
dJE2 = - � 

E 
DIX j - a � x � a  4 . 1 . 9 

where ' a �  1 s the extent o f  the depletion lay?r· 

Integra ting equa.tions ( 4 , 1 .9) yieldsi 

.f!!tl = - � · ( 2 2 
dx 2E x - a ) 4 ,  1 . 1 0  

Agaio,  integra ting eq�ation ( 4 � 1 . 1 0) leads to 

( x3 - 3a
2 x - 2 · a3>, + lflc -a) _ 

tt 
l+<x) .. 4 . 1 . 1 1 . 

A 111&ximum ele c tric field is located at X =· o, 

•boae 

· · 

- absolu te yalue i s  gi'ven by; 



E!lrlX = 

Pu t t 1 ng 

� ( x = 0) :: � a2 
2E · ----- 4 . 1 . 1 2  x = a i n.. equa t1 on 4 . 1 . 1 1 an d replac i ng + a  in equa ti on 4 . (. 8 w.e obtain 

-[Jf�:.: ;��J- v 

x = !, a I by 3 

r 
L � Cl  :: � " 

3E 

Thi s i s  a nonline� r equa tion for a .  
I t  can be solved nume rically u sing, tor example , 

4- .  I .  I '] 

Newton-Raphson' s i t e ra t i on method, From the solution, 
•!I shall obtain the ex tent o f_ the depletion layer under -
nons1gn1 fica n t  - cu rrent a ssumption 

4 . 2  NEWTON - RA.PHSON lTERATION PROCEDURE. 

This method is a second order iteration 

Procedu ra for i.;imple roo ts.  
'/ � ff'K) y 

_,,/
i 1 I [(x.} / 

- ,::,. x 

r: 7 '1- :  2 . 1 tJ (.Jl.1 Vlo"', 1 orJ 

)'. 
.,.. .., 

---� 
p_/l'il,\ S" "' rvl£'i� •P 

0 r r;u·i'io ,., -



4.2. 1 fig• Show a the Origi
·
na.1 

_ 
."'qu" ti on F( x) " 0 i desire d root x 1 s  the x c oordinat 

tbe 
e •he ra the 11r•• r( x)  c rosse s the. x axis. c . 

We start by picking an initial gue 88 Valua x o' get a new value l 1 , We draw the · tangent to the 
TO.  

cllrH. a t  the point x = x0 ,  Y· � t(x0) and toll.ow 
tbe · tangent down to i t s  intersection With th& X axis. 
To get x2 we repeat the · proc e ss ,  starting from x1 • 

X l  : X O  - · DX 4,2. 1� 

The slope o f  the ta ngent to the curve at the
.

point 

( Xo ,  !( Xo l ) 

So that 

i s  

! ' ( XO) = f ( X0) 
DX 

DX = !(� 
!1 (X0) 4 , 2 .2 

Subet1tut1n this equation into equation 4.2 . 1 .  

4,2,3(a )  

•• Obtain x ,  :; XO - t(Xo) 
r •l"Xo> 

. or 1n general 
X1 

+ 

"" x - f (� . 4,2,3(b) 
i f' {X1) . __.:----
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Ne glec ting higher terms are obtain 

S(l + R)t = S ( 1 + tR): 
1 2 = Da( 1 .. 2 ( Da) 

Therefore 

. Subs ti tu ting 

. 2H 1 c 1 + ( Da) ) = na + 2tna) 4.2.6 
this equation into (4 ,2 ,4) yield a 

ca3 = � in 2( ))a ) .. 2r0a> , l 
2( .Ila) 

- v 

= �ln ( 4 ( Da}2 + 1 J - V 4•f•7 

where Q = q/KT 
Equa tion ( 4 .2• ? )  is the sfmpl1f1ed form Of equa.t1on 

{4 . 1 . 1 3) , 

!in ( 4  .( Da ) 2 + 1 ) - ca3 - V. = G(a) · -" 4�2. 8  

Differntiating equation ( 4 , 2, 8 ) .  with respect_ to 

a ,  one obtains 

G3(a) = !JQ.(.a) 
da 

2 . . 2 lQ 81.l'J! - 3Ca __ 4.2.9 
. 4� + 1' 

From equation 4 . 2 .3 
a, .. a0 - .  ij �n .c 4n2a/ + 1 )  - ca 3 .  _ v. 

l · 8n2a' 
..--.,..,,--'0::.:-- - 3ca 2 

Q (4D28 2 + l) o 
b 
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4.3 COMPUTER PllOGRAMi AND THE COMPUTED Dif'l'Ptn llE.sttLTs Three · programs were Written at di fflerent biasing 

voltage . The aim of the programs are to determine the wi dth s O f  the depleti on layer of a p - n junc tion dfode :· wi th re spec t to the biasing voltage .  Newton­Rap�aon i tera tion me thod was us!ild to solve the equation ca3 
= � In , � 4CPa) 2 + . 1 - v. - 4.3� 1; 

The c onstants C ,  D and Q were introduced in the .Programs ;  where c = 2q111 
3E; D = W2ni , Q = q/K� . 

An ini tial guess Value of the de)>e tion width 
1 .  942 x 1 0-5 was used. An appropria te Do loop was used to · ensure that the stipulated conditions 

were n o t  exceeded. 

Y • A - G/G3 in the New ton - Raphson i te ra ti ve 
formula � where Y is the width of the depletion laye.r. 
Statement 

vative of 

35 in the programs 
equation ( 4 . 3 . 1 )  is 

. back 
. 

-7 t o  A : A + 1 . 0 x 1 0  • 

ensures' that the deri­
never zero else it goes 

Z i a  the differenc.e between the new v.alue ot the 

�eple.tion width and the guess value.. I f  the dit!erence . 8 . . 
ie l e as than or equal to 1 . 0 x 10- then the new value 



- . (  y i s  equal t o  the Old Value A. 
The last WRITE statements '•rites the values ot the deple tion .layer Width Y and the· applied potential a .  The Procedu re c ontinue s until the Do loop .l e;  �:.-J1a.u 5 Lt1 u .  Tht1 sta tment STOP terminates the itera t19n and i t implies that_the values have converged,  

The compu te r  programs and the obtained resul ts a re shown on the next page. 
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PROGRAM I :  

ZERO BIAs VOLTA°GE �ONDITION NEWTON RAl-'HSON METHQf; FOR 
.
FINDING ·;A • FROM THE EC!i.IATlUN Cif.)·• *3= 

AL'.0•.l C ·L O � C f• 1 A > ·1· • 2 + 1 J / I) Q=ql /K ·• T ,  C-: 2 . 1) 1· q 1 � M / 3 .  (I ' E ,  V=N·12 . O • n 1  
FEL l X . W , BURAR l 64425 

REAL M . n 1 , K , E , q 1 , r , A  OPENC UNIT = 3 , F l L E = ° FE:L . ou r · 1  f•ATA ·=il .• r '  111 .. n 1 .  E ,  K ,  A/ 1 . 60;i:E-· 1 ·:i ,  3 0 0  • •  l .  OE2i' , 1 .  40El U ,  1 . 064E - 1 2 , 
• 1 . J:;:E-:2::<, l .  ')4::C -.�I/ [) : :;1 ,  :;7E 1 o 

C=: l .  O.E 1 4  [•= .<:::. 6 7 !)(I 7(1 l "  l ' l '-' V= ( u .  tt J •· ( I  - l )  l�h:ll E C . < , �:lf ) A 1 FORl>i1H 1 1 11 .  fH!:: LTERl-\TIUl'i_ VALUE . OF · A = ' ,-El 0 . 4 J 
• il=A • l . O!o - 7  C ! =4 . 0 � ID•A) • •2 • 1 D l =HLOt. C(:J I L<=f• l !C• 

G�Lt-C -1 A ·''1.3 
ti l .=;;:: .• u ,  \ C1 ·t: 1·:: > ·t?.l 
G2.: G 1 1c 1 ·•·O 
b3=�2- i . O • C � A � 1· � 
WR1 TE l , , 3 U ) A  

. 
FOR�ll-lT .( l H , : 1 HE I. TERA I ION VALUE OF A= ' ; E lr.< • 4 )  T F  ( G :i . E(!. ( 1 .  _., I (;1·1 Tt-1 --.c;: 

PERFORIYIANCE UF NEWTON RAF'HSOI\/" 5 I fEf.�AIJON PROCEDUF:E 
Y = A - G /(l:j 

Z : Y -f.) 
IF if-\t1S <: : > . LE. 1 .  OE-:::1 GO TO 6 (i Y:A 
�IRi TE c:1 ,  65 J y 
�IRO E ( ·• -, t..5 J Y

' 

FORMfl f < l H • • ! / IE WJ J..o l H  OF THE l•EPLETION LAYER Y= ' , E l 0 . 4 )  CONTINUE ST(tp 
END· 
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CJ· \D 
�) \D _.J ff) !JJ ::-:1 lf) !.O ' .,,-;, !J) �-, 11. I • I I I I ' ' I I !.fl !l.I W w w w w w w w w· I c. ·c·i f'') f') ('·' •'l (\.t i."'4 ··i � ... , w 't '.(• " I)) ,,., .,, ... , (') ·>� c. '=" ''!°• 0-· •J". (I". ·=· C• C• C• 't l.!J 
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'--
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·� z 
C• 

::, c ·.:=, ,,, .,, ·=· C• ·=· 0 cc 
� ((1 1)", c :.u - "' •.} 't ..i) -i• ,;'; 
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PROGRAM I I :  FOR\VA rm BIAs VOLTAGE CONDITION PROORAN FOR ' INO I N" THE ROOT ' A  ' OF AN E0UAT10N 2•o "" ' '"" " . 

ALOG < < SORT <  <�l ·1· A /2 ·1' n 1  ! *''2•· l > +M*Al2 •n 1 1  !SORT ( < M •A12 ••n 1 I ·1' *2+ 1  I - M •A/. 

..,,.tu > 11;,• - v  
· 

· 

Cs IN<• NEWTON RAPHsoN " MErHoo Q = q 1 / K • T , C = 2 *q 1 • M/3 •E , D•M/2•n 1  
· _ . 

C *A " * 3•AL 0G ( ( 8 0RT ( ( D • A > ••2+ 1 > +D •A J / S ORT < (D • A > • • 2 + J > - D �A > lu - v 
FELI:.·:.. W r�URARl 

· REAL N , n 1 . q t , K , T , E .. A OPEN < UNIT=3 , FILE� · eR. OUT ' )  . DAT� q l , T , M , n i , E , K , A/ 1 . 60E- 1 9 , 30D . .  1 . 0E�1 J 4ElD l .  n643a E - 1 ; · I * 1 .  :<;;;E - 2 �< ,  l .  ':)-l:C:E-�./ . · . � ' • · ' • · ·-�'. - ·  
1'=3. 57E t 0 
C= J . OE J 4  G!=.J8. 67 Ht DO :01(1 l � 1 , t Ci 
V o < O . ! J .l' ( l - l >  
f·'.OUNT= 1 

. WRIT£ U , 2u > A  .. V 20 FORMAT ( l H , ' l  HE I TEF:f\TlON VALUE OF · A= ' ,  EJ 0 .  4 > .  3 &  A = A + l . Oh - 7 
. 

C J = < 4 . n • (D*Al * *2 + 1 1  
B l  •AL06 < C l > 
B = B t /O 
b • 8 - ( ( C•A • • 3 1 + V 1  
''1 1 = :;;: . U ·''l4 *D·•· ·1'2 
f.i�=G l / C l  * G!  
53=-6"2:-:=< ·•=c :i: A ·I= * 2 
IF <GJ. E O . O . J GO TO 30 

f"ERFORM�\NCE O F  NE�JTON R(4/''HSON ITERATION PROCEDURE 

Y=A-G/b:< Z=Y-14 -
I F < ABS I Z > . LE . 1 . 0E� S > GO 10 50 
Y�A 

-
::iO �JRITE < 3 ,  6 0 1  y t:.O FORM,lT < l H  , ' THE WIVTH OF lflf: OEPLETlON LAYER Y= " , E l Cl . 4 1  

WRITE < 3 , 70 1 V  . . 7o FORMA r < 1 H  , • THE FORWARD BIAS VOLTAGE V• ' , F8 .  31. 
eo C:ONT lNUI:: 

. 

l'.OUNT•f<OUNT + 1 
�O lF < KOUNT . Gl . l O J G O TO 90 

STOP 
' !:.ND 

,:1 
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PROGRAM I I I :  REVERSE BI.\s VOLTAGE CONDITION . 
PF:OGkAM .FOR F nir.;N1.:l T��� ROOT • A .  _i::JF AN EQUATION 1'.*.q l �M''"":</3*E 
ALQG ( ( Sh!R r ( ( M•·A/ L ·•·ri l )  ·• ·1·.L+ l )  _+M*A/L'' n i I /SORT ( ( M•·A/2 .. ,·.�./>''';2+ l )  -M*A/ 
' �n1 l /0-:V U"' LN& NEWTON RAPHSON : s  Mnt-Jori n :q l j � • T . C -= 2 • q l * M l 3 • E , D = M/ 2 *n i C "fl ·' ' .J=ALOG ( ( swn ( ( [)•A >  • ·''2+ l )  + f>*A) /Sc/RT ( ( D*A) *"'2+ fl -D*i;il /Q - 1/ 

FELIX W BU�ARI 
. . h't:AL M ,.  n l , ::' 1 • 1 : , � • � • �: _ • , "PENCUN T T  .. _< , FTLE= Bh. 1.11_1.1 · 1 

• ·. r.· _ 1 .,  

I.I , l T "'' •• , ,  i: �:· 1-\ / 1  ''· OF- J 9 . 3 U O . , l . (IE:.2 1 , l . 4 E 1 0 , l . Oo4.3.�E - ·  

VAT,) ·:i � :- •'• > · . ,. _ ,  · :o 
· - • · � ! . 38E-23 .. l . 942E-�; V=3. 57E J O  

C'=J . t•E J -!  
[!=38 . 67 0 [1(1 80 l = 1 '  l I.I 
l/= 1 - 0 .  1 )  ,, <I - 1 )  
t:OUN I = 1  
�JRITE C ) , 2 0 1 A , V . . 

llN VALUE OF A= ' , E J 0 . 4 1  
O FORMAT < l H  , ' THE lTERATI -30 R=A + l .  OE-7 . _ ( I =  ( 4 .  O ·• < D •' A I  ·'' ·' ·L+l ) 

B l =ALOG < C t l 
B " B t /O 
6=B- < < C-1·A ·' ·*,j) +V 1 
GI = E: .  0 ·1' A "1'D ·1' ·1'::: 
C12=(i l / C l * G! 
c,._;= G � � � ··· c � ' A * :',; r1·1 ::<O 

. -
l F. C G;..i . EU . IJ • ) '·' • •. 

_ , T HI N P RO CEDU RE " N RA PH� ON IT��A � . PERFORl•IPtNCE OF NE�VTl..I . 
Y=A-G/('i':< Z-= v-A 
1F I AB9 C 21 . L E . 1 . UE - 8 1 GO ro 5 0  
Y=1-1 

�O WRITE CJ, 6U 1 y 10 FtJRMAT I I H . • THF l•IH•HI OF THE 

, 
WRlTE C 3 ,  /l• I V  O FORMAT 1 I H . • Tl IL l�El/EF:•:3E f.IIAS lo CON l H�UE. 
KOUNT"KOUNT+ l · 

,0 IF (KOUN l . G T . l U l �U l y  90 ST(lp ENV 

DFPLETION LAYER Y= ' , E l 0 . 4 1  

VIJL Tf4GE V= I '  F8. ::< ) 
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� 
DI SCUSSIONS AND SJJGGESTION 

5 . 1 Dis�u ssions 

In analysin.g a PN Juncti on, the main fea ture s that · ha"s to be pu t in to considera ti.on are the 'applied potential s as Well a e .  the number of donor and a�ce ptor .a t oms. 
Numerical tec.hnique

.s a re used in solving the se t of non-linean partial di fferential equa tions, which c on sti tu t e  the semic onduc tor· equa·tions. 
However, in many circumstances it  is possible to simplify the model and t.ransport equations to an extent which 
allows u se ful cl osed - form expressions to be extracted 
·which describe the elec trical behaviour of the device , 

The semic ondu c t or poisson' s equation to be 
solve d  i s  

d24i - -2 - q ( mx .+ P - n) 
dx E 

where mx is the net impurity concentra tion 

given by MX Nd - Na 
for the ca se o f  a linea rly graded j unc tion, 



74. 
The approp ria te bou nda ry conditions we re . :l:mposed on the di fferential 'equa tion and the ne ce ssary substi-tu tion w e re made . w·e then ob tain. an expre ssion 

2qma3 

3E 
11n Q l .J(:;;:/2ni )2-:-� 1 + ma/2ni] 

j ma/2ni }2. + 1 - ma/2ni 

The equlltfon is non-linear in a .  

- v 

Howeve r ,  this fo rm of the equation ·may be very diffi­
cult t o  solve 1 henc e need for further simplif11:at1on. 

ca3 = �ln (4 .<.na)2 + 1 ) - v 

where the para meters C1 D and Q have been 

de fined in tho previous chapter. Th'e above equation 

was solved u sing Newton - Raphson I te ration method. 

I t  w a s  observe d ,  however, ths.t numerical integratton 

tends t o  div� re;e ra t.he r than to c onverge unless the 

ele c t  rk - field magnitude a t  the junction point i s  

given an e x t ra ordina ry accuracy. Even then, the 

solu tion i s  obtained only for a very l ocalized region 

around the junction poin t 1 which sugge st an unpromising 

fu tu re for numerical device analy sis. 



5 .2 SUGGESTION 
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Se m1condu c t or device · 6 a re modelle cj Using elec-
trical circu i t  model s and . physical d

. 
i . ev ce models • . 

Tho importanc e  O f  Physical device modelling will increase 
. . a s  the demand for a111aller and

_ more complex device continu e s .  

Al though a l ot · o f  re search ha e been done on device modelling .. what re mains is the need for a high perfor­mance c <impu te rs to be able to yield solutions to a number of sophiatica t a d  new device a, 
I sugge st tha t researchers should use the kpow-

le dge o f  nume rical analysis in con
_
tributing to pre dic­

. ting chara c t e ri stic s of some o f  the dev.ice s that will 
appear in the near future. 
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Al'l'EN01� I 
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liCJU;.TION 

"• 

'"

""" �"''"'""�"''"' "'"'"• '" ""' " '"'" '. """"' ""' .... 

"' '"""" '"'" ". " ""' ,,. .. '" "'•• � ,, •. , •. ,:. 'I. ,. . D! ""' D!. '"'" 
''" ·'""''"'''" < o· ''" ""• '"" ;;,., T�·•-i�; ""'"' """'"'"'> 

;tl.�11ri 1h111s l>a.\cd 011 linc;rri.1cd arrd Sch:rrlc11cr-Gumme1 schcmc.1 oro d.c>cril><:d 
hcJow, 

\. I l.i111.:11rist:d Co111inuir.v S1,:ht:111e llrc l111c;ori,cc! ,.cnri-irnpfi,·ir 1i111c-<Jcp<"11u:111 <"0111inui1y ""'""'" for clec1ro1" for " 

11111lqn11 11H:�h i .... 

11, J ' • I - "•I� I I . 
• ) n ( £ { (I I I) 

, . ___ .. .:....._ - -- VJ1 (,,, ,.,µ,£, + vJ;1 """'- , , . . 

� � . . , 11 " lire i1111c 1fl'p lli1t1 </ !he clcl"lru11ic rh.ir�c. Gcponding•ll11s cxl"<«ion, l !} (Iii. ti 1 . •  µ1.J:.�.J..) - 1  .. ,_on1<111r. t l,/ .. µ.tl:."'.r,1r.) 
"•.J.' • I.I. • I �;f ��J�-�·--:-4;·�-: -:--·-·--

1.,.J "" (11; •l,l,µ<£,,;) - lYIJ·•n (n�'._!·l•µt£!1_ --
Cly 

J.iJ ••11,J (n,1. ,µ1,.£,,_.,1,, ) - J.t/.viJ (J/.1, ·�'11.t:r,kJ.. 
Cit (A:l.2) 

1 --
Al' - + 11i,j,lr 

!1;_J "I> lll1,:,µ1., l:.�,1r) - Jf•J -.., (ll1t.JlA;J:.� .. J:Jl 
wl1c.·; 1.· I l ic  �11pcr,1.·ript t rdcrs lO !ht! iic:r:irion inc.Jex in r.alcularing 111: 41,  k i�  (he 1,,,,; '"°I' iruk.<, i :rnd j '"" 1l1c .r :rndy 'Jl"li:rl indices. lke.<pre>Sing rhis. cciu:rrinn · hv \lllhllfut111g for J, ;1mf 1-r ;md incorpor;uin!: UncJer-re/ax:uion, rhc: implicu 

/. 



con1 in11i1y schc111c becomes, 
"'·' ·" • I.I. t i  161{ . " . 

: "' 2 "'V'• •1.1,; • 1.L + n,.,,, .. ; ''" ''·'· ., + c,.1,,, :,,,,; • •.1 . • , 
+ F1.111.,, - 1.• • I.I. , 1 + G1,1n;,;,; , ' ·'· + H;,J � n:j") . - (w- 1)11;,j.k •I,/. (Al.3) where "' is, lhc, rcl:1J<alion fac10r, which' is less lhan uniry for ;ucce&1ive-undcr- . rd:L\alion (SUH). 'Ilic fac1ors in c11ua1ion (A 1.3) nrc given hy, 

:111d 

·I .. S'�''.{. _1_'�··!_� ' '•I ll\ \ � 
(11)'1,J I /I>,,.: ) JJ.,, < - -�:;�;- -

(h.-, _,J - "•1-1;>  c,,, . -· 7�-;2-· 
(h, l - 11,,.,) ,.. ,..;: -�-!.�--.,-----l,J 74.t ... 
(11 - {IA • - b_.fJ - bA/d (j,,J ..:; -�-- . I  iA�··--

(cly,.J :. "r•.J·I - hy,J - b)';J -1)  .. 
+ ···- ------------

2.1y' 
(c_.,� - "-�•-•Jl + 11,,j = ··-za,2 .(c,,J - c,,J-•)  

M_v2 

"•'IJ 
11,, , 

1/2(\1';.; - "'· •1,j)($li.j + JJ;,1.;) 
...: 1r!C ��., - v,.,1 I 1 H1'-.1 + '''·' ; 1 > 

"'·.J - 0,,, ... /); •l,J 

l>r, , 11.,1 I D.,1 " 

' "J (11 •. 1 . .:.. ..- ''· , t •. i.� }11,,J • Ii,..., (n, ·• IJ,A. •· "•.J.4) 

(A.1.4) 

(A.1.5) 



c,,J = h.;.4 + 111,; • 1,4 }11y1J .  + b11J (11,,;, 1,. - n1,1,.) where /1 i, the carrier COnccn1ra1ion, D 1hc diffusion coefficicm, .p 1hc po1cn1ia1, 1, 
the mobility, A.r lhc x space s1ep �nd Ay lhc y space s1cp. I n" 'clic111c is rcla1ivcly ca.�y 10 irnplcmc11t and gives sa1isfac1ory �!'S

_uhs in many 11pplicati1111;, 'Ilic actwa<y of lhe above line;iri.1cd scheme is discu<scd In Cl"'plcr 4, hu1 b; �ubjcct .lu .1ig11ificam errors for large lime steps al1d in regions of ropid ch:t11gc i 11  l";1rricr conccntrmion (or potential). 

/\.2 Slcnrly·stnle 'Schnrfcttcr-Cummc!' Schemes The pupular Sch:u<fc11cr-Gummcl con1inuity scheme !or the s1cady-s1n1c (ih1 /if �- 0) is <.:xp.rl'.1oscd iL': 
hH clc\'lro11,; 

"• 1 - 1 n .  n['!:-:1.:: • - "'··i] u,.1 + fl; . . "•J · i.�· . -v-- . ----T ., 2b; - 1 

+•1, _ ,  .D • l"[ ·"'• - 1 .; - ,P;,;J b, _ , + b1 • . 1 "• - viJ'J --v-� . � 
r 2a, - 1  

_,, .,D .11[±!1-=!2c_) u,., ·+ u; 
'·' "<.J ·"' Vr . --:u;;:;-

>D .n[±!d_- .Pi - 1,;] b1 . 1  + b; 
"· ·•t>J v,. . 2t1i - l  

+ D  .fl[ .P.,; - .P; + 1.;J . b; - 1  + b; 
11/ •vaJ Vi 2a; 

· [ �'i,j - </Ji.j • I )  a1-t + fl;] 
I /) .!J --- ... --- ' -----

"•,J ' '''· Vr 2h, 

[ "J· tl,f - i#.,1] bj- 1  + b, 
+II, t I J'·/)"l •V•J.JI -·-·""-v;:•- ·- �. --1'-;;--

/J[:!:J.:dJ..) . � -t ll,,J + t· D11,J ••t>' Vr . 21'i 

• 1'• - 1  _:_ '!. !:J_:_]_+_!L = 0 --G,,r -- 2 . ! 
216 

(A.2.1) 
.. �·:.:i 



For I !oles: 
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"·i· - 1 ./Jp a[� - .P •. ; . ,] a, _ , + a, 
• 'J·t.n' � · --T 2bj · I 

+p, - .D .ti['!:!d_ - .P, -•.;] b; . , + Ii, 1,J Pi-,,,J V . � 
. T 2a1 . 1  

-p ·. [;) .B[:Al- 1 -�1 a; ., + n; '•J. PrJ-•f'I Vr . �" 

+/) · /Jr�i � fJ•-•nf Vr . 2'11 - 1 

. H J , . - .11[!!'!.!..�L:..:hd.) }L:��L / ,  • •,'"J.J Vr 2'11 . [ ""' · 1 - tP;j] a, _ , + (I; +J)P(; +.,. · IJ '·I VT 
• ·· --u;;-

· r .P .. ; - .P • •  , .;l �I .,. p. , 1.r!>p, • ..,..slJ --v-;-- · 1a; 

B[""·' - .P .. ; . 1]
. 

n; . ,  + a, 
-+ f',,, • i ·Dp,J "'" Vr . 2h, 

tlj - I + ll, b; - 1  + b; • 0 -G,.r --2-·. . 2 (A.2.2) 

11•1 b the scaled rhcrmal volta,ge. ·n1e half-poinl vaJues of the diffusion coefficients 

and carrier n10hili1ies are obtaine<l by linear interpolation. 

D,.,J + D111.1J 
D"lunJ ,. 2 

(A.2.3) 

1.n order tn ;ivoid cornpuwlionaJ prohlenis (underflows, overnows an<l 

i11acc11r:u.:ics). it is necessary to pay particular care in the implemcntntion of lht' 

lkrnuu l l i  funt.'livn. 'there :lr� .\t!Yi:r:il po.,11ihle appro;1cht:s 10'llh1aini11g vah11:::. fo1 

the Bernoulli cxprc:�:i.ions. Simplified approximations ar� available, ;Jthough if th .. · 

nu1111al c:xponcntial function available on the: computer is chosen il is ncct.)s::Uy tu 

cn>urc 1hal umlaflow and overflow errors do nol occur. A useful method uf
. 
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implcmeniing lhe Dernoulli function is iu U>_e lhe following 1cherne [Al ); X $.r"t -x 

X1 < x < x2 � <.rp(.r)- J 
11 (.r) ={ Xz $.< $.rl 1 - !.  2 

� x3 < x < x4 l -e.rp(-.r) X4 $.r < xi X.<.rp( -.r) 
X>5X 0 

(A.2.4) 

· . .  ll1e cons1un1s X i  t o  xi 'dcpend on the individual compuicr hardware. They are defined using Selberherr's no1a1ion by: 

""•!' (x 1 ) ' ' - ' I ' � ' - I 
x 2 " f '('e.rp (xi)' ' - 'I) . = '  I '  - ' (x,'f?.)" < 0 

. I ' -" (• ,· /"2) · = ' x3 '. '«rp(' - 'x,)"f'(I '-'.r3)f' > 0 ' . . 
! · - "e.1p ( ' - ' x,) ' > ' l  
'crp ( '  - ' . 1 ,)' · � · o  

(A.2.5) 
(A.2.6) 
(A.2.7) 
(A.2.8) 
(A.2.9) 

where the parnmctc:r.s - in.,ifJ� quo1a1ion marks represent the com1>utcr 

i1nµlcmc:ma1io11 uf the p;1ramc1er. 

A.J Full Time-Oepcndcnl Schemes 
·n1c ti111c dcpe11dcn1 Scharfctter-Gummcl continui1y schemes are derined a.'\: 

For electron:�: 

"•'.1 - I A t ,  .JJ .v[:!:!:.i·I.�; I - tA,j,k. t i] a, -I + a,. 
• "11·•1'.J• V · 

. ---
1 'l)Jj -i 

+11 D l![ .P, -1_p •1 - .P  •. 1.• • ' )  h; . , + b; 
i - 1 ,/,k + l • "l·11•J,a' --- 1-,-- --- . � . 

T 2'11 - 1 
_ 

·. r/) . n[ '/Ji,j,k • l - �1.1-l.l' +I] "• · I +,a1 

"' · '·* • l ·rfl·J · ill · · · vr -�· 

I I 

I 
I . / ,1 
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. +JJ, • l,J,t • l·D,1 ,.,.J�'/l[�i.4...· 1 · -V�'• l},J.4, • I J . , , 

+p;J t l,t t 1.f)PIJ ./J[±!J}..:J_- �''•/ 1 l,I > J l 
. "'"!:·. v, (G n;:.h!.) u, - 1 • ui !!i..:!..:!_!•, · = '·i·•- -:ru ·2-· 2 

where k is tile. time step index. 
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