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ABSTRACT

A noncommutative algebra involving operators of the form pr® - p® s defined.

Using the noncommutative L,, —spaces technique, we give a constructive approach to
quantum Markov evolution of infinite system, based on the notion of the
thermodynamic limit. The infinite Markov time evolution is constructed as the
thermodynamic limit of the corresponding finite volume (dynamics) evolution. The
extended Markov time evolution is then studied, with a view of addressing questions of
exponential stability and ergodicity . In quantum spin system the existence of non local
physical correlation at a phase transition is a manifestation of the entanglement among
the constituents parts. We studied asymptotic entanglement within the frame work of
open quantum systems for two independent quantum harmonic oscillators interacting
with an environment. The question of separability is addressed using the Peres-Simon

equation.
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CHAPTER 1
GENERAL INTRODUCTION

In this chapter we state the research problem as well as the justification and objectives for
the investigation. We also give some definitions and results needed in this work. First of
all, we begin with a general introduction.

In the last two decades, more and more interest arose about the problems of dissipation in
guantum mechanics. The quantum description of dissipation is important in physics. For
example, dissipative processes play a basic role in the theory of laser and that of atomic
nucleus. The irreversible dissipative behaviour of the vast majority of physical
phenomenon come into a contradiction with reversible nature of our basic models. The very
restrictive principles of conservative and isolated systems are unable to deal with this type
of situations. The fundamental quantum dynamical laws are of the reversible type. The
dynamics of a closed system is governed by the Hamiltonian, a self adjoint operator that
represents its total energy and is a constant of motion. The paradox of irreversibility arises;
the reversibility of microscopic dynamics contrasting with the irreversibility of the
macroscopic behaviour we are trying to deduce from it. One way to solve this paradox of
irreversibility is to use models to which the Hamiltonian dynamics and Liouville theorem
do not apply but the irreversible behaviour is clearly present even in the microscopic
dynamical description. The reason for replacing Hamiltonian dynamics and Liouville’s
theorem is that no system is truly isolated being subject to uncontrollable random
influences from outside. For this reason these models are called quantum open system
(Isar, etal.1994). The aim of quantum open system theory is to study the interaction of
simple quantum system interacting with very large ones. In general the properties that one
Is seeking are to exhibit the dissipation of the small system in favour of the large one, to
identify when this interaction gives rise to a return to equilibrium or a thermalization of the
small system (Attal and Joyce, 2006). There are two ways of studying these systems. The
first approach is the Hamiltonian approach. Here the complete quantum system formed by
the small system and the reservoir is studied through a Hamiltonian describing the free
evolution. The associated unitary group gives rise to a group of *-endomorphism of a von
Neumann algebra of observable together with a state for the system constitute a quantum
dynamical system. The aim is to then to study the ergodic properties of that quantum
dynamical system. The second approach is the Markovian approach. In this approach one
gives up the idea of modelizing the reservoir and concentrates on the effective dynamics of
the small system. This evolution is supposed to be described by a semigroup of completely
positive maps. These semigroups admit a generator which is of the Lindblad form (Attal
and Joyce, 2006).

Quantum spin system introduced in 1961 in the discussion of magnetic properties of
crystalline substance could also be studied within the frame work of open quantum
systems. Basically a quantum spin system consists of a set of particles confined to a lattice
and interacting at distance. There are two physical interpretations of these models, either as
a lattice gas or as a spin system. In the spin system it is assume that every lattice site is
permanently occupied by a particle but the particle have various internal degrees of
freedom e.g. the particles could have an intrinsic spin with several possible orientation. The

10



interaction between the particles then follows from the coupling of the internal degrees of
freedom and this yield an evolution in which the spin orientation are constantly changing.
(Bratteli and Robinson, 1979).

11



1.1 Statement of the research problem

In  noncommutative analysis a major problem is the construction of a dissipative quantum
dynamical semigroup. The description of infinite quantum spin systems is far less advanced
than in the commutative case and there is no satisfactory description of quantum stochastic
dynamics especially for spin systems at high temperature or for one dimensional lattice
with finite interaction at arbitrary finite temperature ( Majewski and Zegarlinski ,1996).

The purpose of statistical mechanics is the description of the mechanics of large or even
infinite systems. We recall that infinite systems in statistical mechanics arose as a result of
the thermodynamic limit (the general name to the limit A — oo, where A is a finite subset of
the d -dimensional lattice Z¢,d > 1). The aim of this is to give an unambiguous meaning
of such concept as temperature, pressure, and phase transition (Ruelle, 1969).

An attempt to use the theory of noncommutative L,, spaces for the construction and analysis
of quantum stochastic dynamics for spin systems was initiated by Majewski and
Zegarlinski (1996). A constructive approach for the construction of quantum Markov
evolution of infinite system based on the notion of the thermodynamic limit, is addressed
in this work. By a constructive approach, we mean one in which existence of the evolution
of the extended system is not postulated, as in pure semigroup approach, but constructed on
the basis of the local character of the evolution in the bounded regions A,, i.e the evolution
is constructed as the thermodynamic limit of the corresponding finite volume dynamics
with an appropriate control of the convergence. In order words we adopt the view that the
dynamics of extended quantum system has to be derived from the limit of the time

evolution PtX’A" as A, — oo. If it exists in the appropriate topology and posses some
necessary properties, then the time evolution of the system can be defined as

P¥ =lim, P
No work has been done in a constructive approach to quantum Markov evolution of infinite
systems, before the work of Majewski and Zegarlinski (1996), except for a few models. In
this work we consider a noncommutative algebra, i.e a von Neumann algebra M, with

elements of the form p*®. p*®_ This will made clear in chapter three. The finite time
evolution satisfies the following equation,

d .
d—tPtX'A =Ly PXY 5 P =id (1.1.1)
where X is the finite volume stochastic dynamics and Ly , the generator, with X c A.

Here Z¢ isthe d-dimensional lattice, F is the collection of all the finite subsets of Z<,
A € F. The extended time evolution P is then studied with a view of addressing questions
of exponential stability and ergodicity of the extended time evolution P.

12



In quantum spin system, it was realized that the existence of non local physical correlation
at a phase transition is a manifestation of the entanglement among the constituents parts
(Its etal., 2008).

We studied entanglement within the frame work of open quantum systems, the question of
separability of two Harmonic oscillators interacting with an environment is addressed using
the Peres-Simon equation.

1.2 Justification

In classical mechanics, a commutative dynamical system is a triple (X, T,,u) , where X a
measurable space, is the phase space of the system. T, is the time evolution expressed as a
one parameter family of transformation on the phase space X, and u an invariant measure
for T,. Having a commutative dynamical system, it is natural to ask fundamental
questions on ergodicity, return to equilibrium and a proper description of the classical
Markov semigroup. However the measurable structure of the phase space X is too weak for
a study of such questions. There is need for an additional structure. This is the point where
we introduce the L, —spaces. We associate with the triple (X, T, ,u) the L,(X,u) spaces
and study the time evolution as a family of transformation on L, (X, u). The L, —spaces
plays an essential role in the construction and analysis of classical Markov evolution.

In order to generalized the classical L, —spaces technique, to the quantum setting we
need a noncommutative L, —spaces, this is realized by a von Neumann algebra. The triple
(X, T, , ) is then replaced with a quantum counterpart of a dynamical system, namely, the
triple (M, PtX’A ,®), Where M, is a von Neumann algebra, Ptx'A is the finite volume
stochastic dynamics, and ¢ is a faithful normal state. This constitutes a basis for a
description of infinite quantum system. The general properties of L, —spaces can then be
applied. The advantage lies in the fact that functional analysis technique could be employed
to get a proper description of the infinite volume quantum dynamics for spin systems, as
well as a study to the questions of ergodicity and stability of the infinite quantum system.
An example of a physical application, is the Heisenberg model of a ferromagnetic material.

In quantum information science, entanglement is indispensable and play an important role
in quantum computation and other related fields (Nielsen and Chuang, 2000). Despite the
potential application of quantum entangled states, the theory of quantum entanglement
itself is far from being complete.

13



1.3 Objective

Non-commutative L, —spaces over a von Neumann algebra with respect to a faithful
normal semi-finite trace was constructed by Segal (1953).Since then, various types of L,
spaces have been constructed,(Trunov,1979), (Zolotarev,1982), (Haagerup,1979),

,(Terp,1981),(Yeadon,1975), (Kosaki,1984). We study the Trunov L,-spaces involving
closed operators of the form p®. p*®,

Conditional expectations, which are projections of norm one, have been studied by
Umegaki (1954,1956) and Tomiyama (1957,1958). Takesaki (1972), established the
necessary and sufficient conditions for the existence of such conditional expectations. We
use the generalized conditional expectation formulated in Majewski and Zegarlinski (1996)
to define a pre-markov generator which is symmetric, bounded and * —invariant. This
makes sense for spin systems which interact over a finite range.

In Majewski and Zegarlinski (1996), the construction of a dynamics on the inductive limit
C*algebra was presented. In this work, we study dynamics on an inductive limit von
Neumann algebra M, and formulate a strong ergodicity condition for the dynamics of spin
system on a lattice. We derive a coordinate form of the Lindblad-type generator and the
Simon-Peres type equation in terms of the variance and covariance. This is then applied in
addressing the question of separability.

The outline of the work is as follows. In chapter one we give an introduction containing a
statement of the problem. Chapter two is a review of the works of some authors. In chapter
three, we give a definition of a noncommutative algebra, and study stochastic dynamics for
spin system on a lattice, in chapter four. Within the Lindblad theory of open quantum
systems, we study entanglement and derived the equations of motions in terms of the
variance and covariance of the coordinates gq,, g, and momenta p,,p, operators, of two
harmonic oscillators interacting with an environment in chapter five. While chapter six
gives the summary and conclusion.

14



1.4 Mathematical Tools
Here we give some definitions and theorems.
Definition 1.4.1

Let U be a vector space over C .The space U is called an algebra if it is equipped with a
multiplication which associates the product AB to each pair A,B € U such that

1 A(BC) = (4B)C, AB,Cel
2 A(B+C)=AB+AC, AB,Cel
3 aB(AB) = (ad)(BB), ABEU, afE€eC (1.4.1)

Definition 1.4.2

The algebra Ul is a normed algebra if to each element A € U there is associated a real
number ||A]|, the normed of A, satisfying

(i) |A]l =0 and ||A]l =0 ifandonlyif A =0.

@ii)  llaAll = lalllAll, a€C
(i) [la+ Bl < [lAll + Bl ABeU
(iv)  llABIl < llAlllIBII, ABelU (1.4.2)

If the algebra U is complete with respect to the norm, that is, if U is also a Banach space,
then it is called a Banach algebra.

Definition 1.4.3

A mapping A- A* of U into itself is called an involution or adjoint operation of the
algebra U if it has the following properties

() (4" =4, A€
(i)  (AB)* = B A", ABEU
(i) (A+B) =A"+B", ABENU

(iv) (BA)" = BA", ABEU, BEC
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An algebra with an involution * is called a *- algebra.

A Banach algebra U with an involution * is called a Banach * -algebra.

A Banach * -algebra U is called a C* algebra if it satisfies ||x*x|| = ||x||?, for x € 1.
Definition 1.4.4 (Sunders, 1987)

Let $ be a complex Hilbert Space, B($)the algebra of all bounded linear operators on $.
A von Neumann algebra is a *-subalgebra M of B($) which is self-adjoint, contain the
identity operator 1 and is closed in the weak operator topology. Let M, denote the positive
elements of M, i.e M, = {x € M:x > 0}.

Example;

B(H) is an example of a von Neumann algebra.

Definition 1.4.5
A linear functional ¢ on M is said to be positive if ¢(x*x) = 0 for each x € M.
Definition 1.4.6 Topologies on M (Sunders, 1987)

The strong operator topology is the locally convex topology induced by the family of semi
norms {p;} defined on M by p;(x) = ||x¢]l, with x € M, & € §.

The o — strong operator topology is the locally convex topology induced by the family of
semi norms {p;, } defined on M by pe, (x) = (ZlIx&,1%)1/2, with x € M, {£,} c $ such
that X[I¢, 11> < oo.

The o —weak operator topology is the locally convex topology induced by the family of
seminorms {p;, ,.} defined on M by pg . (x) = ZNx&, M), with  x € M,

{&3 i} 9, suchthat ZlE, N7 < oo, Xlin,lI* < oo

The weak operator topology is induced by the family of semi norms {p;77 } defined on
M by p;,,(x) = Z|(x§ 77)|, with x e M,é,n € 9.

Definition 1.4.7

The predual M, of a von Neumann algebra M is the space of all o- weakly continuous
linear functionals on M. We denote the positive part of M, by M, ..

Definition 1.4.8 (Commutant)

16



Let M be a subset of B($).We put M = {x € B($);xy = yx for all y € M}. The
space M is called commutant the of M and we denote by M = (M) the bicommutant
of M.

Proposition 1.4.1 ( Bratteli and Robinson, 1979)
For every subset M of B($) we have

(i) M isweakly closed
(ii) M =m" =m06 = ...

and M cMmM =M® =...

Proposition 1.4.2 ( Bratteli and Robinson, 1979)

Let M be a self-adjoint subset of B(9). Let £, be a closed subspace of the Hilbert space
$ and P be the orthogonal projection onto $,. Then $, is invariant under M (in the sense
x9H1 € 9y forall x e M) ifandonlyif P e M .

Theorem 1.4.1 (von Neumann density theorem)

Let M be a * —subalgebra of B(%) which contains the identity I. Then M is weakly
(strongly) dense in M.

17



Theorem 1.4.2 (Bicommutant theorem)

Let M be a *— sub algebra of B(%) which contains the identity 1. The following
conditions on M are equivalent.

(i) M is weakly (strongly) closed.

(i) MmM=m".

Definition 1.4.9

The center of a von Neumann algebra is the abelian von Neumann subalgebra
Z=MnM ,

Definition 1.4.10

Given an element x € M, the smallest projection P € M with Px = x is called the left
support of x and is denoted by s;(x). Similarly, the right support is the smallest projection
Q € M with xQ = x and is denoted by s, (x).

Definition 1.4.11

Let Z be the center of a von Neumann algebra M'.Then Z is weakly closed. Let P be a
projection in M .There exists a least central projection in M majorizing P.This central
projection is called the central support of P, and is denoted by c(P).

18



Definition 1.4.12

Two projections P and Q in a von Neumann algebra M are said to be equivalent if there
exist a partially isometric operator u € M whose initial domain is the range of P and
whose terminal domain is the range of Q.

Definition 1.4.13

A projection P in a von Neumann algebra M is said to be finite if P~ Q < P implies
P = Q, otherwise it is said to be infinite. A projection P is said to be purely infinite if
there is no nonzero finite projection Q S P € M . If zP s infinite for every central
projection z € M with zP =# 0, then P is called properly infinite.

Definition 1.4.14

A von Neumann algebra M is said to be finite if the identity projection is finite , infinite if
the identity projection is infinite, properly infinite if the identity projection is properly
infinite.

Definition 1.4.15

A non-zero projection P in a von Neumann algebras M is said to abelian if PMP is
commutative.

Proposition 1.4.3 (Sakai,1971)
An abelian projection P is finite.
Definition 1.4.16

(i) A von Neumann algebra M is said to be of type | if every nonzero central
projection in M majorizes a non zero abelian projection in M.

(i) If there is no nonzero finite projection inM, that is, if M is purely infinite then it
is said to be of type 11 .

(iti) If M has no nonzero abelian projection and if every non zero central projection in
M majorizes a non zero finite projection of M then it is said to be of type II.

(iv) If M isfinite and of type Il , then it is said to be of type I1;.

(v) If M isof type Il and has no nonzero central finite projection, then M is to be

of type I, .

19



Definition 1.4.17

A von Neumann algebra M is said to be countably decomposable if every family of
mutually orthogonal non-zero projections in M is at most countable. A projection P in M
is said to be countably decomposable if PMP is countably decomposable.

Proposition 1.4.4 (Bratteli and Robinson, 1979).

Let M be a von Neumann algebra on a Hilbert space $ .Then the following four
conditions are equivalent.

(i) Mis o — finite.

(i) There exists a countable subset of $ which is separating for M.

(iii) There exists a faithful normal state on M.

(iv) M is isomorphic with a von Neumann algebra (M ) which admits a separating

and cyclic vector.

Definition 1.4.18

M is a quasi-local algebra if there is a net {M 5}, .,q¢ Of von Neumann algebras such that,
(i) If Ay =A,then M, 2M 4,
(i) M =Uu M, where the bar is the uniform closure

(iii) The algebras M , have a common identity I.

Definition 1.4.19

A linear map ¢ on M, defined by ¢: M, — [0, ] Satisfying
e +y) =0 +oly) forxy eM,
(i) p(Ax) = Ap(x) for x eM L, 1=>0

is called a weight.

(iiiy If @(x)=0 = x=0.Then the weight ¢ is said to be faithful

(iv) If  @(x) = sup;p(x;) whenever x is the supremum of a monotone increasing net
{x, } in M, then the weight ¢ is said to be normal.

20



(v) If o(x*x) = @(xx*) then the weight ¢ is called a trace

(vi) If vxe M, 3x; €M with x, T x o — strongly and ¢(x;) < co. Then the weight
@ is semi-finite.

Definition 1.4.20
A state @ on M is a weight such that ||¢|| = 1.
A weight ¢ is said to be finite if ¢(x) < oo forall x € M.

Definition 1.4.21 Fundamental to the study of a weight ¢ is an analysis of certain
subspaces of M defined as follows,

P, = {x € M,: p(x) < +o0}
N, ={x € M:p(x"x) < oo}
m, = NyN, = {Z?=1 X[yt x,yi EN, n=1.2 }
P, is a hereditary positive cone , thatis , x,y € P, and 4 € [0, o) implies that
Ax +y €F, and x €P,, z€ M,ywithz < x,= z € F,
N, is aleftideal in M
m,, is a self adjoint sub algebra of M

P(pzm =m

of P,.

s o N M, and every element of m,, is a linear combination of four elements

Theorem 1.4.3 (Haagerup, 1975)
The following theorem characterizes normal weights.
For a weight ¢ on M, the following conditions are equivalent:
(i) @ isnormal
(ii) There exist a monotone increasing net {w; : i € I} € M, ; such that
w; (X) Tex) forall x e M,.
(iii)  There exist a family{y; :i € I} € M, such that @(x) = Xie; U;(x) for all

X € M,.
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(iv) (%) is o-weakly lower semi continuous, that is if x; = X, o — weakly,

xi,x € M, then p(x) < limiinfip(x;).

Definition 1.4.22 (Trunov,1982)

A weight ¢ is called locally finite if Vx € M, ,@(x) = 0,3y € M, with y < xsuch
that 0<o¢(y) <.

Definition 1.4.23 (Trunov,1982)
A weight ¢ is called regular, if Vw € M,,,w # 0,3 0w € M,,,0 #0,

with ' < w such that o' < ¢.

Definition 1.4. 24

A representation of a von Neumann algebra M is a pair ($, ) where $ is a complex
Hilbert space and m is a x — homomorphism of M into B(%).The representation ($, ) is
said to be faithful if and only if 7 isa * —isomorphism between M and w(M).
Theorem1.4.4 (Sunders, 1987)

Let ¢ € M, be a faithful, normal state on M .Then there exist a triple (9, ,, Q,) where,

(i) T, is a* — algebra homomorphism of M into B(%)

i) 0, €9, and$, =1, M)Q,

(i) (m, ()Qy, Q) = @(x), forall x e M

The image 7, (M) is a von Neumann algebra of operators on $,, 7, is an isometric
(norm-preserving) o — weakly continuous homomorphism of M onto m, (M).

Theorem 1.4.5 (Sunders, 1987)

Let ¢ € M, be a faithful, normal, semifinite weight on M. Let P, ,N, ,and m, be the
associated subspaces of M, as in definition 1.4.21.Then there exist a triple ($,,7m,,7,)
where

(@) 9, isaHilbert space

22



(it) m, is a *-algebra homomorphism of M into B(%)

(i) n,: N, = 9, isalinear map such that

Ny (), 1, M) = (¥ x), such that {m, (2)n,(x):x € N,, z € M}
is dense in $,,. For all x,y € N, and z € M. Such a representation is unique up to
unitary isomorphism.

Definition 1.4.25
Aset S c $issaid to be
(i) cyclic for M if [MS] = $

(i)  separating for M if for x € M, x = 0 if and only if xS = {0}

where [MS] denotes the closed linear span of MS.

Proposition 1.4.5 (Sunders,1987)

Let S, and F, be the conjugate-linear operators, with domains MQ and M Q |,
respectively,with  Q cyclic for M defined by Sy(xQ) = x*Q, Fy(xQ) = x*Q. Then S,
and F, are densely defined closable operators; their closures, denoted by S and F,
respectively, satisfy S =S, =Fjand F =F, =S}

Definition 1.4.26

Let A= FS = §*S. Then A is invertible,with inverse A™'= SF = §5*. Sand A have dense
range and thus A'/2 have dense range, we have the following S =] (5*$)'/2, where J is
a self-adjoint partial anti -isometry operator on $.

(i) S =JAY2, polar decomposition of S.
(i) F=5"=AY?.
(iii)  Let x be in the domain of S. ThenI = J? and A== JA/J.

A is called the modular operator and / the modular conjugation.

Theorem 1.4.6 Tomita —Takesaki
(i) AtMA =M, V teR
(i) ImI =m’
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Put  of(x) = (A% x A,) XEM,V teR
This defines a one parameter group of automorphisms of M.
Definition 1.4.27 (Sunders)
Let U be an involutive algebra over the complex number field C with the involution

EeU — & e U iscalled a generalized Hilbert algebra if 2L admits an inner product
(&, n) satisfying following conditions:

0 € =Mms*, &M el

(i) Foreach & € U themapn € U — &n € U is continuous.

(iii)  The subalgebral? = {3* , &n;:&,m; € U,n = 1,2,...} of U, is spanned by the
elements ¢{n with &,n € U, isdensein .

(iv)  The involution § — &* € U is preclosed.

Suppose U is a generalized Hilbert algebra. Let $ be the Hilbert space obtained by
completion of U. To each & €U, there corresponds a unique bounded operator
(&) on® defined by nw(é)n=¢&n, nel w(U), the set of bounded operators
satisfying condition (i)-(iii) is a non-degenerate self-adjoint algebra of operators on $.
m70)" is the wvon Neumann algebra generated by w(U). ()"
is called a left von Neumann algebra denoted by ().

Since the involution § € A — &* € U with domain D% = {¢ € U: é# € U} is preclosed
and therefore has a closure whose adjoint involution is given by 1 € U - n? € U with
domain DP = {n € U: n® € U}, we have the following definition.

Definition 1.4.28

A vector n € D? is said to be 7 -bounded if & € U — 7(&)n is bounded. If this is the
case, thenthe map & € U — w(&)n € H extends to a bounded operator 7 (1).The set of
7 - bounded elements is denoted by U? and given by

U ={ned3c>03In)mll <cléll vEew
and also the set of = — bounded elements is denoted by U* and given by

¥ ={£ed%3c> 03 Ir'(méll < clinll vneu}
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Definition 1.4.29
The generalized Hilbert algebra 1l is said to be achieved if U = u*,
Definition 1.4.30 Kubo-Martins-Schwinger boundary conditions

A o,- invariant positive linear functional ¢ of M is said to satisfy the Kubo-Martins-
Schwinger boundary condition for (o;).cg if for any pair x,y € M there exist a bounded
function FE,:{1€C:0<imA<1}— C continuous on and analytic in the strip
0 < im A < 1 with boundary values

Ey (t) = ¢(0:(x)y) and E,, (t +1) = ¢(yo,(x))

Lemma 1.4.1 (Sunders,1987)

@ € M,, satisfies the KMS conditions with respect to the o -weakly continuous one
parameter group (a{”)teR if ¢ is invariant with respect to a;, thatis ¢ o o’ = ¢.
Definition 1.4.31

Let ¢ be a linear map from a von Neumann algebra M to a von Neumann algebra " and
consider the algebra of nxn matrices with entries from M and N denoted byM,, (M) and
M, (W)respectively. The linear map ¢ is called completely positive, if

@, QI: M,, (M) - M, (V') , defined by ¢, (x & El-j) = ¢(x) ® Ej;, is positive for all n.
Where E;;, i,j =1,2,...n are matrix units spanning M,, (C).

ij
Theorem 1.4.7 (Takesaki, 1979)

(@) Let V' bea C = — algebra and $ a Hilbert space. If {m, 9} is a representation of IV,
V is a bounded linear operator of $ into N, thenthe map T:x € N - V*'n(x)V € B(H)

is completely positive .

(b) If T is a completely positive map of a C * — algebra A into another C * — algebra

B, thenwe have T(a)*T(a) < ||T||IT(a*a), a € A.

Definition 1.4.32
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(ii)

(iii)

(iv)

A closed, densely defined linear operator on § is said to be affiliated to M if

ux S xu for every unitary u € M. If x is affiliated to M, we write x nM. If x

is bounded then we say that x is in M

A linear set D in $ is said to be associated with M, if u(D) € D for every

unitary u € M. We write DnM.

Let © be a linear subset of $.Then D is said to be strongly dense in $ with

respect to M if

(@) DnM.

(b) There is a sequence {D,, } of subspaces of &, with D,nM such that D, c D
and,

(c) the projection operator of § onto the orthogonal complement ©;; of D, is a
finite projection in M and D; | 0. We say that {D,,} defines {D}.

A closed, densely defined linear operator x on $ is said to be measurable with

respect to M provided that

(@) x nM and

(b) x has a strongly dense domain

Definition 1.4.33

(@) Let M,,,; be the set of projections in M, a measure 7 is a nonnegative mapping

T M,

proj — Ry such that,

7(0) =0
t(X B,) =Y 1(B,), for any countable set {P,} of mutually orthogonal
projections in M,,.,; .
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(b) Anintegral ¢ on (%, M) is a faithful, nonnegative linear functional ¢: M - C,

such that the restriction of ¢ to M,

proj 1S @ Mmeasure.

(c) A sequence {x,} of measurable operators( see definition, 1.4.32) is said to
converge in measure to a measurable operator x if given § > 0, there is a sequence
{P,} of projections in M,,,; such that ||(x, —x) x B,|| <& and @(P) -0,
where ||-|| is the operator norm on M.

(d) Suppose h is a densely defined closed operator associated with M, h is said to be
locally measurable (with respect to M) if the following equivalent conditions
hold:

Q) There exists a sequence (e,) of projections in the center of M such that
e, 7 I and all operators he,, are measurable in the sense of Segal.

(i) For each x € M, the operator xh is closed.

A gauge space T' is a system ($,M,7) composed of a complex Hilbert space $, a von
Neumann algebra M and a normal trace 7.The normal trace t associated with I is called a
gauge, and the gauge space T is finite if 7(I) < oo, where I denotes the identity operator.

Definition 1.4.34

A projection P will be said to be associated with T if it is M, and is said to be metrically
finite or T —finite if 7(P) < oo.

Definition 1.4.35

A gauge space is called regular when the only projection of gauge zero is the zero
projection.

A projection on which a gauge vanishes is called a null projection.
Definition 1.4.36

Let N be the maximal central null projection then (I — N)$ is called the carrier of 7.
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Definition 1.4.37

Let (%, M, 1) be a gauge space. Then a sequence {T,} of measurable operators is said to
converge nearly everywhere (n.e) to a measurable operator T if given € > 0, there is a
sequence {P,} of projections in M suchthat B, TIasn T oo, ||(T, — T) X P,|| < e and P}
is algebraically finite.

Definition 1.4.38

A sequence {T,} of measurable operators converges metrically nearly everywhere (m.n.e)
to a measurable operator T with respect to a gauge space (9, M, 1), if it converges nearly
everywhere (n.e)to T on the carrier of t.

Definition 1.4.39

The rank of an operator T with respect to the gauge space is defined as the gauge of the
closure of the range of T. T is said to be elementary, if it is everywhere defined and its rank
is finite, or nearly everywhere zero.

Definition 1.4.40

A measurable operator T on the gauge space is called integrable if it is the limit metrically
nearly everywhere (m.n.e) of a sequence {T, } of elementary operators that is Cauchy in the
set of all integrable operators L{($, M, t). The integral or trace of T, denoted by t(T) is
defined as lim,, 7(T},).

Definition 1.4.41

A strongly continuous one parameter semigroup (P;).> on a Hilbert space & is a family
P, of linear maps satisfying,

Pp=1
B P = Py

lim;o Pbu=u, where u€e

Definition 1.4.42

A semigroup (P;);>o on a von Neumann algebra M is said to be

(i) a contraction semigroup if ||Px|| < |lx]| Vxe M ,t=>0.
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(i) uniformly continuous if lim,_y||P; —I|| = 0.
(iii)  strongly continuous or C, —semigroup if lim,_||P;x — x| =0,

VxeM.

Lemma 1.4.2 (Davies,1976)

Every weakly continuous one parameter contraction semigroup (P,);sp on a Hilbert space
$ is also strongly continuous.

Definition 1.4.43

A linear operator G on M is said to be the generator of a C, —semigroup (P,);g if:

G(f) = limt_)o%(Ptf — f), exists foreach f in

D(6) = {f € M:limtw%(Ptf — f) exists in M}
Lemma 1.4.3 (Ahmed,1991)

If G €B(H),then P, =etC, t>0,isauniformly continuous semigroup of operators on
$ and its infinitesimal generator is G.

Theorem 1.4.8(Ahmed,1991)

Let X be a Banach space and (P;)> a C,- semigroup on X, then there exists constants
M >1 and a € Rsuch that ||P,|| < Me®*, vt > 0.

Theorem 1.4.9 (Ahmed, 1991)

If (P):> isa C,- semigroup on a Banach space X, then for each x € X, t -» P,x is a
continuous X-valued function on [0, o).

Theorem 1.4.10 (Ahmed, 1991)
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Let X be a Banach space and (P,);> a C,- semigroup on X with G as its infinitesimal
generator. Then

i. For xe€X, te[0,00), limy %ftHh P, (x)d6 = P,x.
ii. Forxe€eX, t>0, f, Po(x)d6 € D(G).
iii. Forx €D(G), Px € D(G) and = (Px) = GP.x = P, Gx.

iv. Forxe®d(G), t=s=0,Px—Px= fst GP.x dt = fst P, Gx dr.

V.  The domain of G is dense in X that is D(4) = X.
vi. G is aclosed operator or equivalently the

Graph (G) = {(x,y) € X x X : y = Gx} is a closed subset of X x X.

Definition 1.4.44

Let A be a linear, not necessarily bounded, operator on $. The set p(A) defined by
{Ae C:(AI—A)"! e B($H)} is called the resolvent set of the operator A. If p(A) is non-
empty then for 1 € p(A4), R(1,A) = (Al — A)7Lis called the resolvent of the operator A
corresponding to A.

Lemma 1.4.4 (Ahmed, 1991)

Let G be the infinitesimal generator of a C,- semigroup (P,),>o Of contractions on a Banach
space $ then,

(@) For every A > 0 the operator Ryx = fooo e P, (x)dt is defined on all of $ and
R,x € D(G), forevery x € $.
(b) R(A,G) = —G)™ = Ry for 1>0, p(6) > (0,0) and [R(A, G| < 3, for

A>0.

Theorem Hille-Yosida 1.4.11 (Ahmed, 1991)
Let $ be a Hilbert space and G be a linear, not necessarily bounded, operator on $ with

domain D(G) and range R(G) in $. Then G is the infinitesimal generator of a C,-
semigroup of contractions (P;).> on $ if and only if,
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M G isclosed, D(G)) is densein $.

(i)  p(6) > (0,%0) and [R(A, )| <73, for 2> 0.

Definition 1.4.45
A gquantum sub-Markov semigroup, or quantum dynamical semigroup (g.d.s) on a von
Neumann algebra M, is a one parameter family (P,),so of linear maps of M into itself
satisfying.

(@) P.(x) =x forall x e M.

(b) Each P.(.) is completely positive.

(c) P,(P,) = P,y for all t,s> 0.

(d) P,(I) <Iforallt = 0.

(e) Foreach x € M, the map t — P,(x) is a-weakly continuous on M

(f) P, is a normal operator on M for allt > 0, i.e. for every increasing net (a,),

inM with Luba, =a € M ,wehave lLu.bP.(a,) = P:;(a).

Definition 1.4.46

(1) A quantum dynamical semigroup is called a quantum Markov semigroup if
P,(1) =1 forallt > 0.

(i) A von Neumann subalgebra pMp reduces a quantum Markov semigroup P, if
and only if P,(p) = p for all positive t, where p is a projection.

(iii) A dynamical semigroup is said to be irreducible if it is not reduced by any

proper a von Neumann subalgebra.
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CHAPTER 2
LITERATURE REVIEW
2.0 Introduction

In this chapter we discussed the development of noncommutative L, -spaces, conditional
expectations, quantum dynamical semigroups and quantum entanglement. Segal developed
a noncommutative theory of integration in which the measure is required to be unitarily
invariant and hence central. This is an extension of classical L,-spaces. We present other
types of such extensions in this chapter. A noncommutative extension of the theory of
conditional expectations by Umegaki (1954), together with the notions of the generalized
conditional expectations developed by Accardi and Cecchini (1982) is also discussed.
Conditional expectation is necessary for a formal study of quantum stochastic dynamics for
spin system on a lattice. We give a brief account of quantum stochastic dynamics and
quantum entanglement, together with a few related results respectively.
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2.1 Noncommutative L,-spaces

In 1953, Irving Segal initiated and developed the theory of noncommutative L, - spaces for

a semifinite von Neumann algebra M having a faithful normal semifinite trace 7. He
defined the noncommutative L, — spaces as follows;

Definition 2.1

For a pair (M, 1), where M is a semifinite von Neumann algebra together with a faithful
normal semifinite trace t defined on M, let L (t) be the space of integrable operators, this
isa Banach space of closed, densely defined ( in general unbounded) linear operators on $

affiliated with M, the norm ||x||; = ”?ﬁbﬂrlsxl, s € M, is called the L;-norm. The

collection of all square integrable operators L, (t) is the Banach space defined by the set

1
L,(t) ={x € M : ||x||l, < o}, with the L,-norm ||x|l, = t(|x|®)z. .
For 1< p < oo, we have the Banach space of pth- integrable operators defined by the set

Ly ={xeM: |x|P € Li(D},

1
with the L, — norm |Ix|l, = t(|x[?)», for p =, we have |[lx|l = Ilx]l, and
Lo, (7) is identified with M.

Much later, after a decade and half, Nelson (1974) realized a simplified approach to the
construction of the Segal spaces, this construction is based on Stinespring’s notion of
convergence in measure of measurable operators. Yeadon (1974), in his paper on
noncommutative L, —spaces, defined the spaces concretely as spaces of unbounded
operators. With the celebrated theory of Tomita —Takesaki, Haagerup (1979), developed
L, -spaces on the cross product von Neumann algebra M. We have the following:

Definition 2.2
Let R(M, 0,”) denote the cross product of M with the modular automorphism group of ¢,

that is the von Neumann algebra acting in L,(R; $) = L,(R) @ $ and generated by the
operators m(x), x € M and A(s),s € R, where

(&) = 0, (x)E()

(A(s)§) =¢(t—s), for & € Lr(R; $).

Denote by (6;)ser the dual action of R on R(M, g) defined by
8,(n(x)) = n(x)

8,(A(s)) = etA(s).
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There is a canonical normal faithful semifinite trace v on R(M,qs) satisfying
To B, = e ST. If ¢ is a normal weight on M, we denote by ¢ the corresponding dual
weight on R(M, ;). Let hy, be the generalized positive operator satisfying ¢ = 7(hy ).
Then A(t) = hi, for t € R.

Put tr(hy) = (D).

Denote by M the algebra of 7- measurable operators associated with R(M a7 ) equipped
with the measure topology. An affiliated operator h is called a - measurable operator if its
domain is 7- dense, i.e V6 > 03P € M,,,,; : P$ S D(h)and (I — P) < §, where M,
is the lattice of projections in M.

The L, spaces of Haagerup are defined by L,(M) = {x € M:Vs € R, 6,(x) = e*/Px},
p € [1,00], with  norm x|l = tr(lx)/»  and x € L,(M). Then
Li(m) ={hg:p e M} },and L, (M) = (M) = M, with norm ||x||.

The Haagerup L, -space has application in the general description of dynamics of infinite
quantum systems.

Trunov (1979), studied the Segal space and extended it to the L,, —spaces of bilinear forms
using the representation of a faithful normal state ¢, that is, ¢ (x) = 7(x. h, ) = 7(h,x),

x € M, where h, > 0 is a uniquely determined nonsingular self-adjoint operator in L, (7).
1 1

For xeM and 1<p <oo we have h;_”.x. hfp_” € L,(7), where L,(7) is the Segal
L, — space. We have the following;

Definition 2.3

Foreach 1 < p < oo let the function,

1 1 1/p

2p 2p
h(p X h(p

)

be defined on M, and write ||x|l = |lx]| , x € M.

x = lxllL, ) = T<

Remark 2.1

This mapping x — |[x||,, does not depend on the choice of the faithful normal semi-finite
trace T and is a norm on M.

Trunov then applies the Tomita-Takesaki theory of modular Hilbert algebras to define his
functional y(x) € M, that is, the canonical embedding y: M — M, determined by the
state ¢, for each x € M, the functional y(x) € M, is defined by the equation
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y(x)y = {Jrn(y)*J%,1 ), y € M. The mapping y is a positive linear bijection of M onto
a dense subset of the space M, for any x,y € M, where m: M — B(9) is defined by
n(x)y = Xy, x,y € M, is a faithful normal * —representation of M induced by ¢ and J is

an antilinear isometry on $.
Remark 2.2

From the above definition we see that for x,y € M
1 1
yxX)y=rt <hé.x. he, y> :

1 1
and  |lxllz, o) = Iy COIl = 7 [hg,. x. g,

The inner product of the L, (@) space is given

(x,y) = T((hi.y. hi) (hfo.x. hi) >

and the norm is given by

1

1 1\ * 1 1
x|, =t <h;‘0.x.h;‘0> <h:‘0.x.h(‘;> , Ly(p) ={x € M:||x||, < oo}

Corollary 2.1

If 1<p<gq<oo,then L,(p) c L,(p)and |[all, < |lall,.

a € Ly ().

, o with L (@) = {x € M:||x[l; < oo}.

Kosaki (1981) gave a construction using an injective map of M the von Neumann algebra
into its predual M~ thatis, x — x.¢ and then applied the theory of complex interpolation
spaces. In the same paper Kosaki showed that the spaces he constructed are isomorphic to
the Haagerup spaces. Terp (1981) studied the interpolation spaces between the von
Neumann algebra M and its predual M. Tikhonov (1982), constructed Lp spaces with
respect to a weight on a von Neumann algebra. Zolotarev (1982) studied the L,, spaces of

Trunov and used the idea of Kosaki to give a construction of L,-spaces with respect to a

state over a semifinite von Neumann algebra.
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2.2 Conditional Expectations

The notion of conditional expectation was first extended to the noncommutative case by
Umegaki (1954). In his extensive work, he showed the existence of a conditional
expectation when the von Neumann algebra has a faithful normal tracial state 7 .He stated
the properties as follows.

Theorem 2.1 (Umegaki, 1954)

Let M be a von Neumann algebra and M; a von Neumann subalgebra of M.

The mapping x €M - E(x) € My, have the following properties:
(i) E(ax + By) = aE(x) + BE(y), a,BEC andx,y €M
(i)x=>0 = E(x)=0, XEM
(iii)x >0 and E(x) =0 impliesx =0, x€e€M

(MIEI < llxll, x €M

(Vii) E(x)"E(x) < E(x™x), XEM

(VIlE(E(x)y) = E(xE(y)) =E(X)E(y), with x,yeM

(ix) If x; weakly strongly to x,( x; 2 x ) implies that E(x;) converges weakly to E(x)
that is E(x;) 7 E(x).E(x) isstrongly and weakly continuous on the unit sphere of M.

(X) E(xy) =E(yx) for x€EL(M) yEM, NM

(xi) T(xE(y)) = ©(E(x)y),  tis a faithful normal tracial state.
On the other hand, Tomiyama(1957) showed that each projection of norm one of a C*
algebra onto its C* subalgebra has most of the properties of a conditional expectation
stated as follows:

Theorem 2.2 (Tomiyama,1957)

Let A be a C* algebra with a unit and B a C* subalgebra of A.If P is a projection of
norm one from M onto V', then

Q) x=0 = Pkx) =0, X €EA
(i) P(axb) = aP(x)b, X EA a,b €B

(i) P(x")P(x) < P(x*x), XEA
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(iv) P(x*) = P(x)", XEA

The theory of conditional expectations developed by Umegaki depends on the existence of
tracial states and hence is not applicable to von Neumann algebras of type Il1l. Takesaki
(1971) gave the necessary and sufficient conditions for the existence of conditional
expectations that are characterized as projections of norm one. His version of proof uses
the modular algebra developed by himself and Tomita in 1970. His fundamental result is,

Theorem 2.3 (Takesaki, 1971)

Let M be a von Neumann algebra, ¢ a faithful normal semifinite weight on M, and N
be a von Neumann subalgebra of M on which ¢, = ¢ is a semifinite weight. Then the
following two statements are equivalent:

Q) V is invariant under the modular automorphism group o, associated with ¢ .

(i) There exists a o — weakly continuous faithful projection E of norm one from M
onto JVsuchthat ¢@(x) =¢oE(x), VxE€m,.

where m,, is a self adjoint sub algebra of M.

The projection E of norm one of M onto IV is called the conditional expectation of M
onto V" with respect to ¢. The conditional expectation E of M onto V' with respect to ¢

is also determined by  @(x*yz) = ¢ (x"E(y)z), x,z€m, NN, y € M.

with the following properties;

. E(x'x)=0 XEM
ii. E(axb)=aE(x)b a,b € Nandx € M
. EMXME(x) <E(x™x) XEM.

He gave the form of the conditional expectation as follows:
E(x) = 3! (Pma(x) P), X EM,

where m,, (resp., my) is the isomorphism of M (resp., V') onto the left von Neumann
algebra 2(U) of U (resp., the left von Neumann algebra £(8) of B).

The result of Takesaki was independently proved by Golodez (1972) .

It was observed that for questions in the theory of quantum stochastic process, the
characterization of conditional expectation as projections was inadequate, because for a
general von Neumann algebra, a normal faithful norm one projection with those properties
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described by Umegaki rarely exists. Accardi and Cecchini (1982) constructed a conditional
expectation that always exist. This conditional expectation known as the generalized
conditional expectation is no longer a projection. The form is given by,

E(x) = U*xU, xX€EM

where U is a partial isometry from the Hilbert space $ of M into the Hilbert space X of
N.

Theorem 2.4 (Accardi and Cecchini, 1982)

Let M,V be von Neumann algebras with N € M and let ¢ be a faithful normal
semifinite weight on M, whose restriction ¢, on NV, is semifinite. Let L 2 B be the
achieved generalized Hilbert algebras with completion $, X, associated to M, ¢ and
N, @, respectively: Let Jy; Jg be the corresponding conjugation operators called the
Tomita involutions and P the orthogonal projection from $ onto XK. Then the map

a €U — nyl(Jg PJy m(a)]y JsP) € B

is well defined and extends to a faithful normal completely positive identity preserving
map satisfying @(m) = @o(E(m)); @(m) <o; meM,
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2.3 Quantum Dynamical Semigroups

Lindblad (1976) gave the first complete characterization of the infinitesimal generators of
quantum dynamical semigroups. He assumed the following axioms.

Let M be a von Neumann algebra, a quantum dynamical semigroup (P;);>o IS & one
parameter family of maps of M into itself satisfying:

(i) P, is positive

(i) P.(1) =1

(iii) P,.. P, = Py,

(iv) limgo|lP, — Il = O
(V)P,=ett

(vi) limollL — ¢t (P, = D|| =0
(vii) L is ultraweakly continuous.

The form of the infinitesimal generator of quantum dynamical semigroup is given by

L) = Y(x) =5 (), x} + i[H, ],

where 1 is a completely positive map.

We collect some results on quantum dynamical semigroups.
Definition 2.4 (Lindblad,1976)
A bounded map L: M - M satisfying the following properties;
i. £(1)=0,
ii. L") =L(x)" V x €M and

iii.  L,(x"y)—L,(x")y—x"L,(y) =0, V x € M, (M)

is said to be completely dissipative, where £,, = £ @ I,, and I,, the n X n identity matrix.

Theorem 2.5 (Lindblad, 1976)
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If £ a bounded map on M into M is a generator of the semigroup P, = e**, then the
semigroup P, is a completely positive map on M. And P.(1) =1 if and only if L is
completely dissipative.

Theorem 2.6 (Lindblad, 1976)

L is completely dissipative if and only if it is of the form

£0) =3 (vxV; =3 {V"V;, x}) + i[H, x], where Vj, $V/'V; € B(5), where H is a self-
adjoint operator in B($) and V; is a bounded linear operator on £

Theorem 2.7 ( Evans, 1976)

Let A be a C* algebra and e** a strongly continuous one parameter semigroup of positive
maps on A such that

(1) D(L) is a subalgebra of A

(i) Llx'x)—x"L(x)—L(x)'x=0 ,V x €D(L)

then et (x*x) = e (x")et“(x), Vx €A, t > 0.

Evans (1976) studied the irreducible ergodic properties of dynamical semigroups with
Lindblad-type generators with particular reference to locally completely positive maps, that
is those maps ¢ satisfying the Kadison-Schwarz inequality, defined formally as follows

o(x*x) = px) p(x), Vx € A.
In that paper, Evans, showed that a dynamical semigroup of locally completely positive
maps on a von Neumann algebra is irreducible if and only if the largest von Neumann
algebra in the fixed point set is trivial.
Theorem 2.8 (Evans,1976)

Let (P;):> be a dynamical semigroup of locally completely positive maps on a von
Neumann algebra M. Then

(i) The set {x € M: P,(x*x) = x*x, P,(x) = x} is a weakly closed subalgebra of
M.

(i)  The von Neumann subalgebra pMp reduces P, if and only if
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P,(yp) = P,(y)p for all positive t,and y € M, where p is a projection in M.
(iii) Py isirreducible if and only if the set of fixed points

M(T) ={x e M: P,(x) =x Vt = 0}consist of scalars.

Frigerio (1977) derived the equivalence between irreducibility and the uniqueness of the
equilibrium state. He gave a sufficient condition for approach to equilibrium. Frigerio
investigation is restricted to the class of dynamical semigroups possessing a faithful normal
stationary state.

Theorem 2.9 (Frigerio, 1978)

Let (P;).>o be a dynamical semigroup of a von Neumann algebra M with a faithful normal
stationary state 1, then there exists a unique P, —invariant normal conditional expectation

E:M - M(T) definedby E(x) =w" —limy_oA [ dte™ P,(x) , x € M,
where M (T) is the fixed point set of P, which is also a von Neumann subalgebra of M.
Theorem 2.10 (Frigerio,1978)

A state ¢ € M, is P, -invariant and majorized by a scalar multiple of ¥ if and only if it is
of the form @(x) = y¥(y) 1(JyQ,xQ), for some positive y € M(T), J being an
antiunitary involution on § ,such that JQ=Q , J]M] =M .

Christensen (1978) showed that any generator of a norm continuous semigroup of
completely positive normal maps on a von Neumann M can be decomposed in the
following theorem:

Theorem 2.11 (Christensen, 1978)

Let (P,);> be a uniformly continuous semigroup of completely normal maps on a von
Neumann algebra M acting on a Hilbert space $. Then there exist an x € B($) and a
completely positive normal map y¥: M — B(9) such that the generator £ of P, has the
form Lm)=y(m)+x"m+mx, meM.

Theorem 2.12 ( Majewski and Zegarlinski ,1996)

Suppose  [|0xyx+; || < ae ™), with some positive constants M, a and a metric d, then

the infinite volume stochastic dynamics P} = et is well defined. Moreover the
semigroup P/ is strongly ergodic in the sense that there is a unique P/ - invariant state
for which we have || P¥ f — yf |l < 2™ %, 4|0 f|

withsomem > 0and d;f = f —Trf.
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Another approach of constructing stochastic dynamics using Dirichlet forms was
considered in (Cipriani, et al., 2000).

2.4 Quantum Entanglement

Quantum entanglement is a possible property of a quantum mechanical state of a system
of two or more objects in which the quantum states of the constituting objects are linked
together so that one object can no longer be adequately described without full mention
of its counterpart even though the individual objects are spatially separated.

Definition 2.5

Suppose there are two noninteracting systems A and B, with states ¢4, ¢ and Hilbert
spaces 4 9Hp respectively. Let $ be the Hilbert space of the composite system given by
9 =94 D - Then any state of the composite system that cannot be cast into the form

=Y, P(psQ ¢@p) will be called entangled, where P; is a projection.

In 1964 John Bell showed that quantum entangled systems are systems correlated in a
way that classical systems cannot. The fundamental question in quantum entanglement
theory is, which states are entangled and which are not. This question is not trivial. The
simplest is the case of pure bipartite states. Peres (1996) stated the condition for separable
states for continuous variables of two harmonic oscillators. The condition for separable
states was discovered independently by Simon (Horodecki, etal., 2007).

However our understanding of mixed state entanglement is much less complete and most
proven results are restricted to situations where the constituents parts are quantum two
level systems. Studies on various aspects of entanglement have been carried out by

several authors in (Li ,etal 2008), (Paratharasthy,2004),(Peres,1996) to mention a few.
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CHAPTER 3

NONCOMMUTATIVE Lp -SPACES AND
FINITE VOLUME QUANTUM STOCHASTIC DYNAMICS
3.0 Introduction

In this chapter a noncommutative L,-spaces over a von Neumann algebra involving

operators of the form po ®, P ® js defined. We give a formulation on how such operators

are realized. To get a nontrivial analogue of classical stochastic dynamics, we consider a
guantum generalization of conditional expectation as was done in Majewski and
Zegarlinski (1996). We define and state the properties of the generalized conditional
expectation Ey ,. The generator Ly , of the finite volume quantum stochastic dynamics
on a finite set X < A, is defined with respect to the map Ex , and is of the form

Lax() =Exp()— %{EX_A(I),.} _

To have a dynamics that describes irreversible processes like dissipation, we proceed as
follows, let X +j be a translate of the set X by a vector j € Z¢ , the generator for a
finite volume quantum stochastic dynamics for spin systems is defined as a self adjoint
operator £LXA = Yjea La,x+j » such that the infinite sum converges for X < A. Then the
corresponding finite volume stochastic dynamics for spins systems is defined as

XA XA
Pt, :etL )

3.1 Quasilocal von Neumann Algebra and Non Commutative Lp —Spaces
In this section the operators of the form pr‘f(t).pff(t) are defined, they constitute the
elements of a von Neumann algebra M, . This will be made clear inthe following:

Let M be a von Neumann algebra and p a closed positive self adjoint operator affiliated to
M. Let e be aprojection on the Hilbert space $ such that ep c pe and pe is a positive
bounded everywhere —defined operator on §, we say that e is a bounding projection for p .
Now let (e,,) be an increasing sequence of projections each of which is bounding for p and
Vo, e, =1, wesay that (e,) isabounding sequence for p and pe, is a positive bounded
everywhere —defined operator on $. (Kadison and Ringrose, 1983). Let pe, considered as
a bounded operator be denoted by p, and its’ spectrum by sp(p,). Let C(sp(p,)) be
the space of all continuous real valued functions on sp(p,,) and let B($), be the set of
positive operators in B($). Using functional calculus ,we introduce the operator p in
B(H); for a € R, as follows; Let f, € C(sp(p,)) be defined by f,(s) =5,
s € sp(p,). With p2 define as f,(p,) for real values of a.
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Thus fa(pn) = pn € B(D)+-

Replace a € R, with a positive real-valued function a(t) on the closed interval [0,1]
such that 0 < a(t) < % , thus we have,

fa(t)(pn) - pn “© € B(g)

Remark: Note in particular, a(t) on [0,1] can be defined as «a(t) = , fort € [0,1].

For a self-adjoint operator x € M, let {x pn :x €M, p, “(t) ¢ B(55)+} be the set of

strong product of bounded operators on $, this is a *-algebra when endowed with the

operations of sum, product and involution defined as follows,

.oy + 3000 = (x +).p5 Y, X+yeM
(x.059)(3.05®) = Ce.3). 2, Xy €M
(x.pff(t)) =x" pff(t), x"eEM

for x,yeM and p“(t) € B(H),, then the set {x pa x EM} is clearly a

*- subalgebra of B($). Denoting the strong product x. p,; a(t) by % and the set by M, we

have
M = {x x.pfO =% xem pn(t)EB(Sf))+}

X isastrong product of bounded operators on $ and is of the form p“(t) X. p,‘f(t).

This is given by the following:
pE Oy p2® (1 pa(t))(x pf{“)) = (1%).p%® = x.p® = % € 71

This expression of ¥ implied that X “commute” with p“(t)

P:f(t) =,D,0f(t) (x pa(t)) (I_pz(t)) (x pz(t))

this given by the following,
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= (1.x). p&®

= (x.D.p*® = (x pff(t))(l.pff(t)) =x.p%®

The product pZ@x. p*® is also self-adjoint, that is

7t = (pff(t)x'ﬁ’ff(t)) — (x_pz(t)) pt® _ pa® e (a®) _ o ja@) _ e _ g

since x and p, ®are assumed to be self-adjoint.

The set M is strongly closed, to see this, consider the net {%;} c M , if the net {x;} ¢ M

converges strongly to x, then the net X; = x; p,‘f(t) converges strongly to ¥ = xpf{(t).

Thus for £ € $, we have

lim, | (% — Z)& 1| = timy || Gx = x5 Vg || < tim, llGx = x)¢]1 |

i) -0,

hence M is strongly closed and hence weakly closed since any strongly convergent
sequence {x;} in M, is also weakly convergent. Thus M is a unital weakly closed *-

subalgebra of B($) hence a von Neumann algebra.

Now let Z%,d > 1 be the d -dimensional lattice, whose sites are occupied by spin- %
particles. One associates with each point j = (jy, j, -...jg) € Z¢ a Hilbert space Hyjy and
with each finite subset A € Z¢ the tensor product space $, = ,-355{,-}. The self-adjoint
operators at site j = (j1, j, ....jq) € Z% are elements of the point algebra ]Vt{,-}. The von
Neumann algebra My; is isomorphictoa 2 x 2 matrix algebra M, (C). The algebra
of self-adjoint operators localized to a finite region A c Z%, defined by M, = ].g]’vvf{j}, is
then the full matrix algebra M ,a;(C). Let F be the set of all finite subsets of Z< ordered

by inclusion, and let A, A, € F be two disjoint finite regions, that is A; N A, = @. Then
Daun, = Ha, @ Ha, ,and wewrite My ya, = My, & M,, forthe matrix algebra.

M, is isomorphic to the matrix subalgebra M, , @ I,, of M, 4, ;where I,, denotes
the identity on $,, . Identifying M, and M, K &® I,, one concludes that the algebra
(M) rer form an increasing family of matrix algebras, whose union U, e M, is a normed
*-algebra, which is incomplete because Z¢ is infinite. The norm closure

Uprer My = M, isaquasilocal von Neumann algebra (Bratteli and Robinson, 1979).
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We have the following definitions for the lattice.
Definition: 3.1.1 (interaction)

An interaction & is defined as a function from the finite subsets X c Z¢ into the self
adjoint elements of M, such that ®(X) € My . Each ®(X) represents the energy of
interaction of the set of all particles in the finite subset X. In a spin system the particles
are considered to be fixed at the lattice sites and hence the total energy of interaction in a
subset A consists of the interaction energy of all the subsystems. This total energy is
defined to be the Hamiltonian Hg (A) associated with A.

Explicitly Hg (A) = Yxea P(X) , where Hg (A) is a self-adjoint element of M, .

Definition: 3.1.2(metric)
The metric on the lattice Z¢ is defined by~ d(l, k) = max,—12_4|l, — K, ,

for the vectors 1= (I3,1;...1;), k= (ki,ky ....kg) €Z% , and for the coordinates we
have  d(ly, k) = |l; — kq| .This induces the lexicographic order on Z¢ ,for any integers
mz2n= d(lmlkl) = d(ln;kl)-

Definition: 3.1.3

If Z¢ is equipped with a metric d(. , .) then, we say Z¢ is homogeneous, if the metric has
the following two properties;

(i) d(j, k) = 1forall j, kez

(if) For each r > 1 there is at most a finite number N, of points k with d(j, k) <r
uniformly for j € z%.

Definition: 3.1.4

An interaction @ is defined to have a finite range if there exists a metric dg = 1 such that
®(X) = 0 whenever D(X) = ].,,i’g(d(j, k) >ds, where D(X) is the diameter of the

finite set X. The minimum possible value of dg is called the range of & and there is no
mutual interaction between particles whose separation is greater than this range.
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Definition:3.1.5 (van Hove limit) (Robinson And Ruelle,1967)

Let A c Z% be a bounded open set, i.e, a finite set. If j = (j, jo, ... jg) € Z¢ with

ji > 0, we define A(j) as the parallelepiped with edges of length j; — 1:
A()={keZ0<k; <j,for i=1,...d}.

The translates A,, = A() +nj of A(j) by vectors nj = (nyji,nyj,, .....ngjg), With
n € Z¢ form a partition P; of Z¢. We say that the sets tend to infinity in the sense of van
Hove and we write A(j) — oo if for every partition 7;

ny ()
im ——=1
A= 1y ()

where nf (j) is the number of sets of the partition P; which have non-empty intersection
with A(j) and ny (j) is the number of sets of this partition which are contained in A(j).

Definition 3.1.6

For any given finite set X € A € F, M, = My ®Myc. A normalized partial trace on M,
is a completely positive map Try: M, — My satisfying the following conditions;

(i) Try(X* %) =0

(i) Try(1)=1

(iii)  Try(Try X) = Try(X)

(v) Trx(xy) =Try (), %5 € M.

V)  Trx(gxf) = (gTre(®)f), X € My and , g, f € Mye
We define the partial trace T7; at the point j € Z4 on the von Neumann algebra M.
Since the point algebra M;; generates M, , we have M, = My @ M jye.
Definition 3.1.7

A normalized partial trace Tr; on M, is a completely positive map Tr; : M, — ﬁ{i}c
satisfying the following conditions for X € M,

i) TrEH=0

47



(i) Tr(1)=1
(i) Tr(Tr %) = Try(%)
(iv)  Try(Ey) =Try(§%), X5 € My

v) Tri(g.%f)=(4.Trj(®.f), xeMyand g,f € Me.

Remark 3.1

We recall that a positivity and unit preserving map for which (v) holds is called a
conditional expectation and is a projection from condition (iii). Let Tr = limg Try be the

normalised trace on M. Then we have Tr(Trx(f*)d) = Tr(f*Trx(g) ) . The limg, is
defined in the sense of van Hove convergence of A, i.e the convention that |A| — oo,
indicates A eventually contains all finite subsets of Z9.

We defined L, -spaces over the algebra M, based on the L, -spaces of Trunov (1978).
Let t be a faithful normal semifinite trace on M. The set of positive nonsingular self-
adjoint operators with a finite trace is given by  {h € My:t|h| < o} with norm
IR]l, = =(|A[) . we denoted this set by L;(M;). Now we have from Segal (1953), the
representation on M, defined by

p(X) =1(%.h) , X €My, h €L (M)
where ¢ is a faithful normal state on M.
- - SR |
Thus, 0@ =t(%.h) =1(h%) =1 (hm?. hz).

This representation enables one to define foreach 1 < p < o anorm ||.[[, on M.
For h € L, (M), we have the norm
1

1%l = (r p)% - (r p);,

the set L,(My) = {% € My: |IZ]l, <o } is a Banach space of pth-power integrable
operators in M, . We set L., (M) = M, and the predual M, = L; (M)

1

1 L 1
h?r.X.h?p

1
h2p, ( p Oy, pff(t)). h2p
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Remark 3.2

We have the basic properties for L, spaces, for 1 <p <o and 1<g < oo such that
l4i=1,

p q

i, Lo (My) © Ly(My) © L,(Mp) € Li(My) and ||Z]l, < I[I%ll, for

¥ € Ly(My), andg >p > 1.

The state ¢ (%) = t(h%) defines the following scalar product

-1 ~1 1 1 1 1
(%.9)= o9 =t (ki h2 %) = ((hz y* hx ) (s hs) ) .
where the Hilbert space $ is the completion of M|, with respect to this scalar product

(.,.)
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3.2 Finite Volume Quantum Stochastic Dynamics For Spins System

To get a nontrivial analogue of classical stochastic dynamics for spin systems on lattice, we
need to consider a quantum generalization of the conditional expectation as was done in

Majewski and Zegarlinski (1996). We begin with a definition of the generalized conditional

expectation Ey , on the operators of the form & = p;“x pr® € M, for a finite set X < A.

Let Ex : My — M, beamap defined by,
Exa(®) = Try(via % ¥xu) Yx.a € My (3.2.1)
1 oL -l 1
where, Yxa = R2(Trgh) 2 yi, = (Trxh) 2 h2
We have the properties of Eyx , in the following proposition.

Proposition 3.2.1

Ey , is a completely positive, unit preserving and *- invariant map on M. If Ey , is of
norm one then Ey , satisfies the Kadison-Schwarz inequality and is bounded. The extended
map Eyx  onto L, (M), is symmetric with respect to the scalar product on L, (Mj).

These properties are formally outline as follows:

(i)  Exa(® =0, % eM,
(i) Exa()=1
(i) (Bea®) = Eea®",
(iv)  The map Ey 5 satisfies the Kadison-Schwarz inequality,
Ex a(X)"Ex 2 (X) < Ex A (X7X)
(V) The map Ey , is bounded with respect to the norm || || on M,
|Exa®| < IZIl, X € M.
(vi) Ey 5 1s symmetric with respect to the scalar product defined on %,

(Exa(%),5) = (X, Exa(9)) -

Proof:
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(i) Let ¥=x2.

1 1

Ex (%) = Try (V}?,A X2 X2 VX,A)

=Try <(f%VX,A)* (f%VX,A)>
=Try < (f%VX,A)* (f%VX,A)> 20

since Try is a completely positive map.

(i)  From Ex,(®) =Trx(via X vxa)
ol 11 1
we have, EX,A(l) = TT'X(']/;"A yX,A) = TT'X ((Trxh) 2 hEhE(T‘rxh) 2)
=L _ 1L
= T ((Treh) 2 R(TreR) )

= (PrR) 7 Try(R)(Treh) 7 =

(i) (Eca®) = Tre(viea £vxa)’

=Try((% YX,A)*V)?TA)
=Try (V;,Af : V;TA

= Try(YiaZX" ¥xa) = Exa(X)

(iv)  From theorem 1.4.7 in chapter one, Ex, has the form Ex (%) =V*'n(X)V,

since Ey , is completely positive, hence we have,
Ex \(X)"Ex p(X) = V(%) VV*'n(X)V
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< |VII*V*rn(x*%) V
< IVIPEx A (X75),
from corollary 3.6 Takesaki (1979) we have that ||V [|2 < ||Ex ||
thus, Ex A () Ex o (%) < ||Exa|| Exa(®*%)

Ex A(X)"Exp(X) < Ex (X" %).

(v) Note by complete positivity of the map Ex , we have,

Exa () Exa(®) < ||Ex | Exa (%)
< ||Exall Tre(vxa X% vxa)
< ||Exall 1 112 Tre(v3 4 vx0)
since Try(vxa vxa) = Exa(D) =1,
Ex () Exa(®) < |[Exal| Il 212
IE @I < [|Exa %12
IExa @ < 117112

|Exa®| < NIzl

(Vi)  (Exa(®), ) = (Tr(vxa Xvxa) ¥ = Yxa % vxn Trx 9)
=( X vxa YxaTrx §)
=(yxaTrx X, vxa J)
=(Vxa Y vxaTrx X,1)

=( Try %, V;',A Y ¥xa )
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=%, Tre(Yin T ¥xa))

=(X, Ex,(3))

3.2.1 The Lindblad-type Generator

To have a dynamics that describes irreversible processes like dissipation, we will need

an operator for afiniteset X S A tobe themap Ly ,: My — M,, defined by
Lya (%) = Exa(®) — 5 {Exa (1), %} (32.2)

called the generator of the dynamics. Hence we have the following proposition.

Proposition 3.2.2

The generator Ly , of the finite volume stochastic dynamics for spin system defined by
equation (3.2.2), annihilates the identity map, and is a *-invariant, dissipative, bounded
map on M,, such that, the extension of the map onto the Hilbert space L,(M,) is
symmetric with respect to the scalar product on L, (M).

Formally, we outline the properties as follows:

(i) Lya(1)=0
(i) Lya @ = (Lea @)
(i)  Lya((®(®)—Lxs B X— FLyy (X) =0

(vi) (Lx A(X), ) = (X, Lx ,(5))

Proof:
(i)
Lya (1) = Ly (1) = Exa(1) =3 {Exa(1),1)

= Exn(1) =5 (Exa(1).1+ 1. By (1))
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=Exa(1) —Exa(1) =0
(ii)
(LX,A (97))* = (EX,A(f) - %{EX,A(]-), (f)})*

= (Ea® - @)
= Ex (%) — ()"
= Lyp (D)
(iii)
Note that we have
Ll D' @] = Exa((D)'®) — %%
Ly Al 1@ = [ Exa (D)% — %%
thus we have,
Lyal ) ()] = Ly al (R)]X —X "Ly 2 ()
= (Exal% %] — %) — ([ Exa(®)]%x — %) =% Ex s (%) — %]
= Exa[ %] — 2% — | Exa(®)]% + % %—%[Ex,(®)] +%'%
the second term and fourth term cancelled out, and we have,
= Exa[ %] — [ Exa(®)|Z—%"[ Exa(®)] + %% (**)
adding the zero term Ey o (%) Ex o (%) — Ex o (%)" Ex ,(¥) = 0 into equation (**)

Exal () ()] — Exa(®)" Ex s (%) + Ex 5 (%)* Ex o (®)—%[ Exa (2»?)] — [ Exa(®)"]%
+7% = (Exal @' @] - Exa(®)" Exa(®) +| Exa(®) — |

by the Kadison -Schwarz inequality the term in the bracket is nonnegative, that is,

Ex A\ X*X]-Ex ,(X)" Ex s(X) = 0
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and also the term | Ey,(¥) — %|° is also nonnegative,
hence, Ly (X*'X) — Lyp X*]X — X" Ly (%)
= Exal () ()] = Exa(®)* Exa(®) + | Exa(® - 7| 20
this implies that Ly p(XX) = Ly A(R)X— XLy p(X) =0
(iv)
(Lyn@,7 ) =A(Exa@) — %),5) = (Exa(®),5) — (%, 7)
= (X, Exa(9) — (%, 9)

= (X, Exa(]) = 9) = (%, Lx 5 (F) )

Consider a bounded symmetric Markov elementary generator Ly,; , where X +j is a
translate of the set X by a vector j € Z%. We define the generator of the quantum dynamical
semigroup for a finite volume as a self- adjoint operator L% = YjenLax+j On Mo, with

X S A a finite set of Z¢. Let PtX'A = et£™ e the corresponding finite volume
dynamics.

Proposition 3.2.3
The finite volume stochastic dynamics for spin system defined by PtX'A = e£™" with
generator L¥M = Yo\ Ly vy satisfying Yjea||La x| < oo, is a positive, unit-preserving

map on M, such that the extended map is L, — symmetric with respect to the inner
product and contractive with respect to the L,, (M) norm.

We outline formally these properties as follows;

@ Pm=1
(i)  (P@®,9) =& PG, %7 €L,(Mp)

XA ~ ~ -

(”I) ”F;f x”Lp(MO) = ”x”Lp(Mo) ! X € LP(MO)

V) (P ®)= @,  TeM,
Proof:
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(i) Using the Taylor expansion of the exponential we write the dynamics as

follows.

P ) = et (1)

tZLX‘A (LX’A(l))

PYM(1) =1+ tL¥ (1) + :

since £LX¥(1) = 0, we have all the remaining terms to be zero
hence, P**(1) =1
(i)  Now XA (frdsp®")= p*h— B
(B = BNz, ) = (£ (f, dsPi) %,57)
= (%, LXN (f dsP; )
= (%, LXN (f dspX )
((PtX,A _ POX,A))?’ V) = (%, (PtX,A _ POX,A)y)

hence , (PXM (%), 7Y = (%, P (5))

(iii)  For contractivity of the semi-group, we have from Olkiewicz and Zegarlinski (1999)
the following definition of the tangential functional. If g € (1,), then for any % €

L{ (M), there exists a unique ¢, (%) € Lj(M,) with %+% =1 defined by

¢, (%) = BT ,and ¢,(0) =0for X =0,
with the following properties;

@ 1%, (reyy = (5 (), %), X € Lj(Mp), and (., .) is the duality pairing

® s (D, (1 = 171,00

1

© ¢,(1%l,) = |<,bp(3“c)|p , where |%|, =h"%

1 1

h2a %h2a

1

h 2

Proof
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From Olkiewicz and Zegarlinski (1999) the contractivity of PtX'A for arbitrary p e (1, oo)
follows from the interpolation theorem of Riesz-Thorin, because L., (M) is dense in each
LE(My), hence the extension of P** onto L, is positive and this extension is L,

symmetric. Now let %,y € L, (M), suchthat ¢,(5) = ¢, (%), we have from property
(a) IFIE rep) = (Dg (3D, )

~n2 ~ ~
1L, ey < ||¢>q(3')||Lq(M0) 71l o)
replacing ¥ with P** (%) and using property (b), we have,

”PtX'A(a’C)”Lp(MO) = ”('bq(’%)”Lq(Mo) = Il%”l‘p(MO)

IR Ol gy < 1N, 000
(iv)

e(PFM () = (L PN () = (R (1), (%) =(1,%) = ¢p(%)

CHAPTER 4
INFINITE VOLUME QUANTUM STOCHASTIC DYNAMICS

4.0 Introduction

In this chapter we construct the infinite volume stochastic dynamics for spin system
directly as the limit of the finite volume stochastic dynamics for spin system and we show
that it has an exponential decay to equilibrium and is strongly ergodic, taking into
consideration the problem of convergence. We proceed as follows: Let the closure of a pre-
Markov elementary generator defined an elementary generator Ly, ;(X) = Ex; (%) — X,
where X c A is a finite set and Ey,; is a 2-positive unit preserving map such that

Ex (M) & Mpey; .

We defined a finite volume generator L% as follows L£*A = Yjen £ ax+j » such that,
Yieall£ ax+jl| < 0. The generator £X4 is a well defined bounded operator on all the

algebra M. We define also an infinite volume generator LX formally by the same formula
with A=7Z¢ thatis, L¥ = Y;cza Ly such that [IL¥]| < co.
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For this to be defined on a large domain, we will require that the elementary generator
Ly,; satisfy the following regularity property (Majewski and Zegarlinski,1996). We start
with the following definitions.

Definition 4.1.1
The discrete gradient 9; x is defined by 9; x = X —Tr;x, fora vectorj € A
This defines a seminorm [||. ||| on M, given by [[| %[l = X;eza]|0; %||.

Let the set of operators in M|, with finite seminorm [|. ||| be denoted by Mj; , that is, the
set My ={%x: x €My, ||[%|]| <o }.

Definition 4.1.2

Forany € M; an elementary operator Ly, ; is called regular if there is a positive
constant by with j, k € Z% such that || Ly, %|| < Xk bji||8; ¥|| and bjx € [0,0) , such
that  sup; Yx bjx < .

Definition 4.1.3
The elementary generators Ly, j € 74, satisfy the condition
10k, L) % < Tieze ai” 101l

if there is a positive constant aif,” k,1 € 7¢ such that
. 1 X+j
() mZk,zezd a,” < oo

. X+j
(ii) Zj:X+jak,lEZd Ay T < AX| < o

forany X € M;, 1€ (0,1) and |X] is the cardinality of the finite set X,
4.1 Infinite Volume Quantum Stochastic Dynamics for Spin System

In this section we show that the infinite volume stochastic dynamics exists and has
exponential decay to equilibrium and is strongly ergodic .

Theorem 4.1

58



Suppose the elementary generator Ly, ;, j € Z¢ is regular and satisfies the condition
||[ak, LX_H] X|| < ZlEZd a’k+] ”al XH Wlth Zk le74d akl < 00, If Zk,lEZd Sakl < 1 y fOI’

0 < s < t,where t > 0 is fixed. Then the stochastic dynamics PtX‘A“ sequence is Cauchy
in the norm topology for the sets of increasing bounded regions A, satisfying A,,;1 2 A,
and UA, = Z¢. The limit exists as A, —» oo and defines an infinite volume quantum
stochastic dynamics PX on M, .

Proof :

ForA; €F, i=12 and x € M,

we have
SRR -PME) = SR ® - LR ®
= L,P" (%) — LiPM(®)
= L,P" (%) — L,PM (%) +L,PM (%) — £PM (%)
= L,P, 2(x) — L,P; 1(x) + (L, — Ll)P 1)
hence

PA(ER® - RU®) = LRUER @ - RERN®)
= —L, P2 P (%) + P2 L, PM (%) +L,P2PM (%) — PML M (R)
the first and the third term cancel out, we have
P2 (P @ - PM@®) = BY%(L, - L)PM (B)

To control the convergence of the sequence, we study the difference of consecutive
elements acting on local elements as follows

L= P2 (B2 @ R ®) = [ dsPL (L, - L) B (%)
PM2(®) - PM(®) = [ dsP(L, — L) BM (%)
and taking the norm on both sides
IB"2(®) = BN @) || = ||y dsk (L, - Lo BN @ || -

Using the contractivity property of the dynamics on the right hand side we have
IF=@ — @ || < fydsl| ez = LR @ | (4.2)
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We study carefully the expression (£, — Ll)PsAl(f). The difference of two elementary
Markov generators is also an elementary Markov generator. It is sufficient to study the
expression Ly ;P M (%) . By regularity assumption we have
1£x45B" @) || < Zicbpl|o ;5™ ) ||
we study the term ()}PsAlfA using the differential form
L @R ®) = 5= PN @) = 4L PN ®)
ds NS ]d” § 1F
we have the following
PM (9PN () = —Ly PN oM (%) + PML9; L PN (R)
=P 9, £;PM (%) — P £,0,PM (%)
=Pk (9 Ly — L10))P (R)
PAl (9P (%) = PM[9;, £,] P (%)
hence,
P (9P (®)) = Pk [0, L4] B (R)
integrating, and using contractivity property of the Markov semi-group we have the

following.
Jy 5 P (P (®)ds = [ ds P [0y, L4] P (%)
de~ PML(0x P (%))ds = [) d5 PIL [0y, Li] Py (%)
Pyt (0P (%)) — B (0Pt (B)) = [y d§ PR [0y, L] Py ()
P (®) =P (0 (D) + [y dSRY [0k, L1] B (D)

10k P @] < 10k B + Zien, Jy d5 [0k, L+ P (®) | (4.2)
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from the condition

1[04, L1415 | < Siena @y l0R™ @)

the right hand side becomes bounded by

0 B @) < N0k N + [ d5 Tien, (Sieze agy” [|0kP ®))).

Since we have

sup i
k € 74 Zk,leZd a;fzﬂ = Zk,leZd ay < o,
thus,
[0kP! (@) < 10O + [ d5 Tperene i [0l (®)|
therefore,  [|0xR" (®)|| = J; 8 Tisene @t [10P ®)| < 8, I

(1= Zeseze @ fy 48 )[0kP ® < 8@l

(1= Ziesene sa) |0l @I < N9 @I
Since (1 — Xysene Sars) s positive, we can write

|0k @] < (1= Ssene i) 13D

from the relation (1—% <(1-x)<e".

We have that, |0, (®)| < (1 — Zpiend sak,)_luak @)l < eZrtezd |9, ()]

thus, (4.2) becomes bounded by, [|8,P (®)|| < eZwtezt 4 |3, ()|

and therefore, (4.1) is bounded by,
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~ ~ t ~ ~
IB*22) = B @) < [§ dsl| Lo = LOBM @ < € Tichye e™viext **4 |9, (D)
hence we have the following bound
1P"2(®) = B @) <t Tjenyn, Tiea by €54 118 (R
this holds for any A, € Z¢ containing a set A; .

The summability properties of the matrices bjy, X jeze A ON the right hand and norm
continuity of the semigroup, lead us to conclude that the sequence of semigroups on Mj is
Cauchy. This limit exists and is given by P} = et£".

We therefore have that ||P*" (%) — PX(®)|| =0 as [|A,| - oo,

Theorem 4.2

If the condition Y.y ipereze Gng” < o s satisfied and P** is a Markov semigroup
with generator LX* = £X — 3. v 5 Ly,;, for k€ X +j, then the infinite volume
quantum stochastic dynamics P/ is strongly ergodic, that is,

IPF @I < e~ C-DIIENx|l|,  with 1 € (0,1).
Proof:
Let P denote the semigroup corresponding to the generator LX = Yyerd Lx1jy
where Ly, ;((X)) = Ex4;j((%)) — (X).We note that Ex,;(M,) & Mjcy;, and

0k Ly 1j(%) = O(Ex4j(®) — (%)) = —0,(D) , for keX+j To show the
exponential decay in the triple bar we need to study the term |3, PX (%) || for all j € Z¢.
For P** with the corresponding generator LXK = £X — v ion Lyyj, kK € X +j. Let

se[0,t), wehave, = B*¥(0B¥(®)) = B [0, LXIRY (),
multiplying both sides by esX! where | X| is the cardinality of the finite set X c A,
L osXIpXE 5, X (%) = eS| BXX 9, LXH] PX(R)

Integrating this equation from 0 to t,

o L (W PXE 0, PX () ) ds = [ ds eM1 BEE [0, L¥4] P (2)

et B 9, PY (%) — eI PXKouPf (%) = [ ds eI BXE [0y, LXK] PX (%)
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™10 PX (%) — P ou(®) = [) ds e P [0, L¥4] PX (%)
™10, P¥ (%) = P 0u(®) + [y ds e R [0, L] P ()
multiplying both sides by e~tlX,
0PY (%) = e WIPX o (%) + [ dse I pX¥ (9, LXK PX (%),
Using contraction property of the Markov semigroup PtX'k we have,
loRPX (®)Il < e lllap(®)ll + ||f; ds e [9,, £X4] BX ()|
10xPE N < e~ X0 @) + f ds e= W [, L% X (®)|
we note that by definition L£%* =3, y s Lyy; -
thus |0 PX ()|l < e 1|8, ()|l + fot ds e XIS il [0k » Lx4] PX(®)||
since from definition 4.1.3 condition (ii) we have,

~ X+7 ~
Yix+jzrll Ok, Lx i 1PE G| € Tjxjor Tiene apy” 10k PE )|

sup

X+j
e 7d Yi Xix+jokQy <AX| <oo

where
10xPX @l < e NoR @Il + [ ds eI Y, v o Tiege agy” 10PE @)
10xPX @)l < e [ox @Il + AIX| [, ds e X1 jg, PX (@)

thus summing the inequalities over k € Z¢ we have ,

X < e ™)1l + 2lX] fot ds e" KL PE @)

solving the inequality we have,

HIPF I = AlX] e"x'tfot ds e™ s [IPX @I < e ™ |1%]l|

multiplying by e!®!t and factoring |||P¥ (%)]l| we have,

(eMle =211 f; e™lsas) 1IPX @I < 111zl

hence writing et =1 4 |X| fot dses¥ we have,
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(1411 fy dse™> = 21x| [; ds e™1*) [IPF @I < [lII]
collecting the terms in the bracket, we have,
(1+@-2IxI[; dse™s) IPF@II < Il
we observed that for 1 € (0,1) we have the relation fot dse(1=MIXls < fot dselXls
hence, (1 + (1= A)IX| [; ds e@=PKI) < (14 (1= DIX| [; ds e¥l)
wehave (1+(1-2)1x] [; ds edDKE) [IPX @I < (112l
now since eIt = 1 4 (1= DX] [ ds e@PIKls

we have, e=DIXIEPX N < XN

MPF @I < e =D

Theorem 4.3

The semi-group (PY),so is strongly ergodic in the sense that there is a unique (P%),so -
invariant locally normal state ¢, for which we have

IPX (%) — ppa(@l] < 26~ DI |1%]|] .
Proof

To show the strong ergodicity property of the dynamics P, we have the following
formulation. We note that by the weak compactness of the space of state on M, and the
fact that the dynamics P/ has a Feller property, the set of invariant states with respect to the
dynamics is non-empty. Let ¢, be such an invariant locally normal state,

then IPE () — oA = IPF (%) — pa (PN

now we consider the tensor product algebra of M, by itself, and, from (Takesaki,1979),
we have the completely positivemap 6 : My @ M, — M,

such thatif %,,%,, € M, wehave, 60(%y, ® %x,) = @a(Xr,)%s, -
Wenotethat  8(PX(X) ® I) = pp(PF ()] = @5 (PX (X))

0(I ® P/ (%)) = pa(DPX () = PX(X),
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since @, o PX = ¢, we have,

1PX(X) — (D)l = IPX(X) — oa (PEE)I

=16 ® P (X)) — 6(P¥(X) @ D

<161 ® P¥ (%) — PX(X) @ DI

< QP (®) — P QI
With this formulation in mind, we may express PX (%) as follows:
P¥ (%) = PX(X) + Tr, PX (%) — Tr; P¥ (%) + Tr,PX(X) — T, PX(®) + Tr,PX(X)
— Tr, PX(%) +Tn, PX (%) — T, PE(X) + ... + T, PX(X) — T, PX(X)

thus let  {j,},eny © Z% be a sequence with lexicographic ordering such that for each
ji €Ay and Ay € A; we have j;_4 <j; . Since the partial traces Tr,  and Tr, are
projections with the ordering Tr;, < Tr;, we have the relation

i—1 = TT}i—l

Trji = Trji_l,

hence we rewrite the zero terms as follows

P¥(%) = PX(X) + Tn, PX(%) — Tr, Tr,PX (%) + Tr,PX(X) — Tr,Tr,PX (%)

+Tr PX(X) -Tn, T, PX(X) .. +Tn PX(X)—Tr Tr . PX(X).

P (%) = Pf (%) — T, PE () + T, PE(X) + Ty, (PX(X) — Tr, PE (%))
+Tr, (PtX (®) — T, PY(®)) + T, (PX(®)-Tr, P (®))
+Tr, (PX (%) = Tr P (®) ... +Tr (PE(X) —Tr  PF (X))

hence from 0, PX (%) = P (%) — T, PX(R)

wehave  PY(%) = 0,,PX(X) + ZnenT7(j, )y 5. Jn}(ng (X — Tr . PX(®))

note that the summation is finite because ,

T, (P (%) = T, P () = Ty, PE(R) = T3, Ty, P ()

= Tr, PX(X) —Tr PX(X) =0 forneN.
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Thus we have

Snen | T ujasnin) (PEE = T1  PE@®)|| = ZnenllTry, .08, 0 PE@|| <
therefore we can write I ® PX (%) = 9, PX (%) + XnenTry,..j,30;, ., PF (X)
and also we have PX (%) @ I = YyenT1y,..,39;, ., P () — 8, PX (%)
Hence [IPX (%) — pa @l < ||(1 ® PX(®) - (PF(® @ D|
< |8, PE@ + BnenT,..j18) 1 PE @) = (Znen Tr, 138,00 PE @ — 3, PE @) |
< 2||g, PE®||=2111PF @)l

therefore we have 1PX () — @Al < 2[IPF @I < 2 e~ DXl |
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CHAPTER FIVE
QUANTUM ENTANGLEMENT OF TWO HARMONIC OSCILLATORS
5.0 Introduction

Entangled quantum states are characterized by non local correlations that cannot be
described by classical mechanics. Such correlations play an important role in quantum
information science (Its etal., 2008). Quantum information is indispensable for the
description and performance of tasks such as teleportation, super dense coding, quantum
cryptography and quantum computation (Nielsen and Chuang, 2000). It is therefore
essential to be able to generate, detect and quantify entanglement. In its full generality this
is still an open problem (Its et al, 2008). Entanglement has also given new insight for
understanding many physical phenomenon like super-radiance and superconductivity. In
particular, understanding the role of entanglement in the existing methods of simulation of
quantum spins systems allowed for significant improvement of the method, as well as
understanding their limitations (Horodecki et al, 2007).

In this chapter, we use the Lindblad theory of open quantum systems to derive the equation
of motion and the Simon-Peres type equation in terms of the variance and covariance of the
coordinates q,, g, and momenta p,,p, operators, of two harmonic oscillators interacting
with an environment.
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5.1 The Lindbladian Operator

Within the theory of quantum open systems, we consider the bounded Lindblad-type
generator of a dynamical semigroup @, defined by,

L) =% 205 fVv) - Vv)f = f(VY),  fe$

where V; ,V;"  are operators defined on a Hilbert space $, are called the jump operators.
Physically these operators represent the interaction of the open system with the
environment and can be chosen freely.

A simple condition imposed to the operators V; ,V;* is that they are functions of the basic
observables of the one dimensional quantum mechanical system p,q (with
[p,q] = —lq,p] c il, where I is the identity operator on $ and [p,p] = [q,q] = 0, here
we assume that 2 = 1) . This condition allow the obtained model to be exactly solvable. A
precise version of this condition is that the linear space spanned by the noncommutative
polynomials in p, g are invariant under the action of the completely dissipative mapping L.
This condition implies that V; are at most the first degree polynomials in p, g (lsar, etal.,
1994).We assume that for two Harmonic oscillators defined by the canonical observables
of coordinates q,,q, and momenta p,,p,,the operator V; generate four linearly
independent operators. This is because the operators q,, q, ,p,p, give a basis (Sandulescu

and Scutaru,1987) which we define as follows,
V= GuPx + Gy Py + b + by qy aNd V= 4 py + @y + b g + By gy,

j=1234 Where a; by ,a;, b, are complex numbers and a;, a;, , by, b, their

corresponding complex conjugates. Now for j = 1,2,3,4 we derive the coordinate form
for the Lindbladian operator by substituting the following equations
VIV f = (@ @ )PZf+(ajy @y )0y f+(D} b )i f+(bjy By Va5 f+( b )P G f
(b 4 )axpof+(ay, by )y ay f+(by, @y )qypyf"'(aj; by )pquf+(bj;, @ )qy e f
+(b7y iy )axpy f+(a)y b )Py @ f+(a5 @y )0y () @ )0y Do f+(Bi By )y f
+ (b, bix)qyqxf
fYV; = (@, @ ) fpi+(ajy 4y, )y +(Djy by ) faz+(bfy by ) fa5+(af b ) f P24
+(bx @iz )f @x0x+ () by )f 0y @y *+ (b 4y ) f @y Py (@ By ) 00y +(B7y @i ) f 4y s
+(bx @y )f 4Dy + (a5 B )f Dy @ H (@ @y ) 2Dy *+ (a5, i ) 0y P+ (B By ) f 04y
+ (byy b ) fay 4y -

V'V = (@ @ )02 S Px () @iy )Py f 0y + (D} bix ) x f a4+ (b} By, )y £ 4,
68



(@ by )0 f @+ (B i ) f 0+, by Y0y fay (B 4y )y £, +(as By Jpefay
+(b7y ajx )y 0 +(B72 4y )4 f Py +(ay b )1y f @+ (5 @y Y0 f 0y () @i )0y
+(b, by )axfay + (b, b )ayfasx -
into the operator
L) = B} 21V~ VY f =
For j=1,234
L(f) = (ara)2pefpx —vif —fP2) + (a50))(2p, fDy — Py f — fD3)
+(biby)(29xfqx — aif — faz) + (byby)(2ayfqy — 451 — f43)
+(a b ) 2pof @y = Pxuf = [P20) + (b ) (2 @ fDx — QuDsf = f QD)
+(ayby)@pyfay —pyayf — fpyay) + (byay)(2ay fo, — aypy f — faypy)
+(axby) (2pfay — prdyf — fPxy) +(bya:) (20, fPx — ayDxf — fayP:)
+(biay)(2a:fpy — axpy f = faupy) +(a5be) 2Py fax = Py Qe f = [Py ax)
+(azay)2p.fpy — Pxbyf = [Pu1y) + (a50:) 2Py [P — DyPef — [Py Px)

+(b;by)(2(hfqy - Qnyf - quqy) + (b;bx)(ZnyQx - Qnyf - fqux)

We have

L) = (@a) elf, 0] = [f, :dpe) + (@50,) oy [ 2y] = [F, 0y 10y)
+(bibe) (A [f, a1 = [f, ax)q:) + (b3 b)) (ay [f, ay] = [ 4y 1ay)
+(a b ) @x[f ax] = [ pxla) + (bray) (xS, px] = [f) 4ilp)
+(ayby )0y If, 0,1 = [f.2y1ay) + (b, ) (ay [f,py] = [f 4y 1py)

+(a;by)(px [f' CIy] - [fr px]CIy) +(b;ax)(Qy [f' px] - [f' Qy]px)
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+(b;ay)(qx [f; py] - [f' qx]py) +(a;bx)(py [f' Qx] - [f' py]Qx)
+(a;ay)(px [fr py] - [f' px]py) + (a;ax)(py [f' px] - [f' py]px)

+(b;by)(qx[fr Qy] - [f' qx]Qy) + (b;bx)(%/[fr Qx] - [fr Qy]qyc)

hence, the fact that £ is a generator of a dynamical semigroup implies the positivity of the
following matrix whose entries are,

@) (aiby) (apay) (aiby)
((bl*x @) (bj bjx ) (b}jc ay) (b]tc bjy )\
(@, ax) (aybx) (@yay) (a,by)
(byax) (bybx) (Byay) (b by)

j =1,2,3,4. For simplicity we use the following notations,

Dq.q, = Re(aj’;c ajy) = Dq,q, = Re(aj*y aJ'X)
Dy.p, = Re(bj;bjy) = Dpp, = Re(bj*y b}x) ,

= —Re(bj @, ) = —Re(aj, b ) = D

Pxqy qdyDx

Dy,q, = _Re(bj} ajx) = —Re(aj} bjy) = Dyq.p,

Dpq. = _Re(bf; @) = —Re(aj’} Bx) = D,

Dy,q, = _Re(bj*y ajy) = _Re(aj*y bjy) =Dy,

Dy,q, = (@5 @x) = Dg, q, = (aj, a;)

Dp.p. = (bjxbjx) = Dy, = (bjy byy)

For the imaginary part we use the following

A= —im(aj, by) = —im(aj, by, ) = _im(aj*x b]y) = —im(aj”;, bjx)
A = im(bj, @y ) = im(bj; ) = im(bj, @y ) = im(bj, @y )

Hence for simplicity the matrix takes the following form
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quqx _Dpqu —ia quqy _qupy
_Dpqu +il Dpxpx _qupx Dpxpy
quqy _qupx quqy _qupy -
_qupy Dpxpy _qupy + il Dpypy /

where D and A are real quantities.

G G

T ) in terms of a 2x2 matrices with
C; G

The matrix can be conveniently written as (

C, =C{, C; =Cj the constants satisfy the condition D,, >0, D,, >0,D,, > 0 such
that for example, we write one of the conditions obtained from the positivity of the matrix
Dgg Dpp — quz > A, this inequality and the corresponding ones derived from the matrix
are constraints imposed on the fact that @, is a dynamical semigroup.

hence we have,
L(f) = Dg.q, @xlf 0] = [f,2:Ipx) + Dy, q, 0y [f 0y ] = [f 0y I0y)
+Dy, . (:Lf, ax] = [f, @:ax) + Dy, (@y[f2 a0y ] = [f. 0y 14y)
—Dyp.q, = 1Ax[f, @x] = [f Px10x) =Dy, q, + iA(GxLf, Px] = [f ax]px)
—Dg,p, — 1Ay lf, ay] = [f . pylay)—Dq p, + iA(ay[f, py] = [f. ay]Py)
—Dg,p, Px[f, ay] — [f,2214y) —Dqp, (ay[f, 02l = [f > Gy IPx)
~Dq,p, (@:f 0y] = [f, @xIpy) —Dqp, @y [f a:] = [f 1)
+Dy.q, @x[f,0y] = [, PxIPy) + Dy, q, 0y [f 0] = [, 2y 10x)
+Dp.p, @clf,ay] = [f, axlay) + Dy, (ay[f 4] = [f, ay1ax)
The Lindbladian operator in terms of the coordinates and momenta is then given by,
L) = —id(p«lf, ax] + [f axlp) +IAf, Pl + xS, pxD
~id(p,[f. 4y] + [f, 4y Ip,) +iA([f,py]ay + ay [f,y])
+ Dy, q, ([P [ Pe]D) + Dy g, 2y, [ 2y 1D + Dy, ([0 [ a1])
+Dp p, ([ay, [fr @y ) —Dpq, ([Px [f, @11 + [qx, [f 2211)

_qupy([py' [f' Qy]] + [qy' [f' py]]) _qupy ([px' [f' Qy]] +[qy' [fr px]])
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~Dq,p. ([@x [0y ]1 +(py, [f, @:]]) +Dg,q, (0 [f, 0y ]1 + [0y, [f, 221D

+D, ., ([9 [f2 4y )1 + 4y, [f> ax]D)
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5.2 Time- dependent Equations For p?,q% and pq.

To get the dependence on time for the variance and covariance of the coordinate and
momentum we consider the following equation,

L(f) = —iA(plf, q] + [f, qlp) + iA([f, plq + qlf,pD) — iA(p[f, q] + [f. qlp)
+A(Lf,plg + qlf,pD) +2 Doq ([p, [f, pID + 2 Dy ([g, [f, 41D
—2Dpq ([p, [f, al] + 4, [f, 1) —2Dgy ([p. [f, ql] + [a, [f, pID)
+Dgq ([p, [f, P11 + [, [f, P1D +Dpy ([a.[fq1] + [q.[f, 41D

We substitute p? in our equation, and noting that the following commutation relation
holds [p? q]l =plp.ql + [p.qlp [p*pql = p(plp.q]l + [p,qlp), and [p*p] =0

we have

L(p?) = —iA(plp* ql + [p*, qlp) + iA([p? pla + qlp®, p]) — iA(p[p?, q] + [P* qlp)
+iA([p% plq + q[p® D)) +2 Dyy ([, p% pID + 2 Dy, ([q, [P?, 91D
—2Dp([p, [, 1] + [a. [p% p1]) —2Dgp ([p, %, q1] + [a, [p%, pID)

+Dyq ([p, [p% 011 + [P, [p% 01D +Dyp ([a, [p? 411 + [, [p?, 41D

L(p?) = —2iA(p[p®, q]) + 2iA(qlp? pD — 2iA[p®, q]p)
+4 Dy, ([, [p?, a1D=2Dyq ([p. [p%, q1]) —2Dgp ([p, [, q1])
L(p?) = —2iA(p(lp. q] + [p, qlp) — 2iA(plp, ql + [p, alp)p)
+4 Dy ([9, (p[p. gl + [, 1p)D—=2Dpq ([p, (plp. a1 + [p. qlp)])
—2Dg, ([p, (plp. 91 + [, qlP)])
L(p?) = —2iA(p(pi + ip) — 2iA(pi + ip)p + 4 Dy, ([a, (i + iP)])—2Dyq ([p, (pi + ip)])
—2Dgp, ([p, (pi + ip)])
hence we have L(p?) = 81p* —8D,,

For q? we note that that the following commutation relation holds [g?,p] = qlq,p] +
lg.pla, [a*pal = (qla,p] + g, ple)g [q%q]=0

73



we have,

L(q*) = —iA(pla® ql + [a% qlp) + iA([a°, plq + qlq® p]D) — id(pla® q] + (4% qlp)
+iA([q% plq + qlq®,p])) +2 Dy ([p, [q% pID + 2 Dy ([q, [% q11)
~2Dp, ([p, [4% 1] + [a. [a% p1]) —2Dgp ([p, [4%, 4] + [a. [a% p1])
+Dgq ([p, [a%, P11 + [p. [a%, P11) +Dp, ([a.[a% ql] + [q,[q% ql])

L(q®) = ir([q% plg + qla® pD + iA([¢% plg + qlg® p])) +2 Dgq ([p. [a* PID)
~2Dy ([a,[4% p1]) —2Dy, ([9, 4% P1D)

+Dyq ([p, [4% P]] + [P, [4% P1])

L(q*) = iA((qlq,p] + [a.pla)q + q(qlq, p] + [a.p]q )
+iA((qlq, p] + [9,p1q)q + q(qlq, p] + [q,p1q))
+2 Dygq ([p, (glg. p] + [9, P19 )] —2Dyq ([g, (qla. p] + [q,p1q )]
—2Dyy, ([q, (qlg, v] + [q,p]q D

+Dyq ([p, (alq, p] + [a,p1q)] +[p.(alq,p] + [9.pla)])

L(q*) = iA((qi + iq)q + q(qi + iq)) +iA((qi + iq )q + q(qi + iq))
+2 Dyq ([p, (qi + iq)]) —2D,q ([q, (qi + iq)]) —2Dy, ([q, (qi + iq)])

+Dgq ([p, (qi + iq)] + [p, (qi + ig )]

L(q®) = iA(4iq®) +iA(4iq*) +4iDyq([p,q]) —4iDyg([q.q]) —4iDg, ([q.q])
+2Dyq ([p, 2iq ])

hence wehave L(q%) = —81q* —8Dy,.
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For pq + qp we note that the relation [pq,p] = plg,vl, [rq,ql =[p, qlg, holds.
Hence we have,

L(f) = —iA(plf, q] + [f qlp) + iA([f, plq + qlf,pD) — iA(p[f, q] + [f, qlp)
+A(Lf,plg + qlf,pD)  +2 Doq ([p, [f, pID + 2 Dy ([g, [f, 41D
2Dy (Ip. [f, 1] + [a. [f, P —2Dg, ([p. [f. 1] + [a. [f, PID)
+Dgq ([p, [f, P11 + [, [, P1D +Dpy ([a,[f,q1] + [q.[f, 1D

L(pq + qp) = —iA(p[(pq + qp).q] + [(pq + qp). 4]p))
+iA([(pq + qp),plq + ql(pq + qp), p]
—iA(p[(pq + qp). ql + [(pq + qp). q]p)
+iA([(pq + qp). plq + ql(pa + ap),rD)
+2 Dyq ([p, [(pq + qp), v1D + 2 Dy, ([q, [(pq + ap), q1D
—2Dy ([, [(pq + qp), q1] + [, [(pq + qp). P1])
~2Dg, ([, [(pq + qp), 41] + [a, [(pq + qp), P1])
+Dyq ([p, [(pq + qp), 1] + [P, [(Pq + qp), PI])

+D,, ([0, [(pq + qp), ql] + [a, [(pq + ap), q]])

L(pq + qr) = —id(p([p,qlq) + ([p, ql9)p)) + iA((plg, v] + [9, PIP)q
+q(plg,r] + [q,plp)) —iA(p(lp, ql@) + ([p,qlq dp) + iA(plq,p] + [q.plp)q
+q(plg, vl + [a,plp)) +2 Dy ([p,vla,p] + [q,pIp]) + 2 Dy, ([q,[p,qlqa D

—2Dy, (Ip, [P, qlal + g, vlq, p] + [9,pIp])—2Dy, ([p, [P, qla |1 + [a,plq, p] + [q, PIP])
+Dgq ([p,vlq, pl] + [p.pla,p] + [a,plP]) +D,,([q,[p.qlq ]+ [q.[p.qlq ])

L(pq + qp) = —iA(ipq + iqp ) +iA(2ipq + 2iqp)

—iA(ipq + iqp ) +il(2ipq + 2igp))
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+2 Dyq ([p, 2ip]) + 2 Dy, ([q,iq 1)
_Zqu ([p' lq] + [q' ZLP]) _Zqu ([p' lq ] + [qv le])

+Dyq ([p, pi] + [p, 2ip]) +Dy, ([q,iq 1 + [q,iq ])

L(pq + qp) = Apq + Aqp —22pq — 2Aqp +Apq + Aqp —24pq — 2Aqp
+2 Dyq ([p, 2ip]) + 2D, ([q,iq 1)

—2Dyq (Ip iq] + [q, 2ip]) —2Dgy ([P, iq 1 + [q, 2ip])

+Dgq ([p, pi] + [p, 2ip]) +Dpp ([, 89 ] + [9,iq ])
L(pq + qp) = —24pq — 24qp —2Dy, (Ip, iq] + [q, 2ip]) —2Dy, ([p.iq ] + [q, 2ip])
L(pq + qp) = —24(pq + qp) —2Dy, (ilp, q] + 2ilq, p]) —2Dy, (i[p, q 1 + 2i[q,P])
L(pq + qp) = —24(pq + qp) —6D,; —6Dy,
Now since D,, = D,, we have the equation as
L(pq +qp) = —2A(pq + qp) —12Dy,
Hence our three equations are the following
L(p?) = 81p* —8D,,
L(g*) = —81q* =8 Dy,
L(pq +qp) = —2A(pq + qp) —12Dy,

From (lIsar, etal., 1994) the following notations for the variance and covariance, in terms
of the observables p?, g% and pq is given by,

Oqq (t) = Tr(p®.(¢%)) - Tr(PCDt(Q))Z
Tpp (1) = Tr(p®.(p?)) — Tr(PCDt(P))Z

0pg (8) = 5T (p®,(pq + qp))

where Tr is the trace, p is a density matrix and &, a dynamical semigroup. An important
consequence of the solvability condition is that (d/dt)ag,(t), (d/dt) o,,(t),
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(d/dt) a,4 (t) are functions of a,, (t), gy, (t), 0,4 (t) Now since L is the generator of the
dynamical semigroup @, we have the differential equations in the following form

doy, (t)

—2= = Tr(pL(®:(p?)
d )

L = Tr(pL(D(q%))
dopg (8) 1

M = ~Tr(pL(®,(pq + qp))

The equation of motion for the variance and covariance is

doy, (t)

—— = 8ATr(pL(P.(p*)) —8Dpp

dagq (t)

"q# = —8ATr(pL(®.(q%)) — 8D,
dopg ()

= 2ATr(pL(P.(qp +pq)) —12Dp,

hence we have, the equations in the following form

doy,, (t)

w0 _ g1g,, (¢) ~8D,,

dogg (t)

L0080 = 80, (£) — 8Dy
dopq () _

P = —2A0,, (t) +12Dp

We solve the three differential equations above by using the simple connection between
their asymptotic values and the diffusion coefficients given by

X(o0) = —R7!D in (Sandulescu and Scutaru,1987).

The above equation in matrix form is, d);it) =RX(t)+D

where

doyy (t)
o dov:: (t)\ 81 0 0 Tpp () —8Dyp
at = k it ), R = 0 -81 0 ) X(t) = O-qq(t) ,D = _8qu ’
dapg () 0 0 =22 Opq (1) 12Dy,
dt

77



dopp (t)
L \l 81 0 0\ /% O\ [~8Dy
thatis | 2e® =<0 81 0 ) 04 (O |+ | —8Dgq |,

dt
dorng (©) / 0 0 =21/ \g,(®)) \12D,
dt

we now use the relation X(o0) = —R~!D to find the asymptotic values ,hence we
_ 1
have, Rl = — [Ragj ] DetR = (8)(16)13,
1612 0 0 1 ) 1612 0 0
Ryj =| 0 —164> 0 and R = Gaems | 0 —164* 0
0 0 641° 0 0 641°

from the simple relation , we have the asymptotic equations given by,

1 272 0 0 —8Dyp Opp ()
X(@)=—=| 0 —222 0 || 8Dy |, where X(c0) = 0yq()
0 0 842/ \12D,, Opq ()
and we have the following asymptotic values for the variance and covariance
161%D,, 161%Dgq 81%Dyq
Opp () = —e75 Ogq () = —5 and Opq (®) = =73
we have on simplifying
D D D
Opp () = % , Ogq (0) = % and Opq () = ZL;
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5.3 Asymptotic Entanglement

Here we discuss the entanglement of two independent oscillators interacting with the
environment in the long time regime, t — oo, using the Peres —Simon formula for bipartite
system (Isar,2008).

2
S = detA detB — - (detA + detB)+ G - |detC|) — Tr(AJCJBJCT)).

0 1
- _1 0 - -, . - - -
matrices of the 4 x4 real, symmetric and positive matrix called the covariance matrix

with block structure given in (Isar,2008) , by o(t) = (A g) This decomposition

has a direct physical interpretation: the elements containing the diagonal contributions of
o (t) represent diffusion and dissipation coefficients corresponding to the first, respectively
the second, system in absence of the other, while the elements in C represent environment
generated couplings between the two ,initial independent oscillators. (Isar,2008).

where the matrix | = ( ) is called the symplectic matrix and A,B,C are sub

Proposition 5.3.1

Suppose the sub-matrices A and B are equal and symmetric then Peres-Simon type
equation in terms of the variance and covariance of the coordinates and momenta operators
is given by

2
_ _ 2 _2 _ 2
S = (04,4, %01 Ohxpn) ) (CAPRS thpx)
2 2
2 _1 2 1
+[(Ohxpy0bxpy Ohypx) Z(Obxpyobqu Ohypx)'+ (4) ]

(( 0qxpx qxpx)(aqqu +qupx)) (( 0q.px qxpx)( qxDy qxpz))

Proof

To derive the Peres-Simon type equation for the entanglement of a bipartite system, we
assumed that the sub matrices A and B are equal and symmetric, then the Peres-Simon
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2
formula becomes S = detA? — %detA + G - IdetCI) —Tr(Ajc])?. we define the
matrices A, C as follows,

a, a,

qxq qxp

Az(ax" ny)and C
dxPx PxPx

(aqx qy O-qx Py )
O-Qy Px O-pxpy

hence we have

2 _ 1 _ _ .2 \_1 _ 2
detA 2 detA = (O-Qxon—Pxpx U‘?xpx,) 2 (O-QxQx prpx O-prx,)

1 2 2 2 1 7 1\ 2
(Z_ |detC|) = [(O-QXpyo-pxpy - O-Qypx) - E(O-QXpyo-pxCIy - O-qypx) + (Z) ]

and

tT(A]C])Z = ((O-qzxpx + O-qzxpx)(o-quQy + o-qzxpx)) + ((O-qzxpx + O-qzxpx)(o-qzxpy + O-qzxpz))

this gives the Peres-Simon type equation in terms of the variance and covariance of the
coordinates and momenta operators.

2 1
— _ .2 _ = _ 2
S = (GQxQx O-Pxpx Gprx,) 2 (O—Qx‘bc O-Pxpx Gprx,)

2 2
. _1 — o2 :
+|:(O-‘bcpy O-pxpy O-‘Yypx) 2 (Gpry O-Pny GQypx) + (4) ]

— (%, + 020 )0k q, +025)) + (@, +02p ) (GFp, +02.p,))

The Peres-Simon type equation is then use to investigate in the long-time regime whether
or not the two harmonic oscillators are entangled, by using the Lindbladian operator
derived in section 5.1 hence we substitute  L(p,py), £(4:9y) . L(pxqy + qxp,) and
by direct calculation we can evaluate the equations of motions as we did in section 5.2 on
solving the differential equation in the long term we get the entries for matrix A and
entries for matrix C.

From (lIsar, 2008) we know that if S < 0 then the bipartite systems are entangled in the
long-time regime.
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CHAPTER SIX
SUMMARY AND CONCLUSION
6.1 Summary

In the study of stochastic dynamics on spin algebra, we made use of the technique and

argument developed by Zegarlinski and Majewski. We have been able to establish the
existence of an infinite volume stochastic dynamics having an exponential decay to
equilibrium and is strongly ergodic.

Quantum entanglement represent the physical resource in quantum information science.
Here we have considered the asymptotic entanglement of an open quantum system based
on completely positive dynamical semigroups (Isar, 2007).

6.2 Conclusion

The techniques of noncommutative L, - spaces in the construction and analysis of quantum
stochastic dynamics has been shown to be useful, especially if the underlying
configuration space is infinite dimensional.

One of the important problems in the theory of quantum entanglement is the question of
separability of states. We have shown the plausibility of investigating such questions,
within the Lindblad theory of open quantum system.
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