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ABSTRACT

In this research, we present a family of conjugate gradient (CG) methods for solv-

ing large-scale system of nonlinear equations that are both matrix and derivative-

free. By carrying out eigenvalue analysis in the classical Dai-Liao (2001) and

Hager-Zhang (2006) approach, we developed four enhanced CG update param-

eters βk and applied them to develop our proposed methods. The first method

incorporates an extension of the standard secant equation and the modified secant

equations proposed by Li and Fukushima (2001), Zhang et al. (1999), and Wei

et al (2006), while the second method employs an extension of the modified se-

cant equations proposed by Zhang et al. (1999) and Wei et al. (2006). The third

method is based on eigenvalue study in the Hager-Zhang (2006) approach, while

the fourth method employs the modified secant equation proposed by Zhang et al.

(1999) and Zhang and Xu (2001). Our anticipation is to suggest good CG param-

eters that will lead to a solution with less computational cost. Global convergence,

numerical results, and comparison with some methods in the literature were es-

tablished to show the efficiency of the methods. Preliminary results shows that the

proposed methods are promising. To further demonstrate the efficiency of the pro-

posed methods, they are applied to solve a discretized version of Chandrasekhar’s

xvii



integral equation, which plays important role in radiactive transfer and transport

theory.
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CHAPTER ONE

INTRODUCTION

1.1 INTRODUCTION

In this chapter, some popular iterative methods for solving nonlinear system of
equations, which includes the classical Newton, Quasi-Newton and conjugate gra-
dient methods, are discussed. Also included in the chapter are statement of the
problem, motivation of the study, aim and objectives, scope and limitations, and
methodology of the research. Basic definitions of some terms are also included in
the chapter.

1.2 SYSTEM OF NONLINEAR EQUATIONS

A typical system of nonlinear equations has the general form

F(x) = 0, (1.2.1)

where F : Rn → Rn is a nonlinear mapping assumed to be continuously differen-
tiable in a neighborhood of Rn. The function in (1.2.1) can also be represented
as

F(x) = ( f1(x), f2(x), ..., fn(x))T , (1.2.2)

where each fi (i= 1,2, ...,n) maps a vector x=(x1,x2, ...,xn)
T of the n-dimensional

space Rn into the real line R. In addition, F is assumed to satisfy the following:

1



1. There exists x∗ ∈ Rn such that F(x∗) = 0.

2. The Jacobian F ′ is Lipschitz continuous near x∗.

3. F ′(x∗) is nonsingular.

Problems involving system of nonlinear equations often arise in sciences and
engineering fields and for that, lots of computational methods are being developed
by researchers to handle them. Newton and quasi-Newton strategies are the most
famous methods for solving (1.2.1), see (Al-Baali, Spedicato & Maggioni, 2014
; Barzilai & Borwein, 1998 ; Brown & Saad, 1994 ; Li & Fukushima, 2000 ;
Martinez, 1990 ; Martinez, 2000 ; Natasa & Zorana, 2002 ; Shin, Dirvashi &
Kim, 2010 ; Waziri, Hassan & Monsi, 2010 ; Waziri, Leong & Hassan, 2011) for
details. Generally, these methods generate iterative sequence of points via

xk+1 = xk − (F ′(xk))
−1F(xk), (1.2.3)

where k = 0,1,2 . . . and F ′(xk) is the Jacobian matrix at xk or its approximation in
the case of quasi-Newton schemes.

Newton and quasi-Newton methods are attractive for their easy implemen-
tation and rapid convergence properties, (Waziri & Sabiu, 2015). However, the
huge requirement for matrix storage at each iteration makes them not suitable for
handling large-scale nonlinear systems. The nonlinear conjugate gradient (CG)
methods are the ideal strategies for solving large-scale nonlinear systems because
of their simple implementation, low memory requirement and global convergence
properties (Babaie-Kafaki & Ghanbari, 2013). In this research, we present four
conjugate gradient methods for solving large-scale system of nonlinear equations
that are matrix and derivative-free. We achieve this by modifying the classical
Dai-Liao (2001) method for unconstrained optimization and its adaptive version,
the one-parameter Hager-Zhang (2006) method.

2



1.3 STATEMENT OF THE PROBLEM

The study of conjugate gradient method for system of nonlinear equations is rare
as most of the methods developed are for unconstrained optimization problems.
Also, not all the methods generate descent directions. In this research, we present
a family of CG methods for system of nonlinear equations that generate descent
search directions and are matrix and derivative-free.

1.4 MOTIVATION

Our motivation for this work originated from the following:

• The study of conjugate gradient method for system of nonlinear equations is
rare as most of the methods developed are for unconstrained optimization.

• The DL method does not necessarily generate descent directions and it de-
pends so much on the nonnegative parameter t for which there’s no optimal
value (Andrei, 2011 ; Babaie-Kafaki & Ghanbari, 2013).

The aforementioned and the remarkable work of (Babaie-Kafaki & Ghanbari,
2013 ; Babaie-Kafaki & Ghanbari, 2014 ; Babaie-Kafaki & Ghanbari, 2015 ;
Babaie-Kafaki & Ghanbari, 2016 ; Babaie-Kafaki & Ghanbari, 2014) and (Arazm,
Babaie-Kafaki & Ghanbari, 2017) in this area, inspired us to carry out this re-
search.

1.5 AIM AND OBJECTIVES

The aim of this research work is to develop new methods for solving large-scale
system of nonlinear equations, while the objectives are;

i. To derive a family of conjugate gradient methods (AFCGM) with sufficient
descent directions via eigenvalue analysis for nonlinear systems.

ii. To present convergence results of the proposed methods.
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iii. To design matlab codes for implementation of the algorithms developed.

iv To test the proposed methods on some tested problems and compare the
numerical results with some other existing methods in the literature.

1.6 SCOPE AND LIMITATIONS

This research focuses only on CG methods for solving large scale system of non-
linear equation and their modifications.

1.7 BASIC DEFINITIONS

In this section we give some basic definitions that are important for better under-
standing of the concept of this write-up.

Definition 1.7.1 (Jacobian Matrix) (Kelly, 1995) Let fi be ith component of F :
Rn → Rn. If the components of F are differentiable at x ∈ Rn, then the Jacobian

matrix F ′(x) can be define by

F ′(x)i j =
∂ fi

∂x j
(x). (1.7.1)

Definition 1.7.2 ( Norm) (Sun & Yuan, 2006) A mapping ∥.∥ : Rn → R is called

a Norm if and only if it satisfies the following:

(N1): ∥x∥ ≥ 0, ∀x ∈ Rn; ∥x∥= 0 if and only if x = 0;

(N2): ∥αx∥= |α |∥x∥, ∀α ∈ R ∀x ∈ Rn;

(N3): ∥x+ y∥ ≤ ∥x∥+∥y∥, ∀x,y ∈ Rn.
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Definition 1.7.3 (l1 Norm, Euclidean Norm and l∞ Norm) (Sun & Yuan, 2006)

For a vector x ∈ Rn, the well-known vector norms are defined as follows:

• ∥x∥1 =
n

∑
i=1

(|xi|) (l1-norm).

• ∥x∥2 =

(
n

∑
i=1

(
x2

i
)) 1

2

= (xT x)
1
2 . The Euclidean norm (or l2 norm).

• ∥x∥∞ = max1≤i≤n (|xi|). The l∞ norm.

Definition 1.7.4 (Symmetric positive definite Matrix) (Nocedal & Wright, 2006)

Let A ∈ Rn×n, we say that A is symmetric if it is equal to its transpose. i.e.,

A = AT . (1.7.2)

A symmetric matrix A is positive definite if there exists a positive constant α such

that

xT Ax ≥ α∥x∥2,∀x ∈ Rn. (1.7.3)

Definition 1.7.5 (Frobenius Norm) (Sun & Yuan, 2006) Let A∈Rm×n. The Frobe-

nius norm of A is given by

∥A∥F =

(
m

∑
i=1

n

∑
j=1

|ai j|2
)1/2

. (1.7.4)

Definition 1.7.6 (Eigenvalues and eigenvectors) (Nocedal & Wright, 2006) A scalar

value λ is an eigenvalue of the n×n matrix A if there is a nonzero vector x such

that

Ax = λx. (1.7.5)

The vector x is called the eigenvector of A.

5



Definition 1.7.7 (Trace and Determinant) (Nocedal & Wright, 2006) The trace

of an n×n matrix A is defined by

trace(A) =
n

∑
i=1

Aii. (1.7.6)

If the eigenvalues of A are denoted by λ1,λ2, ...,λn, then

trace(A) =
n

∑
i=1

λi. (1.7.7)

The determinant of an n×n matrix A is the product of its eigenvalues, that is,

det(A) =
n

∏
i=1

λi. (1.7.8)

If the det(A) = 0, then A is singular.

Definition 1.7.8 (Convex Set) (Sun & Yuan, 2006) Let the set S ⊂ Rn. If for any

x1,x2 ∈ S, we have

αx1 +(1−α)x2 ∈ S, ∀α ∈ [0,1], (1.7.9)

then S is said to be a convex set.

Definition 1.7.9 (Convex Function) (Sun & Yuan, 2006) Let S⊂Rn be a nonempty

set.

Let f : S ⊆ Rn −→ R. If for any x1,x2 ∈ S and ∀α ∈ (0,1), we have

f (αx1 +(1−α)x2)≤ α f (x1)+(1−α) f (x2), (1.7.10)

then the function f is said to be convex on S. If the above inequality is true as a

strict inequality for all x1 ̸= x2, i.e.,

f (αx1 +(1−α)x2)< α f (x1)+(1−α) f (x2), (1.7.11)
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then f is said to be strictly convex function on S. Also, if there is a constant c > 0
such that for any x1,x2 ∈ S,

f (αx1+(1−α)x2)≤ α f (x1)+(1−α) f (x2)−
1
2

cα(1−α)∥x1−x2∥2, (1.7.12)

then f is said to be uniformly (or strongly) convex function on S.

Definition 1.7.10 (Conjugate Vectors) (Nocedal & Wright, 2006) Let G be an

n× n symmetric and positive definite matrix, d1,d2, ...,dm ∈ Rn be non-zero vec-

tors, m ≥ n. If

dT
i Gd j = 0, ∀i ̸= j, (1.7.13)

the vectors d1,d2, ...,dm are called G conjugate or simply conjugate.

Definition 1.7.11 (Monotone Function) (Sun & Yuan, 2006) A function F : D ⊂
Rn ⇒ Rn is monotone on D0 ⊂ D if

⟨F(x)−F(y),x− y⟩ ≥ 0, ∀x,y ∈ D0. (1.7.14)

Definition 1.7.12 (Limits and Continuity) (Fletcher, 1987) Let F : D ⊂ Rn →
Rn. For some point x0 ∈ D (closure of D), we write

lim
x→x0

F(x) = F0, (1.7.15)

if for all ε > 0, there is δ(ε) > 0 such that

∥x− x0∥< δ and x ∈ D ⇒∥F(x)−F0∥< ε.

We say F is continuous at x0 if x0 ∈ D and the equation (1.7.15) holds with F0 =

F(x0). F is continuous on its domain D if F is continuous for all x0 ∈ D.

Definition 1.7.13 (Lipschitz Continuity) (Kelly, 1995) Let Ω ⊂ Rn and let G :
Ω → Rn. G is Lipschitz continuous on Ω with Lipschitz constant γ if

∥G(x)−G(y)∥ ≤ γ∥x− y∥,∀x,y ∈ Ω. (1.7.16)
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Definition 1.7.14 (Convergence) (Kelly, 1995) A sequence {xk} of n-vectors con-

verges to x∗ if

lim
k→∞

∥xk − x∗∥= 0. (1.7.17)

Definition 1.7.15 (Linear Convergence) (Kelly, 1995) Let {xk} ⊂ Rn and x∗ ∈
Rn. Then xk → x∗ linearly if

i. xk → x∗

ii. and there exist α in (0,1) such that

∥xk+1 − x∗∥ ≤ α∥xk − x∗∥. (1.7.18)

Definition 1.7.16 (q-quadratically Convergence) (Kelly, 1995) Let {xk} ⊂ Rn

and x∗ ∈ Rn. Then xk → x∗ q-quadratically if xk → x∗ and there exist α > 0 such

that

∥xk+1 − x∗∥ ≤ α∥xk − x∗∥2. (1.7.19)

Definition 1.7.17 (q-superlinearly Convergence) (Kelly, 1995) Let {xk} ⊂ Rn

and x∗ ∈ Rn. Then

xk → x∗ q-superlinearly if

lim
k→∞

∥xk+1 − x∗∥
∥xk − x∗∥

= 0. (1.7.20)
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CHAPTER TWO

LITERATURE REVIEW

2.1 INTRODUCTION

This chapter presents a review of the classical conjugate gradient (CG) methods
as well as other schemes for solving systems of nonlinear equations.

2.2 CLASSICAL NEWTON’S METHOD AND ITS
VARIANTS

The classical Newton’s method is the most popular iterative method employed by
many researchers for solving (1.2.1) by employing the iterative scheme in (1.2.3).
From an initial guess, x0 ∈ Rn, the algorithm is as follows:

• Step1: compute F(xk) and check if ∥F(xk)∥ ≤ ε . if yes stop, else go to
Step2

• Step2: compute (F ′(xk))
−1

• Step3: compute xk+1 = xk − (F ′(xk))
−1F(xk)

• Step4: Set k = k+ 1 and go to Step1 and repeat the process until conver-
gence is attained.

Newton’s method is easy to implement, especially for small dimension problems.
Furthermore, provided the Jacobian is nonsingular and the initial starting point is

9



in the neighborhood of the solution, convergence of the method is guaranteed and
its rate is quadratic (Waziri, Leong & Hassan, 2010), i.e

∥xk+1 − x∗∥ ≤ h∥xk − x∗∥2, h > 0. (2.2.1)

However, Newton’s method is unattractive for large-scale nonlinear problems be-
cause it requires the computation and storage of the Jacobian matrix at each iter-
ation, which is very costly most times. Moreover, computation of the Jacobian of
some functions may be difficult or, in some cases, not available, which renders the
method unsuitable to implement.

The quasi-Newton methods are a class of iterative methods closely related to
the classical Newton’s method, which are developed to remedy some of the short-
comings listed above. In the quasi-Newton scheme, the Jacobian or its inverse are
avoided by computing an approximation of any of the two, which is updated using
the following scheme:
For k = 0,1,2, . . .

Bksk =−F(xk), (2.2.2)

where Bk is an n× n matrix, which approximates the Jacobian at xk and sk is the
quasi-Newton search direction given by

sk =−B−1
k F(xk). (2.2.3)

The new iterate of the scheme is given by

xk+1 = xk + sk. (2.2.4)

The most prominent quasi-Newton scheme is the BFGS method, named for the
researchers that discovered it Broyden (1962), Fletcher (1970), Goldfarb (1970),
and Shanno (1970). The update for the scheme is given by

Bk+1 = Bk −
BksksT

k Bk

sT
k Bksk

+
ykyT

k
yT

k sk
, (2.2.5)
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where, sk = xk+1 − xk and yk = F(xk+1)−F(xk). The method is computation-
ally cheap compared to Newton’s method and also has superlinear rate of con-
vergence on practical problems. Other variants of the quasi-Newton’s method
includes Davidon, Fletcher and Powell (DFP), Symmetric Rank-One (SR1) and
the Powell-Symmetric-Broyden (PSB) updates (Sun & Wright, 2006). However,
these methods are for unconstrained optimization problems. The most successful
quasi-Newton method for solving systems of nonlinear equations is the Broyden
scheme with update parameter given by

Bk+1 = Bk +
(yk −Bksk)sk

sT
k sk

. (2.2.6)

The major advantage of Broyden’s scheme is it has less computations, especially
since the inverse of the approximation matrix, B−1

k can be computed directly from
previous iteration, B−1

k reduces the number of computations needed for Broy-
den’s method compared to Newton’s scheme. However, the inability to converge
quadratically, which means more iterations may be required in order to reach a
solution, is one of the shortcomings of the method.

2.3 CONJUGATE GRADIENT METHOD

Conjugate gradient methods form an important class of algorithms used in solving
large-scale unconstrained optimization problems. They represent an ideal choice
for mathematicians and engineers engaged in large-scale problems because of
their low memory requirement and strong global convergence properties (Babaie-
Kafaki & Ghanbari, 2013). These methods began with the remarkable research
of Magnus Hestenes (1906-1991) at the institute for Numerical Analysis and the
independent work of Eduard Stiefel (1909-1978) at the Technische Hochschule
Zurich. The two researchers presented a paper (Hestenes & Stiefel, 1952), where
an alternative algorithm was given for solving a system of linear algebraic equa-
tions. Reid (1971) was the first to use the scheme as an iterative method for
solving unconstrained optimization problems. Fletcher and Reeves (1964) intro-
duced the first nonlinear conjugate gradient method for solving large-scale non-
linear optimization problems. Consequently, other variants of the method have
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been developed by many researchers and are widely used in practice. Generally,
the nonlinear conjugate gradient method is used to solve large-scale problems in
the following form;

min{ f (x)|x ∈ Rn}, (2.3.1)

where f : Rn −→ R is a continuously differentiable function that is bounded from
below and its gradient is available. The method generates a sequence of iterates
xk from an initial point x0 ∈ Rn using the iterative formula

xk+1 = xk + sk, sk = αkdk, k = 0,1, ... (2.3.2)

where xk is the current iterate, αk is a step length computed via suitable line search
procedure, and dk is the CG search direction defined by

dk =

−Fk, i f k = 0,

−Fk +βkdk−1, i f k ≥ 1,
(2.3.3)

where βk is a scalar known as the CG update parameter, and Fk =∇ f (xk). It is also
worth noting that a crucial element in any CG algorithm is the formula definition
of the update parameter βk (Andrei, 2011), which is why different CG algorithms
corresponding to different choices of βk in (2.3.3) have been proposed.

In a survey of nonlinear conjugate gradient methods, Hager and Zhang (2006)
gave an extensive description of some of the essential update parameters, while
Andrei (2008A), provided a list of 40 nonlinear conjugate gradient algorithms for
unconstrained optimization. It can be observed that for the exception of the meth-
ods proposed by Daniel (1967), and Hager and Zhang (2005), the CG methods
can be divided into two groups. The first group consists of CG methods with up-
date parameter βk having numerator ∥Fk∥2, which includes the ones proposed by
Fletcher and Reeves (FR) (1964), Fletcher (conjugate descent (CD)) (1987), and
Dai and Yuan (DY) (1999), with the following CG parameters:

β FR
k =

||Fk||2

||Fk−1||2
, βCD

k =
||Fk||2

−dT
k−1Fk−1

, β DY
k =

||Fk||2

dT
k−1yk−1

(2.3.4)
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The second group falls under CG methods with update parameter βk having
numerator FT

k yk−1, which includes the ones proposed by Hestenes and Stiefel
(HS) (1952), Polak, Ribiére and Polyak (PRP) (1969), and Liu and Storey (LS)
(1991), with the following CG parameters:

β HS
k =

FT
k yk−1

dT
k−1yk−1

, β PRP
k =

FT
k yk−1

||Fk−1||2
, β LS

k =
FT

k yk−1

−dT
k−1Fk−1

(2.3.5)

where, ||.|| denote the Euclidean norm of vectors and yk−1 = Fk −Fk−1. Nazareth
(1998), and Nocedal (1991), provided some reviews on nonlinear conjugate gra-
dient methods. We state the following assumptions that are needed in the conver-
gence of the CG methods and their properties:

• Assumption 1: The level set Ω defined by

Ω = {x ∈ Rn : f (x)≤ f (x0)} , (2.3.6)

is bounded, namely, there exists a positive constant M such that

|| f (x)|| ≤ M, ∀x ∈ Ω. (2.3.7)

• Assumption 2: In some neighborhood N of Ω, f is continuously differen-
tiable and its gradient is Lipschitz continuous, i.e., there exists a positive
constant L such that

||∇ f (x)−∇ f (y)|| ≤ L||x− y||, ∀x,y ∈ N. (2.3.8)

The FR method has nice theoretical convergence properties, and since it has
the same numerator as the CD and DY methods , their numerical performances
are very similar. Also, one theoretical difference between CG methods in the first
group and other choices of the update parameter is that their global convergence
theorem requires only the Lipschitz assumption and not the boundedness assump-
tion (Hager & Zhang, 2006). Still, Powell (1977) noted a major disadvantage
of these methods, which makes them perform poorly in practical computations;
namely, if a small step is generated from the solution point, subsequent steps may
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also be very short. This is known as jamming phenomenon. On the other hand, the
methods in the second group can automatically recover once a small step is gen-
erated, and so they perform much better than methods in the first group. However,
Powell (1984) provided a counter example to show that the PRP and HS meth-
ods, without restarts, can circle infinitely without approaching a solution. That
shows that the methods have a drawback and are not globally convergent for gen-
eral functions. Therefore, significant efforts have been directed over the years at
finding new formulae for CG methods that are globally convergent, robust, and
numerically efficient.

Hybrid CG methods and parametric families have been proposed to address
drawbacks of the early methods. A hybrid CG method is developed by combining
two different methods so as to exploit attractive features of each set. Hybridiza-
tions of CG methods based on the approach of discrete combinations of the CG
parameters, include the ones proposed by, Touti-Ahmed and Storey (1990), Hu
and Storey (1991), and Gilbert and Nocedal (1992), using PRP and FR meth-
ods. Others include the hybridization of HS and DY methods suggested by Dai
and Yuan (2001), and the hybridization of LS and CD methods proposed by Touti-
Ahmed and Storey (1990). Also, Andrei (2008B) and Andrei (2008C), in an effort
to extend the idea of hybridization of CG methods, proposed and analyzed hybrid
CG algorithms in which the parameter βk is computed as a convex combination of
parameters in the two groups. In (Dai & Yuan, 2001), a hybrid conjugate gradient
method as a convex combination of PRP and DY conjugate gradient algorithms
was proposed. The two methods were combined as a hybrid conjugate gradient al-
gorithm by exploiting the good computational properties of the PRP method, and
the strong convergence properties of DY method. Also, in (Andrei, 2008B) and
(Andrei, 2008C) the parameter βk is computed as a convex combination of β HS

k

(Hestenes-Stiefel) and β DY
k (Dai-Yuan) algorithm, where the hybridization param-

eter is computed based on the standard secant equation. Similarly, Andrei (2010)
developed an accelerated hybrid CG algorithm, where the update parameter βk is
obtained as a convex combination of β HS

k and β DY
k , with the hybridization param-

eter computed to satisfy the modified secant condition given by Li et al. (2007).
Following Andrei’s approach (2010), Babaie-Kafaki et al. (2011) proposed two
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hybridizations of HS and DY methods in which the hybridization parameters are
computed based on the modified secant equations proposed by Yuan (1991) and Li
and Fukushima (2001A) and Li and Fukushima (2001B). Also, recently Babaie-
Kafaki (2011) proposed another hybridization of HS and DY methods in which
the hybridization parameter is computed by applying a conjugacy condition on a
quadratic relaxation of a hybrid CG parameter proposed in (Dai & Yuan, 2001).

Also, CG methods can be combined together the same way that quasi-Newton
methods have been combined together by introducing parameters, as in the Broy-
den (1970) family. These includes the one-parameter family of CG methods pro-
posed by Dai and Yuan (1998) and Dai and Yuan (2003), their extension (Dai
& Yuan, 1998), the two-parameter family proposed by Nazareth (1998), which
employs convex combinations of the numerators and denominators of β FR

k and
β HS

k , and the three-parameter family of CG methods proposed by Dai and Yuan
(2001), which includes the six standard CG methods, the previous one-parameter
and two-parameter families, and many hybrid methods as special cases.

Furthermore, CG methods for solving large-scale unconstrained optimization
problems have been extended to solve large-scale nonlinear systems of equation
by many researchers. Cheng (2009) proposed a PRP-type method for systems
of monotone equations by using a combination of the PRP conjugate gradient
method for unconstrained optimization (Polak, 1969) and the hyperplane projec-
tion method (Solodov & Svaiter, 1999). Yu (2010) and Yu (2011) extended the
PRP method for unconstrained optimization (Polak, 1969) to solve large-scale
nonlinear systems with monotone line search strategies, which are modifications
of the Grippo et al. (1986) and Li-Fukushima (2000B) schemes. As a further
research of the Perry’s conjugate gradient method for unconstrained optimization,
Dai et al (2015) combined the modified Perry conjugate gradient method for un-
constrained optimization problems (Livieres & Pintelas, 2012) and the hyperplane
projection technique of Solodov and Svaiter (1999) to propose a derivative-free
method for solving large-scale nonlinear monotone equations.

Also, some of the CG methods for unconstrained optimization are not globally
convergent, so efforts were made by researchers to develop CG methods that are
not only globally convergent but are numerically efficient. These new methods
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are based on secant equations. For nonlinear conjugate gradient methods, the
conjugacy condition is given by

dT
k yk−1 = 0, (2.3.9)

where, yk−1 = Fk −Fk−1.
Perry (1978) extended (2.3.9) by exploiting the following secant condition of

quasi-Newton schemes:
Bksk−1 = yk−1, (2.3.10)

where, sk−1 = xk − xk−1, and quasi-Newton search direction dk given by

Bkdk =−Fk, (2.3.11)

where Bk is a square matrix, which approximates the Hessian ∇2 f (x). By using
(2.3.10) and (2.3.11), Perry gave an extension of (2.3.9) as:

dT
k yk−1 =−FT

k sk−1, (2.3.12)

and by using (2.3.3), the Perry search direction is given as

dk =

−Fk, i f k = 0,

−PkFk =−Fk +β P
k dk−1, i f k ≥ 1,

(2.3.13)

where

BP
k =

(yk−1 − sk−1)
T

sT
k−1yk−1

Fk, (2.3.14)

and

Pk = I − sk−1(yk−1 − sk−1)
T

sT
k−1yk−1

. (2.3.15)

Following Perry’s approach (1978), Dai and Liao (2001) incorporated a nonnega-
tive parameter t to propose the following extension of (2.3.12):

dT
k yk−1 =−tFT

k sk−1. (2.3.16)
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It is noted that for t = 0, (2.3.16) reduces to (2.3.9), and if t = 1, we obtain Perry’s
condition (2.3.12). Consequently, by employing (2.3.3) and (2.3.16), Dai and Liao
(2001) proposed the following CG update parameter:

BDL
k =

(yk−1 − tsk−1)
T Fk

dT
k−1yk−1

, t ≥ 0. (2.3.17)

Based on the DL conjugacy condition (2.3.16), conjugate gradient methods
have been proposed over the years using modified secant equations. For example,
Babaie-Kafaki et al. (2010) and Yabe and Takano (2004) proposed CG methods
by applying a revised form of the modified secant equation proposed by Zhang and
Xu (2001) and Zhang et al. (1999) and the modified secant equation proposed by
Li and Fukushima (2000A). Li et al. (2007) applied the modified secant equation
proposed by Wei et al. (2006), while Ford et al. (2008) employed the multi-
step quasi-Newton conditions proposed by Ford and Moghrabi (1994) and Ford
and Moghrabi (1996). CG methods based on modified secant equations have also
been studied by Narushima and Yabe (2012) and Arazm et al. (2017).

Numerical results have shown that the DL method (2.3.17) is effective, how-
ever, as one of the open problems in nonlinear conjugate gradient methods, Andrei
(2011) noted that the nonnegative parameter t has no optimal value, and it may not
necessarily generate descent directions (Babaie-Kafaki & Ghanbari, 2013). That
is, the method may not satisfy the descent condition

FT
k dk < 0, ∀k, (2.3.18)

or the sufficient descent condition, namely there exists a constant λ > 0 such that

FT
k dk ≤−λ∥Fk∥2, ∀k. (2.3.19)

In an attempt to develop DL-type CG methods for unconstrained optimization,
reasonable and appropriate values for the DL parameter were provided in (Babaie-
Kafaki & Ghanbari, 2013 ; Babaie-Kafaki & Ghanbari, 2014 ; Babaie-Kafaki &
Ghanbari, 2015). Inspired by this development we propose to derive a family of
CG methods for solving large-scale system of nonlinear equations.
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CHAPTER THREE

METHODOLOGY

3.1 INTRODUCTION

In this chapter, four nonlinear CG methods are presented by employing extensions
of some modified secant equations and carrying out eigenvalue analysis of the
search direction matrices of the classical Dai-Liao (2001) and the one-parameter
Hager-Zhang (2006) methods. Also throughout this work, the function f in (2.3.1)
is specified to

f (x) :=
1
2
∥F(x)∥2, (3.1.1)

where ∥.∥ represents the Euclidean norm of vectors, Fk = F(xk), Fk−1 = F(xk−1),
yk−1 = Fk −Fk−1 and sk−1 = xk − xk−1

3.2 ENHANCED DAI-LIAO CONJUGATE GRA-
DIENT METHOD

This section presents a DL-type CG method, which is obtained by incorporating
an extension of the standard secant equation (2.3.10) and modified secant equa-
tions proposed by Li and Fukushima (2001), Zhang et al. (1999), and Wei et al.
(2006) in the DL (2001) method and carrying out eigenvalue analysis.
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Recently, by applying the DL approach, Babaie-Kafaki and Ghanbari (2014)
proposed the following extension of the PRP update parameter

β EPRP
k = β PRP

k − t
FT

k dk−1

∥Fk−1∥2 , (3.2.1)

where β PRP
k is the classical PRP parameter and t is a nonnegative parameter,

whose values were determined by carrying out eigenvalue analysis of the PRP
search direction matrix. Motivated by this, and employing similar approach, we
propose a modification of the classical DL update parameter. In what follows, we
suggest an extension of some previously modified secant equations.

Following the Dai-Liao (2001) approach, Yabe and Takano (2004) presented
nonlinear CG methods by applying the modified secant equation presented by
Zhang and Xu (2001) and Zhang et al. (1999) with the following update parame-
ters:

β new
k =

(ŷk−1 − tsk−1)
T Fk

dT
k−1ŷk−1

, t ≥ 0, (3.2.2)

where

ŷk−1 = yk−1 +

(
γk−1

sT
k−1µk−1

)
µk−1, (3.2.3)

and
γk−1 = 6( fk−1 − fk)+3(Fk−1 +Fk)

T sk−1, (3.2.4)

where µk−1 ∈Rn is a vector parameter such that sT
k−1µk−1 ̸= 0 (see (Zhang, Deng

& Chen, 1999)) and µk−1 = sk−1 (Yabe & Takano, 2004).

β new+
k = max

{
FT

k ŷk−1

dT
k−1ŷk−1

,0

}
− t

FT
k sk−1

dT
k−1ŷk−1

, (3.2.5)

Following a similar approach to Yabe and Takano (2004), Zhou and Zhang
(2006) equally proposed a nonlinear CG method by applying the modified secant
equation proposed by Li and Fukushima (2001) with the following update param-
eter:

βk =
(ẑk−1 − tsk−1)

T Fk

dT
k−1ẑk−1

, t ≥ 0, (3.2.6)
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where
ẑk−1 = yk−1 +C∥Fk∥bsk−1. (3.2.7)

Similarly, Li et al. (2007) also applied the modified secant equation proposed by
Wei et al. (2006) with the following update parameters:

β 0∗
k (t) =

(y∗k−1 − tsk−1)
T Fk

dT
k−1y∗k−1

, t ≥ 0, (3.2.8)

where
y∗k−1 = yk−1 +

(
ϑk−1

∥sk−1∥2

)
sk−1, (3.2.9)

and
ϑk−1 = 2( fk−1 − fk)+ sT

k−1(Fk−1 +Fk). (3.2.10)

β 1∗
k (t) =

(ŷ∗k−1 − tsk−1)
T Fk

dT
k−1ŷ∗k−1

, t ≥ 0, (3.2.11)

where
ŷ∗k−1 =

max{ϑk−1,0}
∥sk−1∥2 sk−1. (3.2.12)

Here, in order to exploit the theoretical advantage of the modified secant con-
ditions given in (3.2.3), (3.2.7), and (3.2.9), we propose the following extension

uk−1 = yk−1 +ϕ
ϑk−1

sT
k−1µk−1

µk−1 +C∥Fk∥bsk−1, (3.2.13)

with ϕ a nonnegative parameter, ϑk−1 as defined by (3.2.10) and sT
k−1µk−1 ̸= 0.

We observe that for ϕ = 0, (3.2.13) becomes (3.2.7), and for ϕ =C = 0, it reduces
to the standard secant equation defined by (2.3.10). Also, if ϕ = 1, and C =

0, (3.2.13) becomes (3.2.10), while for ϕ = 3 and C = 0, it reduces to (3.2.4).
Substituting uk−1 in (3.2.13) for yk−1 in (2.3.17), we obtain the following version
of the DL update parameter:

β̄ EDL
k =

(uk−1 − tsk−1)
T Fk

dT
k−1uk−1

, t ≥ 0. (3.2.14)
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We observe that, in general, the denominator, dT
k−1uk−1 may not be nonzero since

ϑk−1 as defined in (3.2.10) may be non-positive. Therefore, we redefine uk−1 and
obtain its revised form as

zk−1 = yk−1 +ϕ
max{ϑk−1,0}

sT
k−1µk−1

µk−1 +C∥Fk∥bsk−1. (3.2.15)

Consequently, we get the revised form of (3.2.14) as

β̂ EDL
k =

(zk−1 − tsk−1)
T Fk

dT
k−1zk−1

, t ≥ 0. (3.2.16)

Andrei (2011) noted that the parameter t has no optimal choice and so, to obtain
descent directions for our proposed method, we proceed to obtain appropriate
values for t. By substituting (3.2.16) in (2.3.3) and setting dk−1 = sk−1 for all
k ≥ 1, we obtain our search direction as

dk =−Fk +

(
sk−1zT

k−1 − tsk−1sT
k−1

sT
k−1zk−1

)
Fk. (3.2.17)

Following Perry’s approach (1978), we can write (3.2.17) as

dk =−HkFk, k ≥ 1, (3.2.18)

where Hk (called the search direction matrix) is given by

Hk = I −
sk−1zT

k−1

sT
k−1zk−1

+ t
sk−1sT

k−1

sT
k−1zk−1

. (3.2.19)

Clearly, Hk is not a symmetric matrix. To obtain a symmetrize form, we apply the
approach adopted by Babaie-Kafaki and Ghanbari (2014). From (3.2.18) we can
write

dT
k Fk =−FT

k HT
k Fk =−FT

k
HT

k +Hk

2
Fk, (3.2.20)
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with

H̄k =
HT

k +Hk

2
= I − 1

2

(
sk−1zT

k−1 + zk−1sT
k−1

sT
k−1zk−1

)
+ t

sk−1sT
k−1

sT
k−1zk−1

(3.2.21)

Thus, we have
dT

k Fk =−FT
k H̄kFk, k ≥ 1. (3.2.22)

Proposition 3.2.1 The matrix H̄k defined by (3.2.21) is symmetric.

Proof. Direct computation shows that H̄k = H̄T
k . Hence, H̄k is symmetric.

Theorem 3.2.2 Let the matrix H̄k be defined by (3.2.21). Then, its eigenvalues
consists of 1 with (n−2 multiplicity), λ+

k and λ−
k , where

λ+
k =

1
2

[
(1+ vk)+

√
(vk −1)2 +wk −1

]
(3.2.23)

λ−
k =

1
2

[
(1+ vk)−

√
(vk −1)2 +wk −1

]
(3.2.24)

with

vk = t
∥sk−1∥2

sT
k−1zk−1

(3.2.25)

wk =
∥sk−1∥2∥zk−1∥2

(sT
k−1zk−1)2 , (3.2.26)

where sT
k−1zk−1 ̸= 0. Furthermore, all eigenvalues of H̄k are positive real numbers.

Proof. Since sT
k−1zk−1 ̸= 0. So, the vectors sk−1 and zk−1 are nonzero vectors.

Suppose span{sk−1,zk−1}=V ⊂ Rn, then dim(V )≤ 2 and dim(V⊥)≥ n−2.
Therefore, there exists a set of mutually orthogonal vectors {τ i

k−1}
n−2
i=1 ⊂ V⊥

satisfying
sT

k−1τ i
k−1 = zT

k−1τ i
k−1 = 0. (3.2.27)

Multiplying both sides of (3.2.21) by τ i
k−1 we obtain

H̄kτ i
k−1 = τ i

k−1, i = 1, ...,n−2, (3.2.28)
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which can be seen as an eigenvector equation. So, τ i
k−1, for i = 1, ...,n− 2 are

the eigenvectors of H̄k with eigenvalue 1 each. Let λ+
k and λ−

k be the remaining
two eigenvalues respectively. Observe that (3.2.21) can be written as

H̄k = I − 1
2

sk−1zT
k−1

sT
k−1zk−1

+
(2tsk−1 − zk−1)sT

k−1

2sT
k−1zk−1

. (3.2.29)

We can see that H̄k represents a rank-two update, so from the fundamental algebra
formula (see inequality (1.2.70) of (Sun & Yuan, 2006)),

det(I + pqT +uvT ) = (1+qT p)(1+ vT u)− (pT v)(qT u). (3.2.30)

From (3.2.29), Let p =−sk−1, q =
zk−1

2sT
k−1zk−1

, u =
2tsk−1−zk−1

2sT
k−1zk−1

, v = sk−1.

Therefore, since sT
k−1sk−1 = ∥sk−1∥2 and zT

k−1zk−1 = ∥zk−1∥2, we obtain

det(H̄k) =

(
1−

zT
k−1sk−1

2sT
k−1zk−1

)(
1+ sT

k−1
(2tsk−1 − zk−1)

2sT
k−1zk−1

)
+

(
t∥sk−1∥2

2sT
k−1zk−1

− ∥sk−1∥2∥zk−1∥2

4(sT
k−1zk−1)2

)

=
1
2

(
1+

t∥sk−1∥2

sT
k−1zk−1

−
sT

k−1zk−1

2sT
k−1zk−1

)
+

(
t∥sk−1∥2

2sT
k−1zk−1

− ∥sk−1∥2∥zk−1∥2

4(sT
k−1zk−1)2

)

=
1
2
+

t∥sk−1∥2

2sT
k−1zk−1

− 1
4
+

t∥sk−1∥2

2sT
k−1zk−1

− ∥sk−1∥2∥zk−1∥2

4(sT
k−1zk−1)2

= t
∥sk−1∥2

sT
k−1zk−1

− 1
4
∥sk−1∥2∥zk−1∥2

(sT
k−1zk−1)2 +

1
4
.

(3.2.31)

Also, since sum of the eigenvalues of a square symmetric matrix equals to its
trace, from (3.2.21) we have

trace(H̄k) = n−1+ t
∥sk−1∥2

sT
k−1zk−1

= 1+ ...+1︸ ︷︷ ︸
(n-2)times

+λ+
k +λ−

k , (3.2.32)

and we obtain

λ+
k +λ−

k = 1+ t
∥sk−1∥2

sT
k−1zk−1

. (3.2.33)
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Using the relationship between trace and determinant of a matrix and its eigen-
values, we obtain λ+

k and λ−
k as roots of the following quadratic polynomial:

λ 2 −

(
1+ t

∥sk−1∥2

sT
k−1zk−1

)
λ + t

∥sk−1∥2

sT
k−1zk−1

− 1
4
∥sk−1∥2∥zk−1∥2

(sT
k−1zk−1)2 +

1
4
= 0. (3.2.34)

And applying the quadratic formula, we obtain

λ±
k =

1+ t ∥sk−1∥2

sT
k−1zk−1

±

√(
1+ t ∥sk−1∥2

sT
k−1zk−1

)2

+4
(

1
4 + t ∥sk−1∥2

sT
k−1zk−1

− 1
4
∥sk−1∥2∥zk−1∥2

(sT
k−1zk−1)2

)
2

.

(3.2.35)
By expanding both terms of the discriminant in (3.2.35), we have

λ±
k =

1
2

1+ t
∥sk−1∥2

sT
k−1zk−1

±

√√√√(t
∥sk−1∥2

sT
k−1zk−1

−1

)2

+
∥sk−1∥2∥zk−1∥2

(sT
k−1zk−1)2 −1

 ,
(3.2.36)

which proves (3.3.10) and (3.3.11). Furthermore, by Cauchy inequality, ∥sk−1∥∥zk−1∥≥
(sT

k−1zk−1), ∀k ≥ 1. So, the discriminant of (3.2.36) is nonnegative. And since

1+ t ∥sk−1∥2

sT
k−1zk−1

is positive, we see that λ+
k > 0. In order to obtain λ−

k as positive real
number, we must have1+ t

∥sk−1∥2

sT
k−1zk−1

−

√√√√(t
∥sk−1∥2

sT
k−1zk−1

−1

)2

+
∥sk−1∥2∥zk−1∥2

(sT
k−1zk−1)2 −1

> 0. (3.2.37)

So, we need to find values of t satisfying (3.2.37). From (3.2.37) we get

1+ t
∥sk−1∥2

sT
k−1zk−1

>

√√√√(t
∥sk−1∥2

sT
k−1zk−1

−1

)2

+
∥sk−1∥2∥zk−1∥2

(sT
k−1zk−1)2 −1 (3.2.38)

Squaring both sides of (3.2.38), we obtain(
1+ t

∥sk−1∥2

sT
k−1zk−1

)2

>

(
t
∥sk−1∥2

sT
k−1zk−1

−1

)2

+
∥sk−1∥2∥zk−1∥2

(sT
k−1zk−1)2 −1. (3.2.39)
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Subtracting
(

t ∥sk−1∥2

sT
k−1zk−1

−1
)2

from both sides of (3.2.39), we get

(
1+ t

∥sk−1∥2

sT
k−1zk−1

)2

−

(
t
∥sk−1∥2

sT
k−1zk−1

−1

)2

>
∥sk−1∥2∥zk−1∥2

(sT
k−1zk−1)2 −1 (3.2.40)

And by expanding (3.2.40), we obtain

4t∥sk−1∥2

sT
k−1zk−1

>
∥sk−1∥2∥zk−1∥2

(sT
k−1zk−1)2 −1. (3.2.41)

Consequently, we obtain

t >
1
4

(
∥zk−1∥2

sT
k−1zk−1

− sk−1zk−1

∥sk−1∥2

)
. (3.2.42)

Hence, λ−
k > 0 if (3.2.42) is satisfied. Finally, substituting the above estimation

of t into (3.2.37) , we see that

λ+
k > λ−

k > 0, ∀k ≥ 1. (3.2.43)

Therefore, all the eigenvalues of the symmetric matrix H̄k are positive real num-
bers, which ensures it is a positive-definite matrix. Hence, from (3.2.22), we have

dT
k Fk =−FT

k H̄kFk ≤−λ−
k ∥Fk∥2 < 0, (3.2.44)

which clearly shows that the descent condition holds. Therefore, based on our
eigenvalue analysis, we suggest the following two parameter choices for t in the
proposed method:

tm,n
k = m

∥zk−1∥2

sT
k−1zk−1

−n
sT

k−1zk−1

∥sk−1∥2 , (3.2.45)

where m > 1
4 , and n < 1

4 .
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Remark 3.2.3 Since the DL parameter t is nonnegative, we restrict the values of
the parameter n in (3.2.45) to be negative so as to avoid a numerically unreason-
able approximation.

Based on the above remark, we can write the modified Dai-Liao update parameter
as

β EDL
k =

(
(zk−1 − sk−1)

T Fk

dT
k−1zk−1

)
− tm,n

k
sT

k−1Fk

dT
k−1zk−1

. (3.2.46)

with m ≥ 1
4 and n ≤ 0 satisfying (3.2.45) and guaranteeing the descent condition.

We also write the search direction for the proposed method as

dEDL
k =−Fk +

(
(zk−1 − tm,n

k sk−1)
T Fk

dT
k−1zk−1

)
dk−1. (3.2.47)

We apply the derivative-free line search proposed by Li and Fukushima (2000A)
in order to compute our step length αk. Let σ1 > 0, σ2 > 0 and r ∈ (0,1) be con-
stants and let {ηk} be a given positive sequence such that

∞

∑
k=0

ηk < η < ∞, (3.2.48)

and

∥Fk+1∥2 −∥Fk∥2 ≤−σ1∥αkFk∥2 −σ2∥αkdk∥2 +ηk∥Fk∥2. (3.2.49)

Let ik be the smallest non negative integer i such that (3.2.49) holds for α = ri.
Let αk = rik .

Next, we describe the algorithm of the proposed method as follows:

Algorithm 3.2.4 (Enhanced Dai-Liao CG method (EDLCG))
Step1: Given ε > 0, choose an initial point x0 ∈ Rn, a positive sequence {ηk}
satisfying (3.2.48), and constants r ∈ (0,1),σ1,σ2 > 0, m ≥1

4 , n < 0. Compute
d0 =−F0 and set k = 0.
Step2: Compute F(xk). If ∥F(xk)∥ ≤ ε , stop. Otherwise, compute the search
direction dk by (3.2.47).

26



Step3: Compute αk via the line search in (3.2.49).
Step4: Set xk+1 = xk +αkdk.
Step5: Set k := k+1 and go to Step 2.

3.3 A DAI-LIAO CONJUGATE GRADIENT METHOD

In this section, we present a second DL-type method by applying the modified
secant equations proposed by Zhang et al. (1999) and Wei et al. (2006) in the DL
approach. Using (3.2.3) and (3.2.10), we propose the following extension:

Bksk−1 = u∗k−1 = yk−1 +2ζ
ϑk−1

sT
k−1µk−1

µk−1, (3.3.1)

where ζ is a nonnegative parameter, ϑk−1 is defined by (3.2.10) and sT
k−1µk−1 ̸= 0.

We observe that for ζ = 0, (3.3.1) becomes the standard secant equation defined
by (2.3.10), and if ζ = 3

2 , (3.3.1) reduces to (3.2.4). Also, for ζ = 1
2 , we see that

(3.3.1) reduces to the modified secant equation proposed by Zhang et al. (1999).
Substituting u∗k−1 in (3.3.1) for yk−1 in (2.3.17), we obtain the following version
of the DL update parameter:

β̄ ADL
k =

(u∗k−1 − tsk−1)
T Fk

dT
k−1u∗k−1

, t ≥ 0. (3.3.2)

Observe that, in general, the denominator, dT
k−1u∗k−1 may not be nonzero since

ϑk−1 as defined in (3.2.10) may be non-positive. Therefore, we redefine u∗k−1 and
obtain its revised form as

wk−1 = yk−1 +2ζ
max{ϑk−1,0}

sT
k−1µk−1

µk−1. (3.3.3)

Consequently, we get the revised form of (3.3.2) as

β̂ ADL
k =

(wk−1 − tsk−1)
T Fk

dT
k−1wk−1

, t ≥ 0. (3.3.4)
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By applying (3.3.4) in (2.3.3), as in the previous case, we obtain our search direc-
tion as

dk =−Fk +

(
sk−1wT

k−1 − tsk−1sT
k−1

sT
k−1wk−1

)
Fk. (3.3.5)

Following Perry’s approach (1978), we can write (3.3.5) as

dk =−AkFk, k ≥ 1, (3.3.6)

where Ak is known as the search direction matrix and is given by

Ak = I −
sk−1wT

k−1

sT
k−1wk−1

+ t
sk−1sT

k−1

sT
k−1wk−1

(3.3.7)

We observe that, Ak is not a symmetric matrix. To obtain a symmetrize form,
we employ the approach adopted in (Babaie-Kafaki & Ghanbari, 2013 ; Babaie-
Kafaki & Ghanbari, 2015). From (3.3.6) we can write

dT
k Fk =−FT

k AT
k Fk =−FT

k ĀkFk, k ≥ 1, (3.3.8)

with

Āk =
AT

k +Ak

2
= I − 1

2

(
sk−1wT

k−1 +wk−1sT
k−1

sT
k−1wk−1

)
+ t

sk−1sT
k−1

sT
k−1wk−1

. (3.3.9)

Proposition 3.3.1 The matrix Āk defined by (3.3.9) is symmetric.

Proof. By direct computation we see that Āk = ĀT
k . So, Āk is symmetric.

Theorem 3.3.2 Let the matrix Āk be defined by (3.3.9). Then, its eigenvalues
consists of 1 with (n−2 multiplicity), λ+

k and λ−
k , where

λ+
k =

1
2

[
(1+ak)+

√
(ak −1)2 +bk −1

]
(3.3.10)

λ−
k =

1
2

[
(1+ak)−

√
(ak −1)2 +bk −1

]
(3.3.11)
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with

ak = t
∥sk−1∥2

sT
k−1wk−1

(3.3.12)

bk =
∥sk−1∥2∥wk−1∥2

(sT
k−1wk−1)2 , (3.3.13)

where sT
k−1wk−1 ̸= 0. Furthermore, all eigenvalues of Āk are positive real numbers.

Proof. Since sT
k−1wk−1 ̸= 0, then the vectors sk−1 and wk−1 are nonzero vectors.

Suppose span{sk−1,wk−1}=V ⊂ Rn, then dim(V )≤ 2 and dim(V⊥)≥ n−2.
Therefore, there exists a set of mutually orthogonal vectors {τ i

k−1}
n−2
i=1 ⊂ V⊥

satisfying
sT

k−1τ i
k−1 = wT

k−1τ i
k−1 = 0. (3.3.14)

By multiplying both sides of (3.3.9) by τ i
k−1 we obtain

Ākτ i
k−1 = τ i

k−1, i = 1, ...,n−2, (3.3.15)

which can be viewed as an eigenvector equation. So, τ i
k−1, for i = 1, ...,n− 2

are the eigenvectors of Āk with eigenvalue 1 each. Let λ+
k and λ−

k be the remain-
ing two eigenvalues respectively. Also, since sum of the eigenvalues of a square
matrix equals to its trace, we have

trace(Āk) = n−1+ t
∥sk−1∥2

sT
k−1wk−1

= 1+ ...+1︸ ︷︷ ︸
(n-2)times

+λ+
k +λ−

k , (3.3.16)

and we obtain

λ+
k +λ−

k = 1+ t
∥sk−1∥2

sT
k−1wk−1

. (3.3.17)

Also, applying the properties of Frobenius norm, we have

∥Ak∥F =

√
m

∑
i=1

n

∑
j=1

|ai j|2 =
√

trace(AT
k Ak) =

√
trace(A2

k). (3.3.18)
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By squaring both sides of (3.3.18), we get

∥Ak∥2
F = trace

(
I − 1

2

(
sk−1wT

k−1 +wk−1sT
k−1

sT
k−1wk−1

)
+ t

sk−1sT
k−1

sT
k−1wk−1

)2

= trace

(
I − 3

4

(
sk−1wT

k−1

sT
k−1wk−1

+
wk−1sT

k−1

sT
k−1wk−1

)
+

tsk−1sT
k−1

sT
k−1wk−1

+
∥wk−1∥2sk−1sT

k−1

4(sT
k−1wk−1)2

)

+
∥sk−1∥2∥wk−1∥2

4(sT
k−1wk−1)2 −

t∥sk−1∥2wk−1sT
k−1

2(sT
k−1wk−1)2 −

t∥sk−1∥2sk−1wT
k−1

2(sT
k−1wk−1)2 +

t2∥sk−1∥2sk−1sT
k−1

(sT
k−1wk−1)2

(3.3.19)

Using the property that the trace of sum of n matrices equals to sum of trace of
each individual matrix, we obtain

trace(A2
k) = n− 3

2
+

1
2
∥sk−1∥2∥wk−1∥2

(sT
k−1wk−1)2 +

t2∥sk−1∥4

(sT
k−1wk−1)2 (3.3.20)

Also, trace of the square of a normal matrix equals to sum of the squares of its
eigenvalues. Since a symmetric matrix is normal, we can write

1+ ...+1︸ ︷︷ ︸
(n-2) times

+λ+2
k +λ−2

k = n− 3
2
+

1
2
∥sk−1∥2∥wk−1∥2

(sT
k−1wk−1)2 +

t2∥sk−1∥4

(sT
k−1wk−1)2 (3.3.21)

for which we get

λ+2
k +λ−2

k =
1
2
+

1
2
∥sk−1∥2∥wk−1∥2

(sT
k−1wk−1)2 +

t2∥sk−1∥4

(sT
k−1wk−1)2 . (3.3.22)

From (3.3.17) and (3.3.22), using the identity

(λ+
k +λ−

k )2 = λ+2
k +2λ+

k λ−
k +λ−2

k , (3.3.23)

we get

λ−
k λ+

k =
1
4
+ t

∥sk−1∥2

sT
k−1wk−1

− 1
4
∥sk−1∥2∥wk−1∥2

(sT
k−1wk−1)2 . (3.3.24)
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Also from (3.3.17) and (3.3.24), we can obtain λ+
k and λ−

k as roots of the follow-
ing quadratic polynomial

λ 2 −

(
1+ t

∥sk−1∥2

sT
k−1wk−1

)
λ +

1
4
+ t

∥sk−1∥2

sT
k−1wk−1

− 1
4
∥sk−1∥2∥wk−1∥2

(sT
k−1wk−1)2 = 0. (3.3.25)

Applying the quadratic formula, we obtain

λ±
k =

1+ t ∥sk−1∥2

sT
k−1wk−1

±

√(
1+ t ∥sk−1∥2

sT
k−1wk−1

)2

+4
(

1
4 + t ∥sk−1∥2

sT
k−1wk−1

− 1
4
∥sk−1∥2∥wk−1∥2

(sT
k−1wk−1)2

)
2

,

(3.3.26)
which, following similar approach as in the previous case, can be re-written as

λ±
k =

1
2

1+ t
∥sk−1∥2

sT
k−1wk−1

±

√√√√(t
∥sk−1∥2

sT
k−1wk−1

−1

)2

+
∥sk−1∥2∥wk−1∥2

(sT
k−1wk−1)2 −1

 .
(3.3.27)

Furthermore, by Cauchy inequality, ∥sk−1∥∥wk−1∥ ≥ (sT
k−1wk−1), ∀k ≥ 1.

So, the discriminant of (3.3.27) is nonnegative. And since 1+ t ∥sk−1∥2

sT
k−1wk−1

is positive,

we see that λ+
k > 0. In order to obtain λ−

k as positive real number, we must have1+ t
∥sk−1∥2

sT
k−1wk−1

−

√√√√(t
∥sk−1∥2

sT
k−1wk−1

−1

)2

+
∥sk−1∥2∥wk−1∥2

(sT
k−1wk−1)2 −1

> 0.

(3.3.28)
Following similar approach as in the EDLCG method, we obtain the following
estimate for the parameter t

t >
1
4

(
∥wk−1∥2

sT
k−1wk−1

− sk−1wk−1

∥sk−1∥2

)
. (3.3.29)

Hence, λ−
k > 0 if (3.3.29) is satisfied. Finally, substituting the above estimation

of t into (3.3.27) , we see that

λ+
k > λ−

k > 0, ∀k ≥ 1. (3.3.30)
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Therefore, all the eigenvalues of the symmetric matrix Āk are positive real num-
bers, which ensures it is a positive-definite matrix. Hence, from (3.3.8), we get

dT
k Fk =−FT

k ĀkFk ≤−λ−
k ∥Fk∥2 < 0, (3.3.31)

which ensures that the descent condition holds. Therefore, based on the above
discussion, we suggest the following two parameter choices for t in the proposed
method:

tADL
k = m∗ ∥sk−1∥2

wT
k−1sk−1

−n∗
sT

k−1wk−1

∥sk−1∥2 , (3.3.32)

where m∗ > 1
4 , and n∗ < 1

4 .

Remark 3.3.3 Since the DL parameter t is nonnegative, we restrict the values of
the parameter n∗ in (3.3.32) to be negative so as to avoid a numerically unreason-
able approximation.

Based on the above remark, we can write the modified Dai-Liao update parameter
as

β ADL
k =

(wk−1 − tADLsk−1)
T Fk

dT
k−1wk−1

, t ≥ 0. (3.3.33)

with m∗≥ 1
4 and n∗< 0 satisfying (3.3.32) and guaranteeing the descent condition.

We also write the search direction for the proposed method as

dADL
k =−Fk +

(
(wk−1 − tADL

k sk−1)
T Fk

dT
k−1wk−1

)
dk−1. (3.3.34)
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We now describe the algorithm for our method.

Algorithm 3.3.4 (A Dai-Liao CG method (ADLCG))
Step1: Given ε > 0, choose an initial point x0 ∈ Rn, a positive sequence {ηk}
satisfying (3.2.48), and constants r ∈ (0,1),σ1,σ2 > 0, m∗ ≥1

4 , n∗ < 0. Compute
d0 =−F0 and set k = 0.
Step2: Compute F(xk). If ∥F(xk)∥ ≤ ε , stop. Otherwise, compute the search
direction dk by (3.3.34).
Step3: Compute αk via the line search in (3.2.49).
Step4: Set xk+1 = xk +αkdk.
Step5: Set k := k+1 and go to Step 2.

3.4 MODIFIED HAGER-ZHANG CONJUGATE GRA-
DIENT METHODS

In this section, based on eigenvalue analysis and the modified secant equation of
Zhang et al. (1999), we modified the one-parameter Hager-Zhang method (2006)
to present two new CG update parameters βk, and consequently propose a family
of Hager-Zhang CG methods for solving system of nonlinear equations.

3.4.1 Improved Hager-Zhang Conjugate Gradient Method

By modifying the Hestenes-Stiefel (1952) method, Hager and Zhang (2006) ob-
tained the following one-parameter CG update parameter:

β HZ
k (θ) =

FT
k yk−1

dT
k−1yk−1

−θk

(
∥yk−1∥2FT

k dk−1

(dT
k−1yk−1)2

)
, (3.4.1)

where, θk ≥ 0, dT
k−1yk−1 ̸= 0 and yk−1 = Fk −Fk−1, ∀k ≥ 1.

33



Applying similar approach as in the previous cases, we obtain the search di-
rections of the Hager-Zhang method as

dk =−QkFk, k ≥ 1, (3.4.2)

where Qk (known as the search direction matrix) is given by

Qk = I −
sk−1yT

k−1

yT
k−1sk−1

+θk
∥yk−1∥2

yT
k−1sk−1

sk−1sT
k−1

yT
k−1sk−1

. (3.4.3)

where sT
k−1yk−1 ̸= 0,∀k ≥ 1. By taking transpose of both sides of (3.4.2) and

multiplying through by Fk, we get

dT
k Fk =−FT

k QT
k Fk. (3.4.4)

And by converting Qk to a symmetric matrix, we can write

dT
k Fk =−FT

k
QT

k +Qk

2
Fk (3.4.5)

where,

Q̄k =
QT

k +Qk

2
= I −

sk−1yT
k−1 + yk−1sT

k−1

2yT
k−1sk−1

+θk
∥yk−1∥2sk−1sT

k−1

(yT
k−1sk−1)2 . (3.4.6)

And so, we need to find eigenvalues of Q̄k in order to analyze the descent prop-
erty of the proposed method. Since yT

k−1sk−1 ̸= 0,∀k ≥ 1, therefore, sk−1 ̸= 0 and
yk−1 ̸= 0, which implies that the vectors yk−1 and sk−1 are nonzero vectors. Sup-
pose span{sk−1,yk−1}=V ⊂ Rn, then dim(V )≤ 2 and dim(V⊥)≥ n−2.
Therefore, there exists a set of mutually orthogonal vectors {ui

k−1}
n−2
i=1 ⊂V⊥ sat-

isfying
sT

k−1ui
k−1 = yT

k−1ui
k−1 = 0, (3.4.7)

which from (3.4.6) leads to

Q̄kui
k−1 = ui

k−1, i = 1, ...,n−2. (3.4.8)
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So, ui
k−1, for i = 1, ...,n− 2 are the eigenvectors of Q̄k with eigenvalue 1 each.

Let λ+
k and λ−

k be the remaining two eigenvalues respectively. Since sum of the
eigenvalues of a square symmetric matrix equals to its trace, we have

trace(Q̄k) = n−1+θk
∥yk−1∥2∥sk−1∥2

(yT
k−1sk−1)2 = 1+ ...+1︸ ︷︷ ︸

(n-2) times

+λ+
k +λ−

k , (3.4.9)

for which we have

λ+
k +λ−

k = 1+θk
∥yk−1∥2∥sk−1∥2

(yT
k−1sk−1)2 . (3.4.10)

Also, applying the properties of Frobenius norm, as in the previous case, we have

∥Q̄k∥2
F = trace(Q̄2

k)

= n− 3
2
+

1
2
∥sk−1∥2∥yk−1∥2

(yT
k−1sk−1)2 +θ 2

k
∥yk−1∥4∥sk−1∥4

(yT
k−1sk)4

= 1+ ...+1︸ ︷︷ ︸
(n-2) times

+λ+2
k +λ−2

k ,

(3.4.11)

for which we get

λ+2
k +λ−2

k =
1
2
+

1
2
∥sk−1∥2∥yk−1∥2

(yT
k−1sk−1)2 +θ 2

k
∥yk−1∥4∥sk−1∥4

(yT
k−1sk−1)4 . (3.4.12)

From equation (3.4.10) and (3.4.12), using the identity

(λ+
k +λ−

k )2 = λ+2
k +2λ+

k λ−
k +λ−2

k , (3.4.13)

we get

λ−
k λ+

k =
1
4
+θk

∥yk−1∥2∥sk−1∥2

(yT
k−1sk−1)2 − 1

4
∥sk−1∥2∥yk−1∥2

(yT
k−1sk−1)2 . (3.4.14)
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Also from (3.4.10) and (3.4.14), we can obtain λ+
k and λ−

k as roots of the follow-
ing quadratic equation

λ 2−

(
1+θk

∥yk−1∥2∥sk−1∥2

(yT
k−1sk−1)2

)
λ +

1
4
+θk

∥yk−1∥2∥sk−1∥2

(yT
k−1sk−1)2 − 1

4
∥yk−1∥2∥sk−1∥2

(yT
k−1sk−1)2 = 0.

(3.4.15)
Applying the quadratic formula we obtain

λ±
k =

1+θk
∥yk−1∥2∥sk−1∥2

(yT
k−1sk−1)2 ±

√(
θk

∥yk−1∥2∥sk−1∥2

(yT
k−1sk−1)2 −1

)2

+
∥sk−1∥2∥yk−1∥2

(sT
k−1zk−1)2 −1

2
.

(3.4.16)
By Cauchy inequality (yT

k−1sk−1)≤∥yk−1∥∥sk−1∥, which implies that the discrim-
inant in (3.4.16) nonnegative. Hence, λ+

k > 0. And to obtain λ−
k > 0, we must

have

1+θk
∥yk−1∥2∥sk−1∥2

(yT
k−1sk−1)2 −

√(
θk

∥yk−1∥2∥sk−1∥2

(yT
k−1sk−1)2 −1

)2

+
∥sk−1∥2∥yk−1∥2

(sT
k−1zk−1)2 −1.

2
> 0.
(3.4.17)

Squaring both sides of (3.4.17) and solving for θk as in the previous cases, we
obtain the following approximation

θk >
1
4

(
1−

(yT
k−1sk−1)

2

∥yk−1∥2∥sk−1∥2

)
, (3.4.18)

for which λ−
k > 0. Using (3.4.18) in (3.4.16), we see that

λ+
k > λ−

k > 0, ∀k ≥ 1. (3.4.19)

Therefore, all the eigenvalues of the symmetric matrix Q̄k are positive and that
ensures that it is a positive-definite matrix. Hence, from (3.4.5), we have

dT
k Fk =−FT

k Q̄kFk ≤−λ−
k ∥Fk∥2 < 0, (3.4.20)

which shows that the descent condition is satisfied.
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Therefore, based on our eigenvalue analysis, we choose the following as our first
choice for the parameter θk.

θk1 = ξ −ψ
(yT

k−1sk−1)
2

∥yk−1∥2∥sk−1∥2 , (3.4.21)

where ξ ≥ 1
4 and ψ < 1

4 .

Remark 3.4.1 In order to maintain the condition that the parameter θk ≥ 0, we
restrict the values of the parameter ψ in (3.4.21) to be negative so as to avoid a
numerically unreasonable approximation.

Based on the above remark, we can write the modified Hager-Zhang update pa-
rameter as

β IHZ
k =

FT
k yk−1

dT
k−1yk−1

−θk1

(
∥yk−1∥2FT

k dk−1

(dT
k−1yk−1)2

)
. (3.4.22)

with ξ ≥ 1
4 and ψ < 0 satisfying (3.4.21) and guaranteeing the descent condition.

We also write the search direction for the proposed method as

dk =−Fk +

(
FT

k yk−1

dT
k−1yk−1

−θk1

(
∥yk−1∥2FT

k dk−1

(dT
k−1yk−1)2

))
dk−1. (3.4.23)

Algorithm 3.4.2 (Improved Hager-Zhang CG method (IHZCG))
Step1: Given ε > 0, choose an initial point x0 ∈ Rn, a positive sequence {ηk}
satisfying (3.2.48), and constants r ∈ (0,1),σ1,σ2 > 0, ξ ≥1

4 , γ ≤ 0. Compute
d0 =−F0 and set k = 0.
Step2: Compute F(xk). If ∥F(xk)∥ ≤ ε , stop. Otherwise, compute the search
direction dk using (3.4.23).
Step3: Compute αk via the line search in (3.2.49).
Step4: Set xk+1 = xk +αkdk.
Step5: Set k := k+1 and go to Step 2.
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3.4.2 Enhanced Hager-Zhang Conjugate Gradient Method

Going by (Babaie-Kafaki & Ghanbari, 2013 ; Babaie-Kafaki & Ghanbari, 2014),
we can see (3.4.1) as an adaptive version of the famous Dai-Liao (DL) update
parameter,

β DL
k =

FT
k yk−1

dT
k−1yk−1

− t
FT

k sk−1

dT
k−1yk−1

, (3.4.24)

with t = θk
∥yk−1∥2

dT
k−1yk−1

. Applying the idea presented in (Arazm, 2017), we use the
modified secant equation proposed by Zhang et al. (1999) and Zhang and Xu
(2001),

Bksk−1 = z̄k−1 = yk−1 +ρ

(
γk−1

sT
k−1µk−1

)
µk−1, k ≥ 1 (3.4.25)

where,
γk−1 = 6( fk − fk+1)+3(Fk +Fk+1)

T sk−1, (3.4.26)

where, ρ ≥ 0 is a constant and µk−1 ∈ Rn satisfying sT
k−1µk−1 ̸= 0.

Substituting z̄k−1 for yk−1 in (3.4.1), we obtain the following modified Hager-
Zhang update parameter,

β EHZ
k (θ) =

FT
k z̄k−1

dT
k−1z̄k−1

−θk

(
∥z̄k−1∥2FT

k dk−1

(dT
k−1z̄k−1)2

)
, (3.4.27)

where z̄k−1 is as defined in (3.4.25). We Observe that, in general, the denom-
inator, dT

k−1z̄k−1 may not be nonzero since γk−1 as defined in (3.4.26) may be
non-positive. We therefore redefine z̄k−1 and obtain the following revised form

ẑk−1 = yk−1 +ρ
max{γk−1,0}

sT
k−1µk−1

µk−1. (3.4.28)

Consequently, the revised form of (3.4.27) becomes

β̂ EHZ
k (θ) =

FT
k ẑk−1

dT
k−1ẑk−1

−θk

(
∥ẑk−1∥2FT

k dk−1

(dT
k−1ẑk−1)2

)
, (3.4.29)
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From (2.3.3) and (3.4.27) we can write search directions of our method as

dk =−EkFk, k = 1,2, ..., (3.4.30)

where Ek is the search direction matrix, which is given by

Ek = I −
sk−1ẑT

k−1

ẑT
k−1sk−1

+θk
∥ẑk−1∥2

ẑT
k−1sk−1

sk−1sT
k−1

ẑT
k−1sk−1

. (3.4.31)

Since Ek is not a symmetric matrix, to obtain a symmetric form we apply the ap-
proach adopted in (Babaie-Kafaki & Ghanbari, 2013 ; Babaie-Kafaki & Ghanbari,
2015). From (3.4.30) we can write

dT
k Fk =−FT

k ET
k Fk =−FT

k
ET

k +Ek

2
Fk, (3.4.32)

with

Ēk =
ET

k +Ek

2
= I − 1

2
sk−1ẑT

k−1 + ẑk−1sT
k−1

ẑT
k−1sk−1

+θk
∥ẑk−1∥2sk−1sT

k−1

(ẑT
k−1sk−1)2 . (3.4.33)

Thus, we have
dT

k Fk =−FT
k ĒkFk, k ≥ 1. (3.4.34)

Proposition 3.4.3 The matrix Ēk defined by (3.4.33) is symmetric.

Proof. Direct computation shows that Ēk = ĒT
k . Hence, Ēk is symmetric.

Theorem 3.4.4 Let the matrix Ēk be defined by (3.4.33). Then, its eigenvalues
consists of 1 with (n−2 multiplicity), λ+

k and λ−
k , where

λ+
k =

1
2

[
(1+ak)+

√
(ak −1)2 +bk −1

]
(3.4.35)

λ−
k =

1
2

[
(1+ak)−

√
(ak −1)2 +bk −1

]
(3.4.36)
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with

ak−= θk
∥ẑk−1∥2∥sk−1∥2

(sT
k−1ẑk−1)2 (3.4.37)

bk =
∥sk−1∥2∥ẑk−1∥2

(sT
k−1ẑk−1)2 , (3.4.38)

where sT
k−1ẑk−1 ̸= 0. Furthermore, all eigenvalues of Ēk are positive real numbers.

Proof. Since sT
k−1ẑk−1 ̸= 0. So, the vectors sk−1 and ẑk−1 are nonzero vectors.

Suppose span{sk−1, ẑk−1}=V ⊂ Rn, then dim(V )≤ 2 and dim(V⊥)≥ n−2.
Therefore, there exists a set of mutually orthogonal vectors {vi

k−1}
n−2
i=1 ⊂ V⊥

satisfying
sT

k−1vi
k−1 = ẑT

k−1vi
k−1 = 0, (3.4.39)

which from (3.4.33) leads to

Ēkvi
k−1 = vi

k−1, i = 1, ...,n−2. (3.4.40)

So, vi
k−1, for i = 1, ...,n− 2 are the eigenvectors of Ēk with eigenvalue 1 each.

Let λ+
k and λ−

k be the remaining two eigenvalues respectively. Observe that
(3.4.33) can be written as

Ēk = I −
sk−1ẑT

k−1

2sT
k−1ẑk−1

−
ẑT

k−1sk−1(ẑk−1 −2θk∥ẑk−1∥2sk−1)sT
k−1

2(sT
k−1ẑk−1)2 . (3.4.41)

We can see that Ēk represents a rank-two update, so from the fundamental algebra
formula (see inequality (1.2.70) of (Sun & Yuan, 2006)), we have

det(I + pqT +uvT ) = (1+qT p)(1+ vT u)− (pT v)(qT u). (3.4.42)

From (3.4.41), Let p = −sk−1, q =
zk−1

2sT
k−1zk−1

, u =
ẑT

k−1sk−1(ẑk−1−2θk∥ẑk−1∥2sk−1)

2(sT
k−1ẑk−1)2 ,

v = sk−1.

Therefore, proceeding as in the EDLCG method, and since sT
k−1sk−1 = ∥sk−1∥2

and ẑT
k−1ẑk−1 = ∥ẑk−1∥2, we obtain

det(Ēk) =
1
4
+θk

∥ẑk−1∥2∥sk−1∥2

(ẑT
k−1sk−1)2 − 1

4
∥sk−1∥2∥ẑk−1∥2

(ẑT
k−1sk−1)2 . (3.4.43)
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Also, since sum of the eigenvalues of a square matrix equals to its trace, from
(3.4.33) we obtain

trace(Ēk) = n−1+θk
∥ẑk−1∥2∥sk−1∥2

(ẑT
k−1sk−1)2 = 1+ ...+1︸ ︷︷ ︸

(n-2) times

+λ+
k +λ−

k , (3.4.44)

for which we have

λ+
k +λ−

k = 1+θk
∥ẑk−1∥2∥sk−1∥2

(ẑT
k−1sk−1)2 . (3.4.45)

Using the relationship between trace and determinant of a matrix and its eigen-
values, we obtain λ+

k and λ−
k as roots of the following quadratic polynomial:

λ 2−

(
1+θk

∥ẑk−1∥2∥sk−1∥2

(ẑT
k−1sk−1)2

)
λ +

1
4
+θk

∥ẑk−1∥2∥sk−1∥2

(ẑT
k−1sk−1)2 − 1

4
∥ẑk−1∥2∥sk−1∥2

(ẑT
k−1sk−1)2 = 0.

(3.4.46)
And applying the quadratic formula we obtain

λ±
k =

1+θk
∥ẑk−1∥2∥sk−1∥2

(ẑT
k−1sk−1)2 ±

√(
θk

∥ẑk−1∥2∥sk−1∥2

(ẑT
k−1sk−1)2 −1

)2

+
∥sk−1∥2∥ẑk−1∥2

(sT
k−1ẑk−1)2 −1

2
.

(3.4.47)
By Cauchy inequality (ẑT

k−1sk−1)≤∥ẑk−1∥∥sk−1∥, which implies that the discrim-
inant in (3.4.47) is nonnegative. Hence, λ+

k > 0. And to obtain λ−
k > 0, we must

have

1+θk
∥ẑk−1∥2∥sk−1∥2

(ẑT
k−1sk−1)2 −

√(
θk

∥ẑk−1∥2∥sk−1∥2

(ẑT
k−1sk−1)2 −1

)2

+
∥sk−1∥2∥ẑk−1∥2

(sT
k−1ẑk−1)2 −1.

2
> 0.
(3.4.48)

Squaring both sides of (3.4.48) and solving for θk as in the previous cases, we
obtain the following approximation

θk >
1
4

(
1−

(ẑT
k−1sk−1)

2

∥ẑk−1∥2∥sk−1∥2

)
, (3.4.49)
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for which λ−
k > 0. Using (3.4.49) in (3.4.47), we see that

λ+
k > λ−

k > 0, ∀k ≥ 1. (3.4.50)

Therefore, all the eigenvalues of the symmetric matrix Ēk are positive and that
ensures that it is a positive-definite matrix. Hence, from (3.4.34), we have

dT
k Fk =−FT

k ĒkFk ≤−λ−
k ∥Fk∥2 < 0, (3.4.51)

which shows that the descent condition is satisfied.

Therefore, based on the eigenvalue analysis, we choose the following as our sec-
ond choice of the parameter θk.

θk2 = p∗−q∗
(ẑT

k−1sk−1)
2

∥ẑk−1∥2∥sk−1∥2 , (3.4.52)

where p∗ ≥ 1
4 and q∗ < 1

4 .

Remark 3.4.5 In order to maintain the condition that the parameter θk ≥ 0, we
restrict the values of the parameter q∗ in (3.4.52) to be negative so as to avoid a
numerically unreasonable approximation.

Based on the above remark, we can write our modified update parameter as

β EHZ
k =

FT
k ẑk−1

dT
k−1ẑk−1

−θk2

(
∥ẑk−1∥2FT

k dk−1

(dT
k−1ẑk−1)2

)
. (3.4.53)

with p∗ ≥ 1
4 and q∗ < 0 satisfying (3.4.52) and guaranteeing the descent condition.

We also write the search direction for the proposed method as

dk =−Fk +

(
FT

k ẑk−1

dT
k−1ẑk−1

−θk2

(
∥ẑk−1∥2FT

k dk−1

(dT
k−1ẑk−1)2

))
dk−1. (3.4.54)

Algorithm 3.4.6 (Enhanced Hager-Zhang CG method (EHZCG))
Step1: Given ε > 0, choose an initial point x0 ∈ Rn, a positive sequence {ηk}
satisfying (3.2.48), and constants r ∈ (0,1),σ1,σ2 > 0, ξ ≥1

4 , γ < 0. Compute
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d0 =−F0 and set k = 0.
Step2: Compute F(xk). If ∥F(xk)∥ ≤ ε , stop. Otherwise, compute the search
direction dk using(3.4.54).
Step3: Compute αk via the line search in (3.2.49).
Step4: Set xk+1 = xk +αkdk.
Step5: Set k := k+1 and go to Step 2.

3.5 CONVERGENCE ANALYSIS

In this section, we present convergence results of our proposed methods. We
require the following Assumptions

Assumption 3.5.1 The level set

Ω = {x|∥F(x)∥ ≤ ∥F(x0)∥} (3.5.1)

is bounded, namely, there exists a constant B > 0 such that ∥F(x)∥ ≤ B, ∀x ∈ Ω.

Assumption 3.5.2 .

(1) The solution set of problem (1.2.1) is not empty.
(2) F is continuously differentiable on an open convex set Φ1 containing Ω.

(3) F is Lipschitz continuous in some neighborhood N of Ω; namely, there exists
a positive constant L > 0 such that,

∥F(x)−F(y)∥ ≤ L∥x− y∥, (3.5.2)

for all x,y ∈ N.

Assumption 3.5.1 and condition (3) of Assumption 3.5.2 imply (see Proposition
1.3 of (Babaie-Kafaki, Fatemi, & Mahdavi-Amiri, 2011)) that there exists a posi-
tive constant ω such that

∥F(xk)∥ ≤ ω , (3.5.3)

for all x ∈ Ω.
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(4) The Jacobian of F is bounded, symmetric and positive-definite on Φ1, which
implies that there exists constants m2 ≥ m1 > 0 such that

∥F ′(x)∥ ≤ m2, ∀x ∈ Φ1, (3.5.4)

and
m1∥d∥2 ≤ dT F ′(x)d, ∀x ∈ Φ1,d ∈ Rn. (3.5.5)

3.5.1 Convergence Result of Enhanced Dai-Liao CG Method

Lemma 3.5.3 Let {xk} be generated by the Algorithm 3.2.4, then dk is a descent
direction for F(xk) at xk. i.e

F(x)T dk < 0. (3.5.6)

Proof. By (3.2.44), the Lemma is true and we can deduce that the norm function
f (xk) is a descent along the direction dk. i.e ∥F(xk+1)∥ ≤ ∥F(xk)∥ is true ∀k.

Lemma 3.5.4 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be generated
by the Algorithm 3.2.4, then {xk} ⊂ Ω. Moreover, {∥Fk∥} converges.

Proof. By Lemma 3.5.3, we have ∥F(xk+1)∥ ≤ ∥F(xk)∥. So, by Lemma 3.3 in
(Dai, Han & Li, 1999), we conclude that {∥Fk∥} converges. Moreover, for all k,
we have

∥F(xk+1)∥ ≤ ∥F(xk)∥ ≤ ∥F(xk−1∥...≤ ∥F(x0∥. (3.5.7)

This implies that {xk} ⊂ Ω.

Lemma 3.5.5 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be generated
by the Algorithm 3.2.4, then

lim
k→∞

∥αkdk∥= lim
k→∞

∥sk∥= 0, (3.5.8)

and
lim

k→∞
∥αkF(xk)∥= 0. (3.5.9)
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Proof. From the line search (3.2.49) and for all k > 0, we obtain

σ2∥αkdk∥2 ≤ σ1∥αkFk∥2 +σ2∥αkdk∥2

≤ ∥Fk∥2 −∥Fk+1∥2 +ηk∥Fk∥2.
(3.5.10)

And by summing up the above k inequality, we obtain

σ2

k

∑
i=0

∥αkdk∥2 ≤
k

∑
i=0

(∥F(xi)∥2 −∥F(xi+1)∥2)+
k

∑
i=0

ηi∥F(xi)∥2

= ∥F(x0)∥2 −∥F(xk+1)∥2 +
k

∑
i=0

ηi∥F(xi)∥2

≤ ∥F(x0)∥2 +∥F(x0)∥2
k

∑
i=0

ηi

≤ ∥F(x0)∥2 +∥F(x0)∥2
∞

∑
i=0

ηi.

(3.5.11)

Therefore, by (3.5.1) and since {ηi} satisfies (3.2.48), then the series ∑k
i=0 ∥αkdk∥2

is convergent, which implies that (3.5.8) holds. Using the same argument as
above, with σ1∥αkF(xk)∥2 on the left-hand sides, we obtain (3.5.9).

Lemma 3.5.6 (Yuan∗ & Lu, 2008). Suppose Assumptions 3.5.1 and 3.5.2 holds
and {xk} be generated by Algorithm 3.2.4. Then there exists a constant m > 0
such that,

yT
k sk ≥ m2∥sk∥2 > 0, ∀k ≥ 1. (3.5.12)

Proof. By mean-value theorem we have

yT
k sk = sT

k (F(xk+1)−F(xk)) = sT
k F ′(φ)sk ≥ m1∥sk∥2 > 0, (3.5.13)

where φ = λxk +(1−λ )xk+1, for some λ ∈ (0,1). We obtain the last inequality
from (3.5.5). Letting m1 = m2 the proof is established.

Lemma 3.5.7 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let the sequence {xk}
be generated by Algorithm 3.2.4 with update parameter β EDL

k , then, there exists
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M > 0 such that
∥dEDL

k ∥ ≤ M, ∀k. (3.5.14)

Proof. By (3.2.15) and Lemma 3.5.6, we have

sT
k−1zk−1 = sT

k−1yk−1 +ϕ
max{ϑk−1,0}

sT
k−1µk−1

sT
k−1µk−1 +C∥Fk∥b∥sk−1∥2

≥ sT
k−1yk−1 ≥ m2∥sk−1∥2.

(3.5.15)

Applying the mean-value theorem we have

|ϑk−1|= |2( fk − fk+1)+(Fk−1 +Fk)
T sk−1|

= |(−2∇ f (ζ )+∇ f (xk)+∇ f (xk+1))
T sk−1|,

(3.5.16)

where ζ = ςxk +(1− ς)xk+1, for some ς ∈ (0,1).

Hence from (3.5.2), we obtain

|ϑk−1| ≤ (∥∇ f (xk)−∇ f (ζ )∥+∥∇ f (xk+1)−∇ f (ζ )∥)∥sk−1∥

≤ (L(1− ς)∥sk−1∥+Lς∥sk−1∥)∥sk−1∥

= L∥sk−1∥2.

(3.5.17)

Also, from (3.2.15), (3.5.2), (3.5.35), and by setting µk−1 = sk−1 and ∥Fk∥ = ρ ,
we obtain

∥zk−1∥ ≤ ∥yk−1∥+ϕ
|ϑk−1|

|sT
k−1sk−1|

∥sk−1∥+Cρb∥sk−1∥

≤ L∥sk−1∥+ϕL∥sk−1∥+Cρb∥sk−1∥

= (L+ϕL+Cρb)∥sk−1∥.

(3.5.18)
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And by using (3.2.45), (3.5.15) and (3.5.18), we get

|tEDL|=

∣∣∣∣∣m ∥zk−1∥2

sT
k−1zk−1

−n
sT

k−1zk−1

∥sk−1∥2

∣∣∣∣∣
≤ m

((L+ϕL+Cρb)∥sk−1∥)2

m2∥sk−1∥2 + |n|m2∥sk−1∥2

∥sk−1∥2

= m
(L+ϕL+Cρb)2

m2
+ |n|m2.

(3.5.19)

Also, from (2.3.3), (3.5.18), (3.5.19) and by setting Cρb = m̂ we obtain,

∥dEDL
k ∥= ∥−F(xk)+β EDL

k dk−1∥

= ∥F(xk)∥+
∥F(xk)∥∥zk−1∥

sT
k−1zk−1

∥sk−1∥+ |tEDL|∥F(xk)∥∥sk−1∥
sT

k−1zk−1
∥sk−1∥

≤ ρ +
ρ(L+ϕL+ m̂)

m2
+

(
m
(L+ϕL+ m̂)2

m2
+ |n|m2

)
ρ

m2

=

(
1+

(L+ϕL+ m̂)

m2
+m

(L+ϕL+ m̂)2

m2
2

+ |n|
)

ρ

=
(m2

2 +m2(L+ϕL+ m̂)+m(L+Lϕ + m̂)2 + |n|)ρ
m2

2

=
c1ρ
m2

2
,

(3.5.20)

where c1 = (m2
2 +m2(L+ϕL+ m̂)+m(L+Lϕ + m̂)2 + |n|).

Setting M := c1ρ
m2 we obtain the required result.

We use the next theorem to establish global convergence of Algorithm 3.2.4.

Theorem 3.5.8 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let the sequence
{xk} be generated by Algorithm 3.2.4. Also, assume that for all k > 0

αk ≥ c
|F(xk)

T dk|
∥dk∥2 , (3.5.21)
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where c is some positive constant. Then {xk} converges globally to a solution of
problem (1.2.1); i.e,

lim
k→∞

∥F(xk)∥= 0. (3.5.22)

Proof. From (3.5.8) and the boundedness of {∥dk∥}, we have

lim
k→∞

αk∥dk∥2 = 0. (3.5.23)

From (3.5.21) and (3.5.23) we have

lim
k→∞

|F(xk)
T dk|= 0. (3.5.24)

On the other hand, from (3.2.44) we have

F(xk)
T dk =−λ−

k ∥F(xk)∥2

∥F(xk)∥2 =

∥∥∥∥− 1
λ−

k
F(xk)

T dk

∥∥∥∥
≤ |F(xk)

T dk|
∣∣∣∣ 1
λ−

k

∣∣∣∣ .
(3.5.25)

But from (3.3.30), we have

λ+
k > λ−

k > 0, ∀k. (3.5.26)

Thus, from (3.5.25) and applying the sandwich theorem, we obtain

0 ≤ ∥F(xk)∥2 ≤ |F(xk)
T dk|

(
1

λ−
k

)
−→ 0. (3.5.27)

Therefore,
lim

k→∞
∥F(xk)∥= 0. (3.5.28)

And the proof is completed.
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3.5.2 Convergence Result of A Dai-Liao CG Method

Lemma 3.5.9 Let {xk} be generated by Algorithm 3.3.4, then dk is a descent
direction for F(xk) at xk. i.e

F(x)T dk < 0. (3.5.29)

Proof. By (3.3.31), the lemma is true and we can deduce that the norm function
f (xk) is a descent along the direction dk. i.e ∥F(xk+1)∥ ≤ ∥F(xk)∥ is true ∀k.

Lemma 3.5.10 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be gener-
ated by the Algorithm 3.3.4, then {xk} ⊂ Ω. Moreover, {∥Fk∥} converges.

Proof. Similar to the one obtained for Algorithm 3.2.4.

Lemma 3.5.11 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be gener-
ated by the Algorithm 3.3.4, then

lim
k→∞

∥αkdk∥= lim
k→∞

∥sk∥= 0, (3.5.30)

and
lim

k→∞
∥αkF(xk)∥= 0. (3.5.31)

Proof. The proof is similar to the one obtained for Algorithm 3.2.4.

Lemma 3.5.12 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be gener-
ated by the Algorithm 3.3.4, then, there exists M > 0 such that

∥dADL
k ∥ ≤ M, ∀k. (3.5.32)

Proof. Using (3.3.3) and (3.5.12), we get

sT
k−1wk−1 = sT

k−1yk−1 +2ϕ
max{ϑk−1,0}

sT
k−1µk−1

sT
k−1µk−1 ≥ sT

k−1yk−1 ≥ m2∥sk−1∥2.

(3.5.33)
Applying the mean-value theorem we have

|ϑk−1|= |2( fk − fk+1)+(Fk−1 +Fk)
T sk−1|

= |(−2∇ f (φ)+∇ f (xk)+∇ f (xk+1))
T sk−1|,

(3.5.34)
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where φ = λxk +(1−λ )xk+1, for some λ ∈ (0,1).

Hence from (3.5.2), we have

|ϑk−1| ≤ (∥∇ f (xk)−∇ f (φ)∥+∥∇ f (xk+1 −∇ f (φ)∥)∥sk−1∥

≤ (L(1−λ )∥sk−1∥+Lλ∥sk−1∥)∥sk−1∥

= L∥sk−1∥2.

(3.5.35)

Utilizing (3.3.3), (3.5.2), (3.5.35), and setting µk−1 = sk−1, we obtain

∥wk−1∥ ≤ ∥yk−1∥+2ϕ
|ϑk−1|

|sT
k−1sk−1|

∥sk−1∥

≤ L∥sk−1∥+2ϕL
∥sk−1∥2

∥sk−1∥2∥sk−1∥

= (L+2ϕL)∥sk−1∥.

(3.5.36)

And by using (3.3.32), (3.5.2) and (3.5.36), we get

|tADL|=

∣∣∣∣∣m∗ ∥wk−1∥2

sT
k−1wk−1

−n∗
sT

k−1wk−1

∥sk−1∥2

∣∣∣∣∣
≤

∣∣∣∣∣m∗ ∥wk−1∥2

sT
k−1wk−1

∣∣∣∣∣+
∣∣∣∣∣n∗ sT

k−1wk−1

∥sk−1∥2

∣∣∣∣∣
≤ m∗ ((L+2ϕL)∥sk−1∥)2

m2∥sk−1∥2 + |n∗m2∥sk−1∥2

∥sk−1∥2

= m∗ (L+2ϕL)2

m2
+m2|n∗|.

(3.5.37)
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By utilizing (2.3.3), (3.3.32), (3.3.33), (3.5.36) and (3.5.37) we obtain,

∥dADL
k ∥= ∥−F(xk)+β ADL

k dk−1∥

= ∥−F(xk)+
F(xk)

T wk−1

sT
k−1wk−1

sk−1 − tADL F(xk)
T sk−1

sT
k−1wk−1

sk−1∥

≤ ∥F(xk)∥+
∥F(xk)∥∥wk−1∥

sT
k−1wk−1

∥sk−1∥+ |tADL|∥F(xk)∥∥sk−1∥
sT

k−1wk−1
∥sk−1∥

≤ ∥F(xk)∥+
∥F(xk)∥(L+2ϕL)

m2
+

(
m∗ (L+2ϕL)2

m2
+m2|n∗|

)
∥F(xk)∥

m2

=

(
1+

(L+2ϕL)
m2

+

(
m∗ (L+2ϕL)2

m2
2

+ |n∗|
))

∥F(xk)∥

=
(m2 +m2(L+2ϕL)+((L+2ϕL)2m∗+ |n∗|))ω

m2

=
c1ω
m2

2

(3.5.38)

where c1 = (m2
2 +m2(L+2ϕL)+((L+2ϕL)2m∗+ |n∗|)).

Setting M := c1ω
m2

2
we obtain the required result.

Next, we prove the global convergence of Algorithm 3.3.4.

Theorem 3.5.13 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be gener-
ated by the Algorithm 3.3.4. Also, assume that for all k > 0

αk ≥ c
|F(xk)

T dk|
∥dk∥2 , (3.5.39)

where c is some positive constant. Then {xk} converges globally to a solution of
problem (1.2.1); i.e,

lim
k→∞

∥F(xk)∥= 0. (3.5.40)

Proof. Similar to the one obtained for Algorithm 3.2.4.
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3.5.3 Convergence Result of Improved Hager-Zhang CG method

Lemma 3.5.14 Let {xk} be generated by Algorithm 3.4.2, then dk is a descent
direction for F(xk) at xk. i.e

F(x)T dk < 0. (3.5.41)

Proof. By (3.4.20), the Lemma is true and we can deduce that the norm function
f (xk) is a descent along the direction dk. i.e ∥F(xk+1)∥ ≤ ∥F(xk)∥ is true ∀k.

Lemma 3.5.15 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be gener-
ated by Algorithm 3.4.2, then {xk} ⊂ Ω. Moreover, {∥Fk∥} converges.

Proof. Similar to the one obtained for Algorithm 3.2.4

Lemma 3.5.16 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be gener-
ated by the Algorithm 3.4.2, then

lim
k→∞

∥αkdk∥= lim
k→∞

∥sk∥= 0, (3.5.42)

and
lim

k→∞
∥αkF(xk)∥= 0. (3.5.43)

Proof. Similar to the one obtained for Algorithm 3.2.4.

Lemma 3.5.17 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be gener-
ated by the Algorithm 3.4.2, then there exists M > 0 such that

∥dIHZ
k ∥ ≤ M, ∀k. (3.5.44)

Proof By condition (3) of Assumption 3.2 we have

∥yk−1∥= ∥F(xk)−F(xk−1)∥

≤ L∥xk − xk−1∥

= L∥sk−1∥.

(3.5.45)
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So,using (3.4.21), (3.5.2) and (3.5.12) we get

|θk1|=

∣∣∣∣∣ξ −ψ
(sT

k−1yk−1)
2

∥yk−1∥2∥sk−1∥2

∣∣∣∣∣
≤ |ξ |+

∣∣∣∣∣ψ (sT
k−1yk−1)

2

∥yk−1∥2∥sk−1∥2

∣∣∣∣∣
≤ ξ + |ψ|

m2
2∥sk−1∥4

L2∥sk−1∥4

=

(
ξ + |ψ|

m2
2

L2

)
.

(3.5.46)

Therefore, from (2.3.3), (3.5.12), (3.5.45) and (3.5.46) we obtain

∥dIHZ
k ∥= ∥−F(xk)+β IHZ

k dk−1∥

= ∥−F(xk)+
F(xk)

T yk−1

sT
k−1yk−1

sk−1 −θk1
∥yk−1∥2F(xk)

T sk−1

(sT
k−1yk−1)2 sk−1∥

≤ ∥F(xk)∥+
∥F(xk)∥∥yk−1∥

sT
k−1yk−1

∥sk−1∥+ |θk1|
∥yk−1∥2∥F(xk)∥∥sk−1∥

(sT
k−1yk−1)2 ∥sk−1∥

≤ ∥F(xk)∥+
L∥F(xk)∥∥sk−1∥

m2∥sk−1∥2 ∥sk−1∥+
(

ξ + |ψ|
m2

2
L2

)
(L∥sk−1∥)2∥F(xk)∥∥sk−1∥2

(m2∥sk−1∥2)2

= ∥F(xk)∥+
L∥F(xk)∥

m2
+

(
ξ + |ψ |

m2
2

L2

)
L2∥F(xk)∥

m2
2

=
(m2

2 +m2L+ξ L2 + |ψ|m2
2)∥F(xk)∥

m2
2

=
c3∥F(xk)∥

m2
2

,

(3.5.47)

where c3 = (m2
2 +m2L+ξ L2 + |ψ|m2

2).

Setting M := c3∥F(xk)∥
m2

2
we establish the result.

We use the next theorem to establish global convergence of Algorithm 3.4.2.
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Theorem 3.5.18 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be gener-
ated by the Algorithm 3.4.2. Also, assume that for all k > 0

αk ≥ c
|F(xk)

T dk|
∥dk∥2 , (3.5.48)

where c is some positive constant. Then {xk} converges globally to a solution of
problem (1.2.1); i.e,

lim
k→∞

∥F(xk)∥= 0. (3.5.49)

Proof. Similar to the one obtained for Algorithm 3.2.4

3.5.4 Convergence Result of Enhanced Hager-Zhang CG method

Lemma 3.5.19 Let {xk} be generated by Algorithm 3.4.6, then dk is a descent
direction for F(xk) at xk. i.e

F(x)T dk < 0. (3.5.50)

Proof. By (3.4.51), the Lemma is true and we can deduce that the norm function
f (xk) is a descent along the direction dk. i.e ∥F(xk+1)∥ ≤ ∥F(xk)∥ is true ∀k.

Lemma 3.5.20 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be gener-
ated by the Algorithm 3.4.6, then {xk} ⊂ Ω. Moreover, {∥Fk∥} converges.

Proof. Similar to the one obtained for Algorithm 3.2.4

Lemma 3.5.21 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be gener-
ated by the Algorithm 3.4.6, then

lim
k→∞

∥αkdk∥= lim
k→∞

∥sk∥= 0, (3.5.51)

and
lim

k→∞
∥αkF(xk)∥= 0. (3.5.52)

Proof. Similar to the one obtained for Algorithm 3.2.4.

Lemma 3.5.22 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be gener-
ated by the Algorithm 3.4.6, then there exists M̄ > 0 such that

∥dEHZ
k ∥ ≤ M̄, ∀k. (3.5.53)
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Proof. By utilizing (3.4.28), (3.5.12) and setting µk−1 = sk−1, we have

sT
k−1ẑk−1 = sT

k−1yk−1 + ρ̄ max{γk−1,0} ≥ sT
k−1yk−1 ≥ m2∥sk−1∥2. (3.5.54)

And from the mean-value theorem we obtain

γk−1 = 6( fk − fk+1)+3(Fk−1 +Fk)
T sk−1

= 3(−2∇ f (ξ )+∇ f (xk)+∇ f (xk+1))
T sk−1,

(3.5.55)

where ξ = λxk +(1−λ )xk+1, for some λ ∈ (0,1).

Hence from (3.5.2), we have

|γk−1| ≤ 3(∥∇ f (xk)−∇ f (ξ )∥+∥∇ f (xk+1)−∇ f (ξ )∥)∥sk−1∥

≤ 3(L(1−λ )∥sk−1∥+Lλ∥sk−1∥)∥sk−1∥

= 3L∥sk−1∥2.

(3.5.56)

Therefore, from (3.5.2), (3.5.54) and (3.5.56) with µk−1 = sk−1, we obtain

∥ẑk−1∥ ≤ ∥yk−1∥+ ρ̄
|γk−1|

sT
k−1sk−1

∥sk−1∥

≤ L∥sk−1∥+
3Lρ̄∥sk−1∥2

∥sk−1∥2 ∥sk−1∥

= L∥sk−1∥+3Lρ̄∥sk−1∥= L∥sk−1∥(1+3Lρ̄) = L∥sk−1∥M̂.

(3.5.57)

where, M̂ = (1+3Lρ̄).

And by using (3.5.54) and (3.5.57), we get

|θk2|=

∣∣∣∣∣p∗−q∗
(sT

k−1ẑk−1)
2

∥ẑk−1∥2∥sk−1∥2

∣∣∣∣∣
≤ p∗+q∗

(m2∥sk−1∥2)2

(LM̂∥sk−1∥)2∥sk−1∥2

= p∗+q∗
m2

2

L2M̂2
.

(3.5.58)
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Therefore, from (2.3.3), (3.5.12), (3.5.54) and (3.5.58) we obtain

∥dEHZ
k ∥= ∥−F(xk)+β EHZ

k dk−1∥

= ∥−F(xk)+
F(xk)

T ẑk−1

sT
k−1ẑk−1

sk−1 −θk2
∥ẑk−1∥2F(xk)

T sk−1

(sT
k−1ẑk−1)2 sk−1∥

≤ ∥F(xk)∥+
∥F(xk)∥∥ẑk−1∥

sT
k−1ẑk−1

∥sk−1∥+ |θk2|
∥ẑk−1∥2∥F(xk)∥∥sk−1∥

(sT
k−1ẑk−1)2 ∥sk−1∥

≤ ∥F(xk)∥+
LM̂∥F(xk)∥∥sk−1∥2

m2∥sk−1∥2 +

(
p∗+ |q∗|

m2
2

L2M̂2

)
L2M̂2∥sk−1∥4∥F(xk)∥

(m2∥sk−1∥2)2

= ∥F(xk)∥+
LM̂∥F(xk)∥

m2
+

(
p∗+ |q∗|

m2
2

L2M̂2

)
L2M̂2∥F(xk)∥

m2
2

=
(m2

2 +m2LM̂+ p∗L2M̂2 + |q∗|m2
2)∥F(xk)∥

m2
2

=
c4∥F(xk)∥

m2
2

,

(3.5.59)

where c4 = (m2
2 +m2LM̂+ p∗L2M̂2 + |q∗|m2

2).

Setting M := c4∥F(xk)∥
m2

2
we establish the result.

We use the next theorem to establish global convergence of Algorithm 3.4.2.

Theorem 3.5.23 Suppose Assumptions 3.5.1 and 3.5.2 holds. Let {xk} be gener-
ated by the Algorithm 3.4.6. Also, assume that for all k > 0

αk ≥ c
|F(xk)

T dk|
∥dk∥2 , (3.5.60)

where c is some positive constant. Then {xk} converges globally to a solution of
problem (1.2.1); i.e,

lim
k→∞

∥F(xk)∥= 0. (3.5.61)

Proof. Similar to the one obtained for Algorithm 3.2.4.
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CHAPTER FOUR

NUMERICAL RESULTS

4.1 INTRODUCTION

In this section, we present numerical results to show the efficiency of the proposed
methods by comparing their performance with the following existing methods in
the literature.

• A family of conjugate gradient methods for large-scale nonlinear equations
(FCGM) (Sun, Wang, & Feng, 2017) with search directions given by

dk =

−F(xk), if k = 0,

−
(

1−βk
F(xk)

T dk−1
∥F(xk)∥2

)
F(xk)+βkdk−1, if k ≥ 1,

(4.1.1)

where βk is such that

|βk|= t
∥F(xk)∥
∥dk−1∥

, ∀k ≥ 1, t > 0. (4.1.2)

• A three-terms Polak-Ribieré-Polyak conjugate gradient algorithm for large-
scale nonlinear equations (TTPRP) (Yuan & Zhang, 2015) with search di-
rections given by

dk =

−gk +
gT

k ykdk−1−gT
k dk−1yk

max{µ∥dk−1∥∥yk∥,∥gk−1∥2} , if k ≥ 1,

−gk, if k = 0,
(4.1.3)
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where µ > 0 is a constant.

• A modified Hestenes and Stiefel conjugate gradient algorithm for large-
scale nonsmooth minimization and nonlinear equations (MHSCG) (Yuan,
Meng, & Li, 2016) with search directions given by

dk =

−gk +
gT

k δkdk−1−dT
k−1gkδk

max{2γ∥dk−1∥∥δ∥,dT
k−1δk}

, if k ≥ 1,

−gk, if k = 0,
(4.1.4)

where δk = gk −gk−1 and γ > 0 is a constant.

We used the same line search procedure for our proposed methods and set the
parameters to σ1 = σ2 = 10−4, α0 = 0.01, r = 0.2 and ηk =

1
(k+1)2 . In addition,

we set the other parameters for the methods as follows:

• EDLCG: we set m = 0.9, n =−0.65, ϕ = 1 and C = b = 0.01.

• ADLCG: we set m∗ = 0.9, n∗ =−0.6, and ζ = 0.9.

• IHZCG: we set ξ = 1.5 and ψ =−0.5.

• EHZCG: we set p∗ = 1.6, q∗ =−0.65 and ρ = 0.01.

• For the EDLCG, ADLCG and EHZCG, we set µk−1 = sk−1.

For the FCGM, TTPRP, and MHSCG methods, we applied the monotone line
search strategies presented in the respective papers and set the parameters as used
by the authors. Also, the codes for all the methods were written in Matlab R2014a

environment and run on a PC (CPU 2.20GHZ, 8GB memory) with windows op-
erating system. Our stopping criteria is ∥Fk∥ ≤ 10−5.

Furthermore, using fifteen test problems with different initial points and di-
mensions, numerical results of experiment carried out with all the seven methods
are reported in tables (4.2−4.17). ”Guess” and ”Dim” indicates the starting point
of the iteration and dimension of a problem. ”iter” and ”Time” stands for total
number of iterations and CPU time in seconds respectively. Also, ”∥Fk∥” stands
for the residual at stopping point while ”-” indicates failure of a method due to
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one of the following:
(i) Insufficient memory
(ii) Number of iterations exceeds 1000 and no point xk satisfies the stopping cri-
teria.

Also, a summary of the results from tables (4.2−4.17) are presented in tables
(4.18−4.21), where the number of problems for which each method outperforms
the rest with respect to number of iterations and CPU time are reported. In addi-
tion, we use the performance profile of Dolan and Moré (2002) as an evaluation
tool to approximately assess the performance and efficiency of each of the meth-
ods.

In order to analyze the efficiency of Algorithms, an important tool was pre-
sented by Dolan and Moré (2002). They introduced the notion of a performance
profile as a means to evaluate and compare the performance of set of solvers S on
a test set P. Assuming there exist ns solvers and np problems, for each problem
p and solvers s, they defined tp,s =computing time ( also, the number of function
evaluations or others) required to solve problem p by solvers s.

In order to obtain a baseline for comparisons, they compared the performance
on problem p by solver s with the best performance by any solver on this problem;
that is, using the performance ratio

rp,s =
tp,s

min tp,s : sεS
. (4.1.5)

Then they defined

ρs(τ) =
1
np

sizepεP : rp,s ≤ τ, (4.1.6)

thus ρs(t) is the probability for solver sεS that a performance ratio rp,s is within a
factor τ ≥ 1 of the best possible ratio. Then function ρs is the distribution function
for the performance ratio. The performance profile ρs : R → [0,1] for a solver is
a nondecreasing, piecewise constant function, continuous from the right at each
breakpoint. That is, for subset of the methods being analyzed, the fraction P of the
problems for which any given method is within a factor τ of the best is plotted.
The value of ρs(1) is the probability that the solver win over the rest of the solvers.
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According to the above rules, we know that one solver whose performance
profile plot stays above the the others will win over the rest of the solvers (Stei-
huag & Sara, 2013).

4.2 INITIAL POINTS AND TEST FUNCTIONS

In this section, we present initial points and test functions used to test all the seven
methods:

Table 4.1: Initial points used for the test problems

INITIAL POINTS (IP) VALUES
x1 (1,1, ...,1)T

x2 (1
2 ,

1
22 , ...,

1
2n )T

x3 (1, 1
2 , ...,

1
n)

T

x4 (−1, −3
2 , ...,(1

n)−2)T

x5 (1
3 ,

1
32 , ...,

1
3n )T

x6 (1, 1
4 , ...

1
n2 )

T

x7 (0,−1, ...,(2
n)−2)T

x8 (1
n ,

2
n , ...,1)

T

x9 (1, 22

23 ,
n2

n3 )
T

x10 (1− 1
n ,1−

2
n , ...,0)

T

The following are the benchmark problems used to test the proposed methods,
where F(x) = ( f1(x), f2(x), ..., fn(x))T , and x = (x1,x2, ...,xn)

T .
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Problem 1 (Zhou & Li, 2007). The elements of F(x) are given by:

Fi(x) = 2xi − sin|xi|, i = 1, . . . ,n.

Problem 2 (Yuan & Zhang, 2015). The elements of F(x) are given by:

Fi(x) = log(xi +1)− xi
n , i = 2, . . . ,n.

Problem 3 (Yuan & Zhang, 2015). The elements of F(x) are given by:

Fi(x) = exi −1, i = 1,2, . . . ,n.

Problem 4 (Zhou & Shen, 2014). The elements of F(x) are given by:

F1(x) = x1(x2
1 + x2

2)−1,
Fi(x) = xi(x2

i−1 +2x2
i + x2

i+1)−1, i = 2,3, . . . ,n−1,
Fn(x) = xn(x2

n−1 + x2
n).

Problem 5 (Sun, Wang, & Feng, 2017). The elements of the F(x) are given by:

F1(x) = x1 − e(cos x1+x2
n+1 ),

Fi(x) = xi − e(cos
x1−1+xi+xi+1

n+1 ), i = 2,3, . . . ,n−1,
Fn(x) = xn − e(cos

xn−1+xn
n+1 ).

Problem 6 (Liu & Feng, 2017). The elements of the F(x) are given by:

F1(x) = 2.5x1 + x2 −1,
Fi(x) = xi−1 +2.5xi + xi+1 −1, i = 2, . . . ,n−1,
Fn(x) = xn−1 +2.5xn −1.
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Problem 7 (La Cruz, 2017). The elements of F(x) are given by:

F1(x) = 2x1 + sin(x1)−1,
Fi(x) =−2xi−1 +2xi + sin(xi)−1, i = 2, . . . ,n−1,
Fn(x) = 2xn + sin(xn)−1.

Problem 8 (Zhou & Shen, 2014). The function F(x) is given by

F(x) = A1x+b1,
where b1 = (ex

1 −1, . . . ,ex
n −1)T , and

A1 =



2 −1
−1 2 −1

. . . . . . . . .
. . . . . . −1

−1 2


.

Problem 9 (Zhou & Shen, 2014). The elements of F(x) are given by:

F(x) = A2x+b2,
where b2 = (sinx1 −1, . . . ,sinxn −1)T , and

A2 =



2 −1
0 2 −1

. . . . . . . . .
. . . . . . −1

0 2


.
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Problem 10. (Yuan & Zhang, 2015) The elements of F(x) are given by:

Fi(x)= 2
(

n+ i(1− cosxi)− sinxi −∑n
j=1 cosx j

)
(2sinxi−cosxi), i= 1,2, . . . ,n.

Problem 11 (La Cruz, 2017). The function F(x) is given by:

F(x) = A3x+b3,
where b3 = (−1,−1,−1, . . . ,−1)T , and

A =



5/2 1
1 5/2 1

. . . . . . . . .
. . . . . . 1

1 5/2


.

Problem 12 (Koorapetse, Kaelo, & Offen, 2018). The elements of F(x) are given
by:

Fi(x) = xi − 1
nx2

i +
1
n ∑n

i=1 xi + i, i = 1,2, . . . ,n..

Problem 13 (Yuan, 2017). The elements of F(x) are given by:

Fi(x) =
√

10−5(xi −1),
Fn(x) = 1

4n ∑n
j=1 x2

j − 1
4 , i = 2,3, . . . ,n−1.

Problem 14 Artificial problem

F1(x) = 2x1 − x2 +uh2 log(cosh(x1 −1)−1), i = 2, . . . ,n−1,
Fi(x) = 2xi − xi−1 +uh2 log(cosh(xi −1)−1),
Fn(x) = 2xn − xn−1 +uh log(cosh(xn −1)−1), u = 10,h = 1

(n+1) .
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Problem 15 (Zhang & Zhou, 2006). The elements of F(x) are given by:

Fi(x) = 2xi − sin|xi −1|, i = 1, . . . ,n.

4.3 COMPUTATIONAL EXPERIMENTS

In this section, numerical results are presented as follows:
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Table 4.18: Number of problems (with percentage) solved by EDLCG, FCGM,
TTPRP, and MHSCG methods with least iterations and CPU time

Method Iter Percentage CPU time Percentage

EDLCG 106 88.33% 95 79.17%

FCGM 14 11.67% 20 16.67%

TTPRP 0 0 4 3.33%

MHSCG 0 0 1 0.83%

Undecided 0 0 0 0

Table 4.19: Number of problems (with percentage) solved by ADLCG, FCGM,
TTPRP, and MHSCG methods with least iterations and CPU time

Method Iter Percentage CPU time Percentage

ADLCG 104 86.67% 91 75.83%

FCGM 11 9.16% 25 20.83%

TTPRP 0 0 3 2.50%

MHSCG 0 0 1 0.84%

Undecided 5 4.17% 0 0
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Table 4.20: Number of problems (with percentage) solved by IHZCG, FCGM,
TTPRP, and MHSCG methods with least iterations and CPU time

Method Iter Percentage CPU time Percentage

IHZCG 106 88.33% 107 89.17%

FCGM 11 9.17% 12 10.00%

TTPRP 0 0 1 0.83%

MHSCG 0 0 0 0

Undecided 3 2.50% 0 0

Table 4.21: Number of problems (with percentage) solved by EHZCG, FCGM,
TTPRP, and MHSCG methods with least iterations and CPU time

Method Iter Percentage CPU time Percentage

EHZCG 102 85.00% 99 82.50%

FCGM 8 15.00% 20 16.67%

TTPRP 0 0 1 0.83%

MHSCG 0 0 0 0

Undecided 3 0 0 0
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Figure 4.1: Performance profile of EDLCG, FCGM, TTPRP, and MHSCG meth-
ods (for number of iterations)
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Figure 4.2: Performance profile of EDLCG, FCGM, TTPRP, and MHSCG meth-
ods (for CPU time)
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Figure 4.3: Performance profile of ADLCG, FCGM, TTPRP, and MHSCG meth-
ods (for number of iterations)
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Figure 4.4: Performance profile of ADLCG, FCGM, TTPRP, and MHSCG meth-
ods (for CPU time)
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Figure 4.5: Performance profile of IHZCG, FCGM, TTPRP, and MHSCG meth-
ods (for number of iterations)
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Figure 4.6: Performance profile of IHZCG, FCGM, TTPRP, and MHSCG meth-
ods (for CPU time)
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Figure 4.8: Performance profile of EHZCG, FCGM, TTPRP, and MHSCG meth-
ods (for CPU time)
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4.4 DISCUSSION OF RESULTS

This section analyzes the test results presented in tables (4.2−4.17), the summary
that follows in tables (4.18− 4.21), as well as interpretations of Figures (4.1−
4.8). From tables (4.2−4.17), it is observed that our proposed methods perform
better than the three methods used to compare them with in terms of less iterations
and CPU time. This is partly due to our choice of the nonnegative parameter t,
the inclusion of secant conditions and also because our methods generate descent
search directions.

As reported in tables (4.2−4.5), the EDLCG method outperforms the FCGM,
TTPRP, and the MHSCG methods in terms of number of iterations as well as CPU
time respectively. The tables reveal that the EDLCG method solves more of the
test problems with less number of iterations and minimum CPU time. To support
that claim, a summary of the analysis is presented in table (4.18). The table indi-
cates that the EDLCG method solves (88.33%) of the problems with less number
of iterations compared to FCGM (11.67%). Both TTPRP and MHSCG methods
did not record least number of iterations. The table also shows that (79.17%) of
the problems were solved by the EDLCG scheme with least CPU time as com-
pared with FCGM (16.67%), TTPRP (3.33%), and MHSCG (0.83%).

Numerical results in tables (4.6−4.9) reveals that the ADLCG method is more
efficient than the FCGM, TTPRP, and the MHSCG methods as it solves more
problems with minimum number of iteration and CPU time than the three meth-
ods. The summary drawn in table (4.19) indicates that the ADLCG method solves
(86.67%) of the problems with less number of iterations compared to FCGM,
which solves (9.16%) with least number of iterations. In this case also, both
TTPRP and MHSCG methods did not record least number of iterations than the
others. We also observed that two of the methods scored the same number of it-
erations in 5 problems, which translates to (4.17%) and is marked as undecided.
The table also shows that the ADLCG method solves, (75.83%) of the problems
with minimum CPU time compared to FCGM (20.83%), TTPRP (2.50%), and
MHSCG (0.84%).
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Similarly, test results in tables (4.10−4.13) indicate that the IHZCG method
outperforms the FCGM, TTPRP, and MHSCG methods. The summary of the re-
sults in table (4.20) shows that IHZCG solves (88.33%) of all the test problems
with the least number of iterations compared to NDFCG (9.17%). Two of the
methods also solve 3 problems with the same number of iterations, which trans-
lates to (2.50%). The table shows that both TTPRP and MHSCG methods did not
record least number of iterations. It equally shows that the IHZCG method solves
(89.17%) of the problems with minimum CPU time compared to FCGM (10.0%),
and TTPRP (0.83%).

It is also observed from tables (4.14 − 4.17) that the EHZCG method is a
winner compared to the FCGM, TTPRP, and MHSCG methods. As in the previ-
ous cases, summary of the test results in table (4.21) indicates that the EHZCG
scheme solves (85.0%) of the problems with less number of iterations compared
with FCGM (15.0%). Both TTPRP and MHSCG methods did not record least
number of iterations. The summary also indicates that EHZCG method solves
(82.5%) of the test problems with less CPU time compared to FCGM (16.67%)
and TTPRP (0.83%).

In addition to tables (4.2− 4.17) and their summary in tables (4.18− 4.21),
performance profile of the seven methods are displayed in Figures (4.1− 4.8),
using the profile of Dolan and Moré (2002), which shows the performance of
these methods relative to CPU time and number of iteration respectively. For
each of the eight methods, we plot the fraction P(ω) of the problems for which
the method is within a factor ω of the best time. The top curve in each figure
corresponds to the method that solved the most problems in a time that is within
a factor ω of the best time. And since our proposed methods correspond to top
curves in all the figures, it shows they are more efficient with respect to number
of iterations and CPU time.
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CHAPTER FIVE

APPLICATION OF THE METHODS

5.1 INTRODUCTION

In this chapter, we highlight the application of our proposed methods in solving
the Chandrasekhar H-equation, which is a system of nonlinear equations obtained
by dicretizing the Chandrasekhar integral equation, which arises in problems of
radiactive transfer. The Chandrasekhar integral equation plays an important role
in the theory of radiactive transfer in semi-infinite atmospheres. It was first de-
veloped by S. Chandrasekhar (1950) and has since been a subject of much inves-
tigation. It has been used to model diverse forms of scattering via the nonlinear
integral equation of Chandrasekhar, defined by

H(µ) = 1+H(µ)
∫ 1

0

µ
µ + t

ψ(t)H(t)dt (5.1.1)

Different methods of solving (5.1.1) have been developed because of the important
role it plays in radiactive transfer and transport theory (Hivey, 1978). The most
common approach of finding approximate solution of (5.1.1) is discretizing it by a
vector x̄ ∈ Rn, then replacing the integrals by quadrature sums and the derivatives
by difference quotients involving only the component of x̄ ∈ Rn (see(James &
Warner, 1966)). And so, (5.1.1) becomes a problem of finding the solution of
system of n nonlinear equations with n-unknowns as presented in (1.2.1).
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5.2 CHANDRASEKHAR H-EQUATION

Here, we give detailed process of discretizing the Chandrasekhar-type integral
equations in the radiactive transfer problem in (Chandrasekhar & Breen, 1947),
Chandrasekhar and Breen compute H-equation as the solution of the nonlinear
integral equation

H(µ)− c
µ
2

H(µ)
∫ 1

0

H(y)
µ + y

dy = 1, (5.2.1)

where c is bounded in the interval 0 ≤ c ≤ 1 and H : [0,1] −→ R is an unknown
continuous function. From (5.2.1), we obtain

H(µ)
[

1− c
2

∫ 1

0

µH(y)
µ + y

dy
]
= 1. (5.2.2)

Next, we partition the interval [0,1] into n subintervals, 0 < µ1 < ... < µ j = j/n <

... < 1. Denote Hk as H(µk), then the evaluation of (5.2.1) at every µi yields the
equation

Hi

[
1− c

2

∫ 1

0

µiH(y)
µi + y

dy
]
= 1, i = 1,2, ...,n. (5.2.3)

By multiplying both sides of (5.2.3) by
[
1− ( c

2
∫ 1

0 (µH(y)/(µ + y))dy
]−1

and per-
forming some algebra, we arrive at the following

F(H)(µ) = H(µ)−
(

1− c
2

∫ 1

0

µH(y)dy
µ + y

)−1

= 0, (5.2.4)

which is known as the Chandrasekhar H-equation (La Cruz & Raydan, 2003).

By discretizing (5.2.4) using the midpoint quadrature formula

∫ 1

0
f (t)dt =

1
n

n

∑
j=0

f (t j), (5.2.5)

for t j = ( j − 0.5)h, 0 ≤ j ≤ 1, i = 2, ...,n,h = 1
n , c ∈ (0,1), then we have the

following:

Fi = µi −

(
1− c

2n

n

∑
j=1

tiµ j

ti + t j

)−1

. (5.2.6)
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Function (5.2.6) is called the discretized Chandrasekhar H-equation which can be
solved by some iterative methods.

We apply our methods, and three other methods (i.e A family of conjugate gradient
methods for large-scale nonlinear equations (FCGM) (Sun, Wang, & Feng, 2017),
A three-terms Polak-Ribieré-Polyak conjugate gradient algorithm for large-scale
nonlinear equations (TTPRP) (Yuan & Zhang, 2015) and modified Hestenes and
Stiefel conjugate gradient algorithm for large-scale nonsmooth minimization and
nonlinear equations (MHSCG) (Yuan, Meng, & Li, 2016)) to solve the discretized
Chandrasekhar H-equation and present the results in the following tables:
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Figure 5.9: Performance profile of EDLCG, ADLCG, FCGM, TTPRP, and MH-
SCG methods (for number of iterations)
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Figure 5.10: Performance profile of EDLCG, ADLCG, FCGM, TTPRP, and MH-
SCG methods (for CPU time)
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Figure 5.11: Performance profile of IHZCG, EHZCG, FCGM, TTPRP, and MH-
SCG methods (for number of iterations)

0 2 4 6 8 10 12
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

τ

p(
τ)

MHSCG

TTPRP
FCGM

IHZCG

EHZCG

Figure 5.12: Performance profile of IHZCG, EHZCG, FCGM, TTPRP, and MH-
SCG methods (for CPU time)
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Using different dimensions with different values of the parameter c, we ob-
serve that our methods were able to solve all of the problems used in the numerical
experiment with better results than the other methods.
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CHAPTER SIX

SUMMARY, CONCLUSION AND RECOMMENDATIONS

6.1 INTRODUCTION

This chapter gives the summary and conclusion of the entire research, together
with suggestions and recommendations for further research.

6.2 SUMMARY

The conjugate gradient (CG) methods are an important class of iterative meth-
ods for unconstrained optimization problems. Their low memory requirement
and global convergence properties makes them the ideal choice for engineers and
mathematicians engaged in solving large-scale system of nonlinear equations.

In chapter one of this research, we introduced the concept of systems of non-
linear equations, some prominent iterative methods for solving them, as well as
some areas, where they are applied. The classical conjugate gradient method for
solving large-scale system of nonlinear equations was also introduced. In addi-
tion, the chapter included statement of the problem, motivation for the study, aim
and objectives, scope and limitations of the study as well as some basic definitions
of terms used in the write-up.

Chapter two deals with a review of related literature of methods for solving
system of nonlinear equations. Large portion of this chapter is dedicated to conju-
gate gradient methods. In chapter three, details of all the four proposed methods
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was presented. This includes derivation of each method, algorithms, and conver-
gence analysis.

We reported numerical results of the experiment carried out for the proposed
methods in chapter four. We employed the performance profile developed by
Dolan and More (2002) to show the performance and efficiency of our proposed
methods in terms of number of iterations and CPU time respectively. The results
indicated that the proposed methods are better choice than FCGM, TTPRP and
MHSCG methods for solving large-scale system of nonlinear equations.

Lastly, we used chapter five to illustrate application of the proposed methods
in solving the popular integral equation of Chandrasekhar type in the radiative
transfer problems.

6.3 CONCLUSION

In this research, we proposed four DL-type conjugate gradient methods for large-
scale nonlinear systems. Two of the methods are modifications of the classical
Dai-Liao (2001) method for unconstrained optimization, while the other two are
modifications of the one-parameter Hager-Zhang (2006) method. The first two
methods were obtained by employing extensions of some modified secant equa-
tions and carrying out eigenvalue analysis in the DL approach. The other two
methods were developed by incorporating a modified secant equation in the one-
parameter Hager-Zhang (2006) scheme and carrying out eigenvalue study to de-
termine appropriate values for the parameter θ . Our anticipation is to suggest a
good CG parameter that will lead to a solution with less computational cost.

By using basic assumptions, we proved the global convergence of the pro-
posed schemes. Extensive numerical results drawn in tables as well as perfor-
mance profile introduced by Dolan and Moré (2002) were used to demonstrate
the performance and efficiency of the suggested methods. All the analysis show
that the proposed methods are effective for large-scale nonlinear systems.
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6.4 FUTURE RESEARCH

• As the values of the DL and HZ parameters obtained in this research are not
the only possible choices, other approaches and techniques can be applied
to obtain better numerical results.

• The derivative-free line search proposed by Li and Fukushima (2000A) was
used in this work. It would be interesting in the future to study the possi-
bility of developing CG algorithms using nonmonotonic line searches for
solving systems of nonlinear equations.
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Appendix B

Matlab codes for EDLCG, ADLCG,
IHZCG and EHZCG Methods
We implemented the codes of the iterative methods described in Chapter 3 using
Matlab computer language.

i. Matlab code for EDLCG Method.

function EDLCG(G,Guess)

% solves the non-linear vector equation F(x)=0

% solution = The solution to F(x)=0

tic

t = cputime;

tol=0.00001;

maxit=1000;

x0 = Guess;

p=0;

f =feval(G,x0);

mag_of_f=sqrt(sum(f.^2));

d0=-f;

while ( p < maxit and mag_of_f >tol )

f =feval(G,x0);
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sg1=0.0001;

sg2=sg1;

n1=1/(p+1)^2;

m=0;

r=0.2;

while (0.5*(norm(feval(G,\text{x0}+(r)^m*d0)))^20.5*(norm(f))^2-sg1*(norm((r)^m*d0))^2-sg2*(norm((r)^m*f))^2+n1*0.5*(norm(f))^2)

m=m+1;

end

alp=(r)^m;

x1=x+alp*d0;

s=x1-x0;

f1=feval(G,x1);

y=f1-f;

q=0.001;

c=0.001;

g=(c*(norm(f1)^q)*s);

e=2*((0.5*(norm(f)^2))-(0.5*(norm(f1)^2)))+s’*(f+f1);

i=max(e,0);

z=(y+(i/(s’*s))*s)+g;

w=(z’*z)/(s’*z);

v=(s’*z)/(s’*s);

h=0.9;

k=-0.65;

t=(h*w)-(k*v);

hs=(f1’*z)/(d0’*z);

dl=(f1’*s)/(d0’*z);

b=hs-(t*dl);

d=-f1+b*d0;

x0=x1;

d0=d;

p=p+1;
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mag_of_f=sqrt(sum(f1.^2));

end

x0

mag_of_f1

%e=(cputime-t)

toc

p
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ii. Matlab code for ADLCG Method.

function ADLCG(G,Guess)

% solves the non-linear vector equation F(x)=0

% solution = The solution to F(x)=0

tic

t = cputime;

tol=0.00001;

maxit=1000;

x0 = Guess;

p=0;

f =feval(G,x0);

mag_of_f=sqrt(sum(f.^2));

d0=-f;

while ( p < maxit and mag_of_f >tol )

f =feval(G,x0);

sg1=0.0001;

sg2=sg1;

n1=1/(p+1)^2;

m=0;

r=0.2;

while (0.5*(norm(feval(G,\text{x0}+(r)^m*d0)))^2 > 0.5*(norm(f))^2-sg1*(norm((r)^m*d0))^2-sg2*(norm((r)^m*f))^2+n1*0.5*(norm(f))^2)

m=m+1;

end

alp=(r)^m;

x1=x+alp*d0;

s=x1-x0;

f1=feval(G,x1);

y=f1-f;

e=2*((0.5*(norm(f)^2))-(0.5*(norm(f1)^2)))+s’*(f+f1);

i=max(e,0);

z=(y+2*0.9*(i/(s’*))*s);
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w=(z’*z)/(s’*z);

v=(s’*z)/(s’*s);

h=0.9;

k=-0.6;

t=(h*w)-(k*v);

hs=(f1’*z)/(d0’*z);

dl=(f1’*s)/(d0’*z);

b=hs-(t*dl);

d=-f1+b*d0;

x0=x1;

d0=d;

p=p+1;

mag_of_f=sqrt(sum(f1.^2));

end

x0

mag_of_f

%e=(cputime-t)

toc
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iii. Matlab code for IHZCG Method.

function IHZCG(G,Guess)

% solves the non-linear vector equation F(x)=0

% solution = The solution to F(x)=0

tic

t = cputime;

tol=0.00001;

maxit=1000;

x0 = Guess;

p=0;

f =feval(G,x0);

mag_of_f=sqrt(sum(f.^2));

d0=-f;

while ( p < maxit and mag_of_f >tol )

f =feval(G,x0);

sg1=0.0001;

sg2=sg1;

n1=1/(p+1)^2;

m=0;

r=0.2;

while (0.5*(norm(feval(G,\text{x0}+(r)^m*d0)))^2 > 0.5*(norm(f))^2-sg1*(norm((r)^m*d0))^2-sg2*(norm((r)^m*f))^2+n1*0.5*(norm(f))^2)

m=m+1;

end

alp=(r)^m;

x1=x+alp*d0;

s=x1-x0;

f1=feval(G,x1);

y=f1-f;

v=1.5;

w=-0.5;
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h=v-(w*((s’*y)^2/(y’*y)*(s’*s)));

hs=(f1’*y)/(d0’*y);

dl=(y’*y)*(f1’*s)/(d0’*y)^2;

b=hs-(h*dl);

d=-f1+b*d0;

x0=x1;

d0=d;

p=p+1;

mag_of_g=sqrt(sum(f1.^2));

end

x0

mag_of_f

%e=(cputime-t)

toc

p
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iv. Matlab code for EHZCG Method.

function EHZCG(G,Guess)

% solves the non-linear vector equation F(x)=0

% solution = The solution to F(x)=0

tic

t = cputime;

tol=0.00001;

maxit=1000;

x0 = Guess;

p=0;

f =feval(G,x0);

mag_of_f=sqrt(sum(f.^2));

d0=-f;

while ( p < maxit and mag_of_f >tol )

f =feval(G,x0);

sg1=0.0001;

sg2=sg1;

n1=1/(p+1)^2;

m=0;

r=0.2;

while (0.5*(norm(feval(G,\text{x0}+(r)^m*d0)))^2 > 0.5*(norm(f))^2-sg1*(norm((r)^m*d0))^2-sg2*(norm((r)^m*f))^2+n1*0.5*(norm(f))^2)

m=m+1;

end

alp=(r)^m;

x1=x+alp*d0;

s=x1-x0;

f1=feval(G,x1);

y=f1-f;

v=1.6;

w=-0.65;
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e=6*((0.5*(norm(f)^2)-(0.5*(norm(f1)^2)))+3(s’*(f+f1));

i=max(e,0);

z=(y+0.01*(i/(s’*d0))*d0);

h=v-(w*((s’*z)^2/(z’*z)*(s’*s)));

hs=(f1’*z)/(d0’*z);

dl=(z’*z)*(f1’*d0)/(d0’*z)^2;

b=hs-(h*dl);

d=-f1+b*d0;

x0=x1;

d0=d;

p=p+1;

mag_of_g=sqrt(sum(f1.^2));

end

x0

mag_of_f

%e=(cputime-t)

toc

p
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