


NUMERICAL SOLUTION OF ORDINARY DIFFERENTIAL EQUATION USINGTAYLOR'S SERIESAND MODIFIED EULER'S METHOD

Y AHA Y A KABIRli
( 1520309003)

FEDERAL UNIVERSITY Gt:SAU

Page i of ix



NUMERICAL SOLUTION OF ORDINARY DIFFERENTIAL EQUATION USINGTAYLOR'S SERIESAND MODIFIED EULER'S METHOD

Yahaya Kabiru

Projected Submitted in partia fulfillment for the degree of

BACHELOR OF MATHEMATICAL SCIENCE

FEDERAL UNIVERSITY GUSAU

December, 2019

Page ii of ix



DECLARATION
I hereby declare that this project is written by me and it has not been presented before in anyapplication for a Bachelor Degree except for quotations and summaries which have been duly
acknowledged.

Yahaya Kabiru Date

Page iii of ix



Dr A U Moyi
/Project Supervisor)

CERTIFICATION
j

i

This project entiled "Numerical solution of ordinary differencial equation

usinlTaylo.f
's seriesand modifies Euler's method" meets regulation governing the award of Bache! r of s9ences ofthe federal university Gusau and approved for its contribution to knowle e andj literacypresentation.

! I

' I

I

I

I
!

I
I
I

.?
Dr. A.U Moyi
( Head of Department)

1 , (1 ? Id 91 T
,

Date

(External Supervisor)

l4J,¿ll/tt\')Prof. Kabiru Abdullahi
(Dean Faculty of Science)

12../1 ?_/2611
Date

l¡J- ,\a- -1j?
Date

ij1



DEDICATION
This project is dedicated to my beloved Father Alh. Kabiru Umar and my Mother Haj. Karima
Muhammad who work tireless to see me through my studies.

Page vof ix



ACKNOWLEDGEMENTS
I have to thank indefinitely to Allah (SWT) who bestowed on me his mercy and health which
enable me accomplished this project. I wish to thank my project supervisor and constructive
imcrpretations made it possible for this project to be done properly owing to his other official
commitments that do not stop him from reading and correcting the scripts.
ln a special way. I wish not to forget to convey my in-depth appreciation to our H.O.D of
Mathematical Science Dr. Aliyu Usman Moyi. Furthermore, much of adoration goes to our
project coordinator Dr. Jibril Lawal, l am sincerely grateful. And I wish to thank my lecturers in
the Department of Mathematical Science which are Dr. Emmanuel Omokhuale, Dr. Jibril Lawal,Mal. Salisu Muhammad. Mr. Joshua Ibidoja, Mal. Kabiru Bello Gamagiwa, Mr. Thiophilus
Danjuma and others who taught me and contributed immensely during the period ofmy studies
and as well in this research work.

I wish not to forget to convey my in-depth appreciation to the family of Alh. Kabiru U mar Asha-
Fura. I wish not to specially say thanks to my mother Malama Karima Muhammad and my
siblings which are Shafi'u Kabiru. Saminu Kabiru, Sabitu Sanusi, Ibrahim Kabiru, Kasimu
Kahiru and others and adoration goes to my lovely wife Hauwa'u Jibril, I will like to express my
gratitude to my friends Yahuza Abbas. Ibrahim Muhammad, Abubakar Al-Majir, Buhari Salisu.
Yasinu Umar.

1 am sincerely grateful to my course mates which are Ighorie Dawhosa, Yusuf Shamsu Bakura,
Ayuba Lawal. Hassan Bako and others for their encouragement and friendship during the course
of my study.

Page vi of ix



ACKNOWLEDGEMENTS
I have to thank indefinitely to Allah (SWT) who bestowed on me his mercy and health whichenable me accomplished this project. I wish to thank my project supervisor and constructive
interpretations made it possible for this project to be done properly owing to his other officialcommitments that do not stop him from reading and correcting the scripts.
ln a special way, l wish not to forget to convey my in-depth appreciation to our H.O.D of
Mathematical Science Dr. Aliyu Usman Moyi. Furthennore, much of adoration goes to our
project coordinator Dr. Jibril Lawal. I am sincerely grateful. And I wish to thank my lecturers in
the Department of Mathematical Science which are Dr. Emmanuel Omokhuale, Dr. Jibril Lawal,
l'v1al. Salisu Mnhammad. Mr. Joshua lbidoja. Mal. Kabiru Bello Gamagiwa, Mr. Thíophílus
D,m_j uma and others ,vho taught me and co;tributed immensely during the period of my studiesand as well in this research work.

I wish not to forget to convey my in-depth appreciation to the family of Alh. Kabiru Umar Asha-
Fura. I wish not to specially say thanks to my mother Malama Karima Muhammad and mysiblings which arc Shafi'u Kabiru, Saminu Kabiru. Sabitu Sanusi, Ibrahim Kabiru, KasimuKabiru and others and adoration goes to my lovely wife 1-lauwa 'u Jibril, I will like to express mygratitude to my friends Yahuza Abbas, Ibrahim Muhammad, Abubakar Al-Majir, Buhari Salisu,Yasinu Umar.

I am sincerely grateful to my course mates which are lghorie Dawhosa, Yusuf Shamsu Bakura,
Ayuba Lawal. Hassan Bako and others for their encouragement and friendship during the courseof my study.

Page vi ofix



ABSTRACT
lhe aim of1he study is to compare the Taylor's series method and modified Euler's methodforlhe wmpulation of the numerical solution of inilial values problems of ordinary differentialequation. Ewmples were pulled and both methods were used to arrive at the solutions. These
solu1ions were compared with respect to the exact solutions. Comparisons were based on the
quality of approximation and value of errors found for both Taylor's series method and modifiedEuler's method in comparison to the exact solution which formed the bases for conclusion fromré.mils go/ten.
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CHAPTERONE

INTRODUCTION

I. l Background of the Study

The ultimate aim of the field of numerical analysis is to provide convenient tnetltods for
obtaining useful s0iutic,n or mathemati.:al problem and for extracting useful infonnation from
available s,,lutic,n "hich are n0t e"pressed in traceable forms such problem may each bê

formulated.

This formulation ma! correspond e,actl, to the s'tuation which it is intended to describe,
more often. it will not. ..\nal!tical s0lu1ic,ns. \\hen a,ailable. may be precise in themselves,
but ma! be of unacceptable form because of the fact that they are not amendable to direct
interpretation in numerical rerms. in "hich numerical analysis attempted to derive method of

interpreting them into numerical terms. Hildebrand (1974).

With the coming of the technological age problems have required solutions which have not

yet been solved by great mathematician !et which technology has demanded solution. For

example the weather on the earth surface is go,erned by complicated mathematical equations
which have not been solved to date anal:,tically. The answer of this seemingly impossible
?itua?ion is to accept an approximation of the required solution rather the exact answer. The

accuracy depends on the method of appro,imation proposed. This leads us to the definition of

numerical analysis i.e the stud) of beha, ior of numerical method. Morris( 1983).

l.l Aims and Objectives of the Stud?

Arm of this project is to solve and compare Taylor's series method and modified Euler's

method.
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The objective of this project is to know which one of them has a lesser error and gives a

better approximation.

1.2 Scope and Limitations of the Study

ln this project we shall use some computational technique that will minimize errors we tnay

encounter during numerical computations. we shall therefore restrict ourselves on those

technique for sol\ ing ordinar:- differential equation. since this area is very wide.

Some methods are helter than orhers. that is some methods are more efficient than others (in a

less number of iteration. it \vil] converge to the actual solution)

1.3 Definition of Some Basic Terms

1.1.1 DEFINITION: A differential equation is an equation which involves differential co-

efficient and also differential equation are subdi,ided into two types namely

i. ordinary differential equation and

ii. partial differential equation

Ordinary differential equation involves only one independent variable (and only ordinary

differential co-efficient). Hence, any function of x.y and the derivatives of y up to any order

such that.

dy dx

(x,y,;¡;;, dxz······
. )

= o

This defines ordinary differential equation for Y·

dy
3

d'y y= sin x (e) (<l__d>x')3
+ y' x are all ordinary differential equation.

Example: ;:¡;;
= (b) dx'

+

Dass (2006)
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(ii) Partial differential equatio .
·

1

• •n. 1nvo ves two or more mdependent variable

Example:

1.4.2 Definition

A dependent variable of an ordinary differential equation is the variable being diffi:rentilil.

Example·.·
-dv

it;¡';:= ?x then y is the dependent variable that is a function of X.

1.4.3 Definition

.-\n independent variable is a variable with respect to which the differentiation is performed.

Example: t,:
= 2x. x is the independent variable

1.4.4 Definition

The order of an ordinary differentiation is the order of the highest differential co-efficient

present in the equation consider.

ciT2 + R ?+.S. =esimwt
-citz dt e

(I)

Cos i'Y + sin x (d'y)z+ 8y = tan x (2)
d.x2 dx

(?)2 = (d'y)2J +
dx dx

(3)

The order of the above equation is 2.Dass (43)
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Ill

The degree of an ordinary differential equation is the degree of the highest derivation after

removing the radical sign and function.

The degree of eqn (I) and (2) is I .And the degree of eqn (3) is 2.

1.4.5 Definition

A differential equation ís said to be linear if it is of the first degree in the dependent variable

and all its derivatives.

Example: ? +
P)

=
q

Where P and Qare functions of, (but not ofy) or constants.

Example:

I ?=sin x.

dx

2. ?-2x = X
dx

J.4.6 Definition

f
·

º(x \') 1·5 said to be homo0eneous of degree n if f(h. Ãy) = ,i' f(x.y) orA unction ,, . ,, ?

, N(, )dx =OJ otherwise it is called non-homogeneous.(M(x.y)dy ? x.y '

Example of homogeneous equation are:

3?= l7Y = Ü
dx

.

?2v= O

dx •
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Eumpleof non-homogeneous equations are:-

dv
dx + 3x -

1 iy = 2x

Error= true 'alue - .-\pproximate value

For instance. the true \'alue of ;r e,:: 3.141592653 while the approximate value is 2217 =

3.1-128571-ü.

:. ERROR= 3 1-l 15%5-1-3.1-128"7P3

Err0r = -0.00 I 26.J.1Q

Relative error: the relative error of a numerical measurement or calculation is the numerical

difference bcr-.,een the true values of the calculation and the approximate value divided by

the true value.

Let Vt be the true ,alue. let Xn be the approximate value.

Vt-Xn
Then the error = = ?

:. To find the relative error of# we will have 3. 141592654-3. l 412857143/3.14 l 592654

Relative error= 0.00 J 26448967/3.141592654

= 0.0004025

= 0.0004
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Percentage error: this is 5-
1

_

imp ? detme as the relati,·e error multiplied ? 100 using the

example on the " the percentage error

i.e percentage error = relati, e error x l 00

= -0.0004025 X 100

= 0.04° o

Absolute error: this is th(' ab:--i:.."!utc:- \J.lue c•ftht' t'rn,r.

I.e. if error= -0.00126-l-l'l.

Then absolute error= 1-0.00126-l.J<l = \1.(1(1126-l-l'l lbrahi11 12006).

Having seen the t? pes of erro-r "· e h3\ e in nu1neri.:al anal; sis. \\·e\\ ill proceed to look at the

different sources of error in numt'rical Jna!? sis\\ hich we are likel? to encounter.

1.4.7 Definition

If the inítial condition are not kncl\\n exactl: (or must expressed in exactl? as a tenninated

decimal number). The solution "i!I be affected to a greater or lesser degree depending on the

sensibility of the equation. Highl: sensiti,e equations are said to be subject to inherit

instability Jain ( i 984 ).

1.4.8 Definition

Since we can carry onl; a finite number of decimal places, our ..:omputaüons. are subject to

.

h" no matter\'. htther \\t round or whether 1,.,;;: ..::hop -01T.

inaccuracy from t 1s source
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Ill

Carrying more decimal places in th .

.

_e intermediate calculations than we required 1n the final
answer is the answer is the n

1

•
. .

• • .orma practice to minimize this. but in length caleulattOllS this 1s

a source of error that is mo t d"ffis
I ,cult to analyzed and control. Jain ( 1984).

1.4.9 Definition

It is convenient to define a truncation error by exclusion as any error which is either a grass

error or ª round off error. Thus a truncation error is one which would be present even in the

hypothetical situation in which no "mistakes" \\•ere made. all given data are exact, and

infinitely many digits were retained in all calculations. Frequently a truncation error

corresponds to the fact that. where as an e,act result would be affordable (in the limit) by an

infinite sequence of steps. the process is truncated atier a ce,tain finite number of steps.

Hildebrand ( 1974)

Having seen the definition and lhe example of ordinary differential equation we can say that

ordinary differential equation can be classified inro linear and non-linear. Their degree could

also be of first degree or any other degree higher than one.
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CHAPTERTWO

LITERATUREVIEW

2.1 Introduction

Numerical solution of ordinary difterent·,al equation is the most important technique ever
developed in continuous t" d .

.
.ime ,nam,cs. Smee most ordinary differential equation are not

soluble analvticallv nume
·

I

·
.

.

.
,

-
· rica integration 1s the only way to obtain informai.on 11bout the

trajectory. Many different methods have been proposed and used in an attempt to solve

accurately. various types r,f ordinary differential equation. All these discredited the

differential system to produce a difference equation or map Ochoche (2007).

The methods. obtain difterent maps from the same equation. but they have the same aim: that

the dynamics of the maps. should correspond closely to the dynamics of the differential

equation Julyan and Piro I ( 1992:, and ()choche (2007).

With the advent of computer. numerical method is now an increasingly attractive and

efficient way to obtain the approximate solution to differential equation that had to prove

difficultly even impossible to solve anal,tically Ochoche (2007).

Abhulimenand Otunta (2006) talked on the stiff ordinary differential equation: most

conventional numerical integrations solvers cannot effectively cope with stiff problems .

y'= f(x,y)y (xol =
Yo xe(a,b) ..

..... (1)

tabilitv characteristics. for this reason, there has been researchAs they lack adequate s
•

.

1
f stiff problem. Several authors including Jain ( 1972). Enrightattention focus on this e ass O -

19740 fatokum (2000, 2001, 2002) Xiao et al (2001), Fatunla
(I 974), Jackson and kenue ( ·
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(1976,1980), etc., have dev
1e oped A-stable

I

·

.a gonthms for solving stiffs initial value problem
in ordinary differential equations.

Liniger and Willoughbv ( 1970)
.

• introduced the concept of exponentially fitting Md suggested
three new A-stable schemes with k

_
- I· However. cash ( 1981) derived an exponentially füted

multi-derivative. multi-ste
I d

.

P met,o of order up to 5 with the step number k=I and 2, A
numerical investiQation f h~ 0 t ose methods shows that all are A-stable for iul close fittins
parameters.

Okunga (1994.1999) developed second derivative multi-step method order 2,4,5 and 6 for

stiff I upe in ODES. these methods "ere found to be A-stable efficient for stiff problems in

which the method applicable.

Abhulimananand Otunba (2006) developed a sixth order multi derivative method for stiff

system of differential equation which compete favorable with the other existing methods.

They also observed that for exponentially fitted problems, the methods need not to use a

small step length as it may be required by many multi step method before a good accuracy is

obtained.

Adeyemiluyi and Babatola (2006) viewed the existing one step algorithms developed for stiff

iv problems for ordinary differential equation which include:

i.

ii.

iii.

Generalized rumgc ··- kutta scheme by Lawson ( I 966)

Implicit runge _ kurta scheme by butcher ( 1965)

I.
.

d two staoe inverse runge - kuna method by Adeyemiluyi (200S)Exp 1c1t one an ?

h ost re"ent and efficient scheme for stiff ODES is the (iii) scheme
They concluded that t e m -

'

.
.

ct· d vantage and suggested that the implicit discretization schemeand they also discussed its 153 -

d-,sadvantages. They also went ahead to discuss its consistency.can take care of those -
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?11y·····•··,;,;?.'

11lt>
\1\>\-

/ffiíü.;? and stability Th . .

.

_/ ,?t, ...

· ey finally Cônel!!il•U.
J]ifu11 R.J' of tile correspond" 2

·

',
.

mg •stage ela$s?t ª•
/

Í!Jlerval of A-stability is (-cxi,O). It was finally?.
jea( life problems arising in h

. ·',\:},P ys1cs. chemistry and ?-,'-,, .

.

,.,,·;1--1
-

Odetunde and Egbetade (2006 ,,,.-,;?:
-

.
_

l describe and applied 8 po?? ?

!mear two point BvPs Th .
.

· ft,'¡;; J. e result obtained m example (2)
slüi1f1lll1i

increases, the accurac, of th h
. ?, I.I

• e met od improves the just as the resultitil1_
II th

.

,.!)"!11a
, e method has been shown t b

.

·

••é(•o e computationally efficient because•yf,¡.;ft
reasonable and easy to express.

·

,:-?I
·:,

-

-:j
In (1982), Hong yuafu introduced a rationalized Runge-kutta scheme which was b•i ..

'·•.J.r:

quotient of weighted average of several estimates of the function f(x,y) gene..ttai , 1¡

··'iconventional Runge-kutta scheme to obtain a more accurate approximation.
·

·

._.,

\:..;

Babatola et al (2006). in their scheme of a new one step implicit inverse Runge+l!,
·

for solution of system of ODE. Concluded that the scheme is accurate,
theyiíl,s¢1'!."'c'?

that the new method demonstrated better accuracy in solving system of ODEs. Tit?'¡({¡¡:¡,_

discovered that the new scheme can solve system of OD Es accurately for problems ar'ís1ng ;?l-??5¡);<.if_
.

·,

'?/;?·? ;:electrical transmission network. meter transfer, control theory and action kinetic.

Kayoed (2006) reported in his new work on an improved Numerous method than that the

method of reducing higher order ODEs to a system of first order equation. suffers some

setbacks which include increased dimension of the resulting system to be solved wastage in

.

t (anal burdens and cost implication are discussed in Awoyemi {1991,
computer time. com pu 3 1

2001,2002).
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A Jiumber of articles had b .een Written on n
.

. .

.
umerous method for a direct n.umerical. solution of

special second order initial
1va ue problem of ODES of the form.

y= f(x,y)y(x.,) =y2 Y1(xo)= T ······················· {2)

In which the first derivative
1

.

Y is absent (see lambe ( 1973) jain (1984) Awoyemi (!9921?
Gonzalez and Thompson ( 1997) among others. This method because ht c::.?V!!ll i:u-

incapable when the proble , h
.m I( e solve involve the first derivative y I explicitly. Tb\? is tl\e. :

reason why kavoed ('006) 1, .

1 d
.

· - 't1 e e1pe a numerical method capable of handing genw¡¡J?JI#
..

order lvPs of the form.

Y =/(x.y.y')y(,o) =y, y(,,,) =T (3)

In which first derivative y I is present. Kayoed (2006) concluded that the new method is ,,,

applied to solve linear and non-I inear test problems. The result obtained for problem (i) and

(ii) of the special type (I.I) are compared with Adee et al (2005). These results show better

accuracy of the new method over Adee et al.

Ochoche (2007) proposed an improved technique for the computation of the numerical

solution of lvPs. The method they improved is the modified Euler's method in which when

effected a much better performance was gotten and the improved Euler is also of order two.

Richards (2005) also used different numerical method to compete ordinary differential

equation. In his result it is observed that Adams Bashforthmoulton method is more accurate

. th d Then runue-kutta. then modified Euler·s method, miles. methodfollowed by mdes me O · ?

h d all predictor character methods while Runge-tutta is not.
Euler and Euler's met O area'

.
.

1
e note did the comparative of Euler's method modified Euler

Ibrahim (2006) also in his ectur

hod in which he found that the Runge-kutta method has a better
method and Runge-kutta met
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approximation than modified Eul ,er s method then Euler's method. He also sued t? Taylor'$
series method and Picard's rn th d .e O to solve some problems of ordínary differentiai equatlÔI\,

Uba (2008) in his lecture note
1

.ª so used Picard' s method to solve problems in Ol'dilllllY
differential equation it is obser .ved that the P1card's method is very tedious and COl'IA1$11ilJ, lit

takes time ªnd also thªt the accuracy increases as the order of the ordinary di?
equation increases Theecon ·

1 ffi .
• .

•
· omica e ect of the environment on the population of fitld mrnê-.

He also discuss on other numerical method such as Taylor's series method ami i¡; Sljqrl:

coming. Euler's method modified Euler's method. Runge-kutta method of order 4 andth?ir
short comings. He also discuss on the multi steps method which also include AdamsmoullOI!

method and the mine· s method final 1, he summarized their comparison in the table below:

__
:' :?:

\?$
.'.t}'.

'
,-.-•

TABLE 2.1: COMPARISONS AMONG MODIFIED EULER, FORTH ORDER

RUNGE-KUTTA, MILNE AND ADAMS MOUTON METHODS TABLE.

Method Types Local Global i Function
errors error eval/step

Modified
Euler
Forth order
RuneaKutta
Milne

Adams
moulton

Singles u(I/) 0(11') 2

step
ISingle '\h') ''(h' I

4

?e:it,-- º(h') -!"(h4)-f;¡
ste¡,__ ____l.?cr----::c-
Mu It ·,,(h') i 0(h'l 2

Stab ii ity Ease of Recommendation
changing

Good

Good
I

Poor

Good

step ?---·------

step size
Good

Good

Poor

Poor

No

Yes

No

Yes

2.2 Taylor's Series Method

long been regarded as an efficient procedure for solving
The Taylor's series method has

·

Frequentlv it is necessary to algebraically
differential equation. ,

system of ordinary
.

. qllivalent system. The Taylor's coefficient for this
.

·al svstem ,nto an e

manipulate the different, -
. . . .

However the required mod1ficat1on 1s a tedious and
b ·implv written.

modified system may e 5 '
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it·,
J•'-

",fr".' ... ,,
.

tft#Ul> task for alJ bet th •

_
_

I¡,_(
e s1mple$t?r.. ,,

bliíen excluded by .. .

_ ··•··
'.

if,·:-,--
numerical aoalysis

11U11)1:tr.
, \.

(1984) discussed on Tayl , .or s senes method and
ticm. Ibrahim (2006)

•
.

·•

•n this lectures note used tliit \
¡iroblems of ordinary differential equat·

·

10n.

2.3 Modified Euler's Method
.

''·':'i?: ?

The Euler's method is a first d h
. 1\ -or er met od. \\h1ch means that the local error{¡,

1_

proportional to the squa f h
·

·

re o t e step s12e and the global error (error al a
·

proportional to the step size. The Euler·s method often serves as basis 10 "

complicated method.

Jain (1984) discussed on modified Euler's method oforder 4 and its short con(

differential equation.

..
,.,, -?

Ochoche (2007) modified Euler's method as an improved technique for
the,?m?!ir,;b?,k,.'?;

the numerical solution of IvPs. In which when effected a much better performance wll$'.g¡i?-• _

/'!??J?t·.and the improved Euler is also of order two. Richard (2005) Euler's method are all pred1!lto't .i,t. -?:¡?·
, .' i..

?.??·,,,y:,:•_1
·•·:;,

characters method while Runge-kutta is not.
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CllAPn:1.

ll??L·•.
-?t:·
!.:·
'fe

tÍltf'l>duction

METRooo,

Differential equations are one of the most important mathematical roi?I
IJ

problems in physical science. Historically. differential equations havJ'.,:.,11 -

·:1.
chemistry, physics and engineering. More recently. they have also arise .i11

meij?fi!![
anthropology and the like. Ordinary differential equation arise frequently in tfJ.:.

··,;
physical system, unfortunately. many cannot be solve exactly. This is wñy •flu

.. '!,tfll1numerically appropriate these methods is so important Rattenbury (200$/h' '@,!}
·>í

. (c.

(2007).

In this chapter we shall use the Taylor's series method and the modified Euler
... •'··

..

I bl f rdl·nary differential equation and then analyzed the error so as toi;o ve pro ems o o
. . -

.

,_,·•.

,·, -?hich of these methods has less prone to error.

The equation we' II use for this purpose to errors.

y(D) =2 (0,1] h = 0.1I. Y=y-x

Y=y2+ I y(0) =O [O.I] h
= O.I

y(0)=l [0,1] h =0.2Y=2x

y(0) =3 [O.I] h= 0.1
Y=y

Page 14 of 62
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_é purpose of this pr
·

·

-:_:?
11¡OJect IS to compare the

Taylótl's\,¡in, I

íl -

-

,method for the computa!' f . ;.;;·

•··· •on° the numerical solution ofiníft#J,
. differential equations.

.
·



??.,.,...,.
1:,

qi4; fl,e. Taylor's. Stfi!l$ m,

?which Will later be use

-4•fôrs series

_{'"
11-}?x

i

i

dy
?=m

i
..
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_,.._,_.

,,··

-l•-.1¡:_

"1¡
,H_. UÍ'tbe exact solution we shall now apply Taylâ(;. I

·-.1,11 ?jiijl. It is very important to note that the higher the. oflkt' .. 1

1

-tF:

._.\i\i:t'?ces of convergence to the exact solution (using
TaylortJ.I_

.

1

I
iii

/
.

lors expansion formula we'll have
'"[ngall these values mto Tay

r: h2 h3 + ?yIii; ·+ hy + - y + 6 Y 2•LIi/' 2

-:,

¡,'

3 (0.1)4f.: (0.1)2 ? + ?-

/fl.1(2) + -2- +
6 24

;
.

o 000000000416666
'

01666666 + ·

lo:-t1.2+o.oos+o.oo
i;.

x?0.1
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•

i
i

le',

I
¡ili'?:.,.,

.• ,:,· I,f(Yjl7J
I

,:

(!:
1:;

1)'.1P1'7l+0.1(2.105171)+? ,\
I

??- 2 (l.105171)+ ?-
t '·t
l??.f),5J7J +o.2.105171+00005

-·¡J

·'.

.

525855+0.000046087

.

,,::?
,l¡,°''

03 +O.I (2.221403) + co.i¡z
( 1.221403)+

(o.i),
(1.221403)+ (O.tJ4

,
.•

,

2 6 26, ·
·• ,;, ·

:c1403 + 0.2221404 + 0.006101015 +00020356716+o.oooooso8917

X? 0.3
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i

1325 x?o.4

?2,891825

JI
:

182.5 +O.I (2.49125) + (o.tJ'
( 1.49125) + (o.iJ'

(1.49125) +?2 6
"<«<";'f

3.148721 ·

,·

't I=> l.648721

f¡'1i•= I. 648721
1, .•

ir
1f¡q I . 648721

l. 648721
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118 +O.I (2.822118) + (O.I)' (1.822118) + (O.l)'
(1.822118)

2
6

'

1''.

\:
(x ? 3.013752
'1'

I

-16"1?
I. 013752

: l. 013752
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',''.

,??'15;¿
,,

? ....

/1

n
+0.1(2.013152> + (0.1>'

.

2 (l.0l37SZ},-Ji-

4.025540

7

j

I

I?

?
"'4.025540 X'= 0.8

X= 3.22554

'· I = I. 22554

= I. 22554

= I. 22554

•I I'

Page 20 of 62

?;

:t,;?---
.

';_?'.k-1
l'!f"554 + 0.1(2.22554) + (0:1' (1.22554) + rot (1.22554) + <0;1¡-c1.22s5;¡,)"'•*-j_

i;

·-J}i}t
:Ii·.·, _j

•-:•¡
; '1•,•



[O. l] h =0.l

;· I

,

'•

I
jjQ602+ 0.1(2.459602) +

?(l.4S9&Q2) (O,tjt''.,C- 2 +7W111
l

, .

7\V"'J.359602
I·,.

L
-

)lJ:
3.1: THE TAYLOR'S SERIES METHODS

x.
o.o
O.I
0.2
0.3

.4

.5

.6

.7

.8

.9

[ Yn

I?n
Tavlor

-1?xact
Yn!2

i2 : 2205171. , 2.205171
!2.205171 -,

2.421403 2.421403
: 2.421403 2.649859 2.649859
I

2.649859 2.89 I 825 2.891825

I
2.89 I 825 2.148nl 2.148721

I 2.148721 3.422118 3.422119
3.422118 I 3.713752 3.713753
3.713752 3.025540 3.025541
4.025540 4.359602 4.359603
4.359602 4.718280 4.718282 2li'
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(t
itin12xc<2>+,2 2i

·
·

D.I)]

. I II •

.>1(0.1) = 2.205000

X O.I

f
1{'105+(O.I )(2.205 - O. I)

?;
I

1¡1,;c=
2.42 I 025 Xn

= 0.2 Xn+ 1

= 0.3

1-r
rJ=Z.421025

+ (0.1)(2.421025
- 0.2)

"!:;= 2.6431275
¡;

\·,

!}1025
+ 0.05((2.221025)

+ (2.6431275
- 0.3))

t102s+ o.osc2.22102s
+ z.343121si

;,

..

'' -?

,:::",::''
,;-··,

''' ·t:;.::.
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Jin:; 0.3
X...., ""0.4

I It?)+ (0.1)(2,649233 -

0.3)¡('·

s?'i.649233+
º-1(2.349233)

j,

/'421025
+

0.05((2.221025) +
(2.6431275 -

0.3))l ..

tJ.421025 +

0.05(2.221025?23431275)

1\-
2.649233+ 0.05((2.349233) + (2.8841563 -0.3))

'

..

A:-:1
,-':_;?;{>¿·

.. ij"

?i1i
·:}

'=2.649233 + 0.5(2.349233 o. 2.4841563)

?!1-1 =0.5

:;?:li!+r= 2.890902 +(O.I )(2. 890902 - 0.3)

= 2.890902 + O. I (2. 890902)

l'¼,c?1= 3. I 399922
'f"•'

·",

+ 3 1399922 - 0.5)}

¡l¡IB90902+ 0.05((2.490902) ( .

;' ., 02 + 2.6399922)

?;?;890902
+ 0.5(2.4909

?f

v-:.

11Jf$)=3.)47447
,_;:.

Xn•I
? O.Ó

ii??i=J.147447Xn
? 0.S

-

tJ: page 23 of 62
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.,','·.e:,,.,,_?-

tl+.o.1<2,fi414t1,
l9J6

,:,

f·l' Ii

fJ1't,+0.05((2.647447)+

(3.4121916-0.6)) <.
? r•

-

QJ,..

(?1447+ 0.5(2.647447 +
2.81219167)

L
if!?J.41)780 Xn=0.6 Xn-1 ?0.7
¡1¡

?'11780 + 0.05(3.411780 - 0.6)

go+ o

__u], ?=3.692958

'Í

tl780 + 0.05((2.8 I I 780)+(3 692958 - 0.7))

f¡{íl780 + 0.5(2.8 I I 780 + 2.992958)j'

ir
t
I

.,

fj,:J.702017
,,:

Xn
= 0.7 Xn•l

= 0.8

·'
-!¡

r
lf;t?+0.1(3.702017-0.7)

d,
I(.

'/l'l + 0.1(3.002017)

...._1()-:P'.)'l"JO
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,? ...

·

1•4.012229f/
je.

If4.012229 Xn"' 0.8
I x,,., "'0.9I'

e<

,,2229 + 0.1(4.012229. 0.8)

Xn+I;;:::: I

3 +(0.1)(4.344513 • 0.9)

'l:.6889643
1•,:-

F'

I
-1- 6889643

- I)

1}3 +0.05((3.444513) (4,
L

it , 6889643)-

li't!3 + 0.5(3.444513
+ .).

-';

page 25 of 62

r:;;,riº'!I_' - '.{}'
???(3, •· ...

·

?·?J.i1:i
??$(3.flOlon+

3?02201 -
--

··•

;>
': liij ,;l

)
112229 + 0.05((3.212229) + (4.3334519 - 0.9)

'/.

1h2229 + o.5(3.212229 + 3.433-.51)
I-



-(

l11lÍ!Íhf7
11<:

.

,· :-.
¡J:

-,i(t,? ? "tl'!l!lls111c,

·

.:.?.?Ç X. - Y. Euler's
x.,.; x.,;,. :{/•;,

!

Fotnula
v .. ,

-:,,I? 200QoOQ
2.200000 0.J

2.IOOOQo\¡,j:-::_

.

·.

s~,¡
I

it.OsOOO 2.1osooo
2.1ssooo 0.2 2.21ssoo 2\

·

.1

¡-_: --

;"
I

'$,;121025 2.221025
20643128 0.3 2.343128 2.?1'49233 2.349233 '""'" 04 2.4&15? '-?.,'1.890902 2.490902 3.13992

.
Üj 2.63662 l 147447

.·3,¡47447 2.647447 : JAl21% :

0.b: 2.812192 3.411780;[3.411780 12.81178()?5?100?017-rJ °"'''R : ns 3.202202 4.012229

I
'

D20

3.212229

3.444513

...

y(O) = 0(0.1] h = O. I

l¡texact solution
f
1·

IrI
...

-

II'"

4.333452
¡ 0.9

¡
3.433458 4.344513

4.688964 ¡ LO
!

3.688964 4.701187
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=o

fl

II

¡-

r

? L

}
?

1

j:
I I

r

._.
,.

"'

--

X= O.I

y'= 1.010066711

y" = 0.202680466

y"= 2.081141719

y" = 1.645972955

page 27 of 62

1;

I .· e )'
10.11'

l{O.!(O.OIOO6671 l )+? co.202680466)
+ -·

6-(2.os1141719)
+



l .'•?.
·-

I

. ·
·.• ,,,

;.--·
-.,.

y•""
1.041090,1,

y""'
0.4220725131

y""' 2.33885 I 1414

v" =,
• .,.584696267

,_

0!+(0.1)(1.0410901'8)?(0-
.

,

ç
-

2 422072513) + (02' (2.338851.Íí¿

llf96267)

'

?+(0.1)(1.78747156)
-

(O-;i' (0.9967132329) + <0/ (3.6216805Z5)-t' "f1

:· .J_,- ?

X= 0.5

y'= J.29843 I 672

y"= t .4 i 8637879

y"= 4.821822148

;, = ]6.42950071y
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.'

::•':.:.?::.

_:_,.,-

X= Ü.6

?. ?
1.-1680! 1%5

: "?
2.008575075

= y"= 7.058306Q I 6

=

l(Í;{O.J)(l.468011965). (O.I)'
(2.008575075) + (O.l)'

(7.058306916) + ·

;

',
-

2 6

X? 0.7

y'= J .709382385

y"= 2.879449 I 95

y"= I 0.69439929
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·

..

??.1??i,5\
<i?? .. ·>

:t (2,ê

-'

X= 0.8

y'= 2.060002871

)" =
4.241811273

y"= 17.22 I 56'NS

y" = 87.89047571

¡1.

ll¡l?O.l}(0.060002871)t-(O?l)'( 4.241811273) + (O:)' (17.22156948) +

X= 0.9

y'= 2.587625801

y"= 6.520870007
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y" =
29.&2434052

y" =
176.3.9777

y(l.;O) = 1.557083

TABLE 3.3: THE TAYLOR'S SERIESMETHOD

I I

N Xn '{n Yn Taylor Exact Y0 Error

l. o.o 0.00 0.00 0.00 o

2. O.I 0.00
¡

0.100333 0.100335 2xl0,;

3. 0.2 0.100333 0.202707 0.202710 3xlO"'

4. 0.3 0.202707 0.309331 0.309336 5xl0.,,

5. 0.4 0.309331 ; 0.422785 0.422793 8xl0,;

6. 0.5 0.422785 0.546289 0.546302 l.3xl0·5

7. 0.6 0.546289 0.684114 0.684132 2.3xl o·S

8. 0.7 0.684114 0.842248 0.842288 4x10·5

19. 0.8 0.842248 1.029564 1.0295639 7.5xlo·5

10. 0.9 1.029564 1.260010 1.2600158 l.4x104

I 1L I.O 1.260010 1.557073 1.557408 3.25x I o·•

2.

-

•
2.y'=l+ I y(O) [O, 1] h

= O. I

Page 31 of 62

I -"J.2600l0+(0.1){2.587625801)?(6.520870007) + (Cu)•
.. 9 .... ··• _-·•

··•

"
.

;
Ir: .

.?
? JJl!IM'Slt?

,."?· (176.39777)

. . ··•

1,.;-?·



Yn+I =O+ 0.05[1 +(O. J )2 +I)

= 0.005(1 + l.01

M. Euler y(O. l) =O.I 005

When Yn =O.I 005 Xn =O. I Xn+I
= 0.2

Yn+l
= 0.1005 +O.I ((O. I 005)2 + I)

= O. 1005 +O.I( 1.010100251

Euler Yn+1
= 0.201510025

Yn+l
= 0.1005 + 0.5 [( 1.01010025) + (0.201510025)2 + I]

= 0.!005 + 0.5 (l.01010025) + l.04060629)

M. Euler Yn (0.2) = 0.203035

When Yn
= 0.203035 Xn =0.1 Xn+I

= 0.2

¡ Yn+I
= 0.203035 +O.I ((0.203035)2

+ 1)

= 0.203035 + 0.1 (1.04122321 ll
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111?1:"'-1

?:;,.··.·I····•·
"'"

f?(0,2) = 0.307157321 l

(·r'

1}·:1

-1¥?3035+0.05[(0.04122321 l)+(0.307l573ll!Y+ 11

e:
k:J

(J.203035 +O.I ( 1.04122321 l + l .09434562)

Wheny.=0.309813 x,,=0.3 :,;0_1=0.4

Yn+l
= 0.309813 + 0.1 ((0.309813 )' + I)

= 0.309813 + 0.1 ( 1.095984095)

Euler Yn+l
= 0.4194114095

Yn+I
= 0.309813 + 0.05 [(0.095984095) + (0.4194114095)2 + I]

= 0.309813 + O.I (1.095984095 + 1.7590593)

M. Euler Yn (0.4) = 0.423041

When Yn
= 0.423041 Xn =0.3 Xn+I

= 0.5

Yn+I
= 0.423041 +O.I ((0.423041 )" + 1)

= 0.423041 + 0.1 (l.178963688)

Euler Yn+l
= 0.5309373688

= 0.423041 + o.os [(0.5309373688)
+ (0.4194114095)2

+ 1]
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itt"
11}/

1!f!tkí
+0.1 (1.178963966+ l.292613137)

¡1:,f

fir,
¡:,·

F.;Sulet y. (0.5) = 0.546620
1".

¡;
b

.-

i'hen Yn
= 0.546620 Xn =0.5 Xn+I = 0.6

Yn+I
= 0.546620 +O.I ((0.54662)2 + I)

= 0.546620 +O.I ( 1.298793-124)

Euler Yn+I
= 0.6764993424

Yn+I
= 0.546620 + 0.05 [(0.29879342-1) + (0.6764993424/ + I]

= 0.546620 + 0.5 ( 1.298793424 + 1.-15765136)

M. Euler Yn (0.6) = 0.684442

When Yn
= 0.684442 Xn =0,6 Xn+I

= O. 7

Yn+I
= 0.684442 + O. I ((0.684442)' + 1)

= 0.684442 +O.I ( 1.46846085)

Euler Yn+I
= 0.8312880851

= O 684442 + 0.05 [(1.468460851) + (0.8312880851 >' + I]
Yn+I

·

= 0.684442 + 0.5 ( 1.46846085 l
+ 1.69103988)

I
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1.-;,,
1>•

1p-

¡¡¡,,i.1)
= 0.842417

:?\;

tit.
if,/:"f,$42417 Xn =0.7 X.,..¡= 0,8

?{?
t?.342417 + O.I ((0.842417)2 + I)

?:

e "'0.8424 I 7 + O. l ( l. 709666402)

•

I
It

'

Yn+I
= 0.842417 + 0.05[( 1.709666402) + (I.O 1338364)2 + I]

= 0.842417 + 0.5( 1.709666402.;. 2.026946402)

M. Euler y,, (0.8) =

When Yn
= 0.842417 x,, =O. 7 x,.. ¡

= 0.8

Yn+I
= 0.842417 + 0.1 ((0.842417)2 + I)

= 0.842417 +O.I ( l .709666402)

Euler Yn•I
=

I .O 1338364

y,+I = 0.842417 + Ü.05(1.709666402)+ (1.01338364)2 + 1]

= 0.842417 + 0.05(1.709666402+ 2.026946402)

·.,.;,,
'

l. '.)f?
',. ?,/?-:?/'•>;:- '

-::.l??

:?J:

I t!!t

. >.:crl";;,-
,_." .... :,:-·

?-

'7.>"
. .'·

i '

M, Euler Yn (0.8)
= 1.029248

= 1.029248 Xn =0.8 Xn+I
= 0.9
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= 0.029248 + 0.05(2.059351446 + 2.026946402)

M. Euler Yn (0.8) = 1.258499

-

..

-r_:-?-,-,¡-1,
¡¡,

(-
t.

When Yn
= 1.258499 x,. =0.9 x,,.¡ = I.O

Yn•I = 1.258499 +O.I (( 1.258499)' + I)

= 1.258499 + O. I (2.583819733)

Euler Yn•I = 1.516880973

= I 258499 + 0.05((2.5838 I 9733) + ( 1.516880973)2 + I]Yn+l ·

= 1.258499 + 0.05(1.583819733+ 3.300927887)

M. Euler Yn(0.8) = 1.552736

i
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mr 0.000000
-?.::!

??l. 1.1005

i?.t
0.2 i 0.203035

11,
· 0.3 0.309813

0.4 0.423041

0.5 0.546620

0.6 0.684442

8. 0.7 0.842417

9. 0.8 1.029248

I I::::
-"='•

1.258499

1.552736

. Euler's

Fomula

1.000000 1.100000 0.1 1.01

.010100
i 0.201S10 0.2 1.040606

1.041223
I

0.307157 0.3 1.094346

1.095984 0.419411 0.4 1.195906

1.178964 0.540937 o.s 1.292613

1.298793 0.676499 0.6 1.4576S I

1.465461 0.831288 0.7 1.691040

1.709666 1.013384 0.8 2.026946

2.059351 1.235184 ! 0.9
;

2.525677

2.583820 1.516881 i I.O 13300928

v .. , Euler ,y_.
-: ,,. .... ·-__ _

:

uomio tJ•i:--'·?t••. '¡

=. =f?;,:,
0.4230JI ;:

-

¡

1.029639

J.258158 Ú:J

1.552408 4.6

o.s?·
0.684442

0.842417

1.029248

1.258499

1.552736

¦ 3.y'=2xy(l)=l [0.l]h=0.2

Solution

?=2x
dx

Jdy = J2xdx

2x2

y=7+c

y= x2 + e

When x = ly =le= 7

J=J=c=>c=0
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When y= 1.-14 ). = 1.2

I y' =2x = 2.4
!!

y"= 2

Y= 1 .4-1 ? (0.2)(2.4)-'- (0.2)1

=1 +44+0.48+0.04

y(l.4)= 1.96

When y=l.96 x=l.4

y'=2x=2.8

y"=2=2

y= 1.96 + (0.2)(2.8) + (0.2)2

=I. 96 + 0.56 + 0.04

y(l .6) = 2.56
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=I + 0.4 + O.O-I

y(l.2) = 1.44
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1¡1,lj

l"?c
'U: THE TAYLOR•s SERIESMETHOD

l

i:-?
I

Y. Taylor Exact v, Ii-··?o:1? . .;1.;,

' 1.0000 I 1.0000 1.0000 '"r. . .,,,c,,,,.,·;,c.,;,c:,,.,.

1.0000 :

1.4400 1.4400
·- ,t ...

?-"-""""""'""'"'4Í

i

i

'1.4400 1.9600

,
1.9600 ,f :;

1.4
i

.¡:;

' q
1.6

j 1.%00 2.5600 2.5600

1.8
2560_0 __

,

3.2400 3.2400 o
5.

'

i 4.0000 joI

6. I 2.0 3.2400
j

.¡ 0000

3. y'= 2x y(I) =
I [O.I) h = 0.2

Applying

Yn•I =
Yn

= hf (Yn + Xn)

-
h

[f(v +X)+ f(y.,.¡ '?,.,)]Yn+l ?yn-z .:n n

f(y, + x,) = 2x

x, = 1, Yn
=

I Xn+I
= 1.2

Euler y,+1
=

1
+ º·2(2)

=1.4

=
J +O.I [2+ (2( 1.2))]

Yn+I

= I.O.I (2 + 2.4]

M. Euler y( 1.2) =
I .44

Page40 of 62



ll)¡f'
¡J
ÍJA4 x. = 1.2
\ ......,

r
•''í + 0.2[2(1.2)]

X.+1 = 1.4

Yn+I =(1.4) +0.1[2.4 +(2(4))]

= 1.44 + 0.1 [2.4 -'- 2.8]

M. Euler y( 1.4) = 1.96

When y= 1.96 Xn
= 1.4 Xn+I

= 1.3

Yn+I
= 1.96 + 0.2(2.8)

Euler Yn+I
= 2.52

Yn+I
=

( l .96) + 0.1 [2.8 + (2( 1.6))]

= 1.96 +O.I [2.8 + 3.2]

M. Euler y(l.6) = 2.56

When y= 2.56 Xn
= 1.6 Xn+I

= 1.8

Yn+I
= 2.56 + 0.2(2(1.6))

= 2.56 + 0.2(3,2)

i
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-¡e;_,.

1tt+0.1(3.2 + 2(1.8)]
?--

I.;.,,.

1¡::I,,'®+ 0.1[3.2 + 3.6]

ll1;:[C
l?lí::ry(l.8)3.24

Xn+I
? 2.0

= 3.24 + 0.2(3.6)

Euler Yn•I = 3.96

Yn+I
= 3.4 + 0.1 [3.6 + \2( 1.8)))

=3.24+0.1[3.6+4]

M. Euler y(2) = 4

TABLE 3.6: THE MODIFIED EULER'SMETHOD

r X, Y,.
I Euler•s Formula Xn-1

I. o.o 0.000000 I. I 00000 O.I

2. 0.1 1.1005 0.201510 0.2

J. 0.2 0.203035 0.307157 0.3

4. 0.3 0.3098 I 3 0.419411 lº.4
5. 0.4 0.423041 0.540937

¡
0.5

!
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0.2098 I 3 0.309336 -4.79x I 0-
,,

I

7
0.423041 0.422793 -2.48x lff '

,., .. ,20
Iº·?"" ;,... ,w1

Modified Exact Error
Euler

Y,11-I

1.100500 1.100335 -1.65xl0.
'

0.03035 0.203710 -3.25.xlo·
'
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lny=x+e

y= ke'

I-=
When y =

I x = O k = •>

1

?=k

Y= e'

Taylor's series

y'=y=I

y"=y'= l

y"'=y"=l

ylV=y"' = I

y= 1 (0.1)1(0.1)' +?+ (0.1)4

2 6 24

=I+ O.I + 0.005 + 0.0001666666+0.00000416666
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1710

X""0.l .. ?:;_\.?'}'.;?.,

'

I:?•
'•·;

•.'•

= y" => l. I 05171 O

=> 1.1051710

r: y= l.105171+(0.1)(1.105171) (O;i' (1.105171) + (O;>' (1.105171) + (O?;' c1.10sÚl1;1,,,
?-

= 0.1 OS 171 + 0.1 I 051 71 + 0.005525855 + 0.000184195 16 + 0.00000460487

y(0.2) =
I .221403

When y= 1.221403 x=O.I

y'= y==> 1.221403

y" = y' => 1.221403

y'"= y"=> 1.221403

=> 1.221403

y= 1.221403+(0.1)(1.221403)+<0;)2(1.221403) + <0·t (1.221403) + (0?1t (1.221403)

y(0.3)
= 1.349859

1 •: • X= 0.3
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.111.•".·'·,1f(,'i

_ 11:?'it,.149859
('

1f
,?? t.349859

f>
r .,? = l.349859

.

= 1.349859

y= 1.349859+(0, I)( 1.349850) (O?)' (1.349859) + ? (1.349859) +
• 6

y(0.S) = 1.648721

!
When y= l .648721 x = 0.5

y' = y = 1 ,648721

y"= y'= 1.648721

y"' = y" = 1.648721

= 1.648721

Y= 1.648721 +(0.1 )( 1.648721)
(O,l)' (1.648721) + (O.l)' (1.648721) + (O,l). (1.648721)

2
6 24

y(0.6)
= 1.822119

When y= 1.822119 x = 0.6

• y' = y ? 1.822 I 19

i
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= 1.822119

y(0.7) = 2.013 753

When y= 2.013753 x = 0.7

-

I y'= y= 2.013753

y"= y'= 2.013753

y"' =y"= 2.013753

y1\'
= yt" = 2.013753

(O.l)'
(2 013753) + (O.l)' (2.013753) +

(O.l)4 (2.013753)
y= 2.013753+(0.1)(2.013753)? ·

6 24

y(0.8)
= 2.225541

When y= 2.225541 x = 0.8

y'= y= 2.225541

-

! y" = y' => 2.22554 l
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I 111.¡"

!_jt.
IK:1'?1

lift·
\!?, :;a> 2.225541

·

,;s4t+(0.1)(2.22ss41)+cº;l' (2.225541) + (°'-l)'
'

When y= 2.459603 x = 0.9

y'= y => 2.459603

y"= y' => 2.459603

y"' = y" => 2.459603

=> 2.459603

y= 2.459603+(0.1}(2.459603) (O? (2.459603) + (O.? (2.459603) + (O??' (2.4596Ô3)

y(l.0) = 2.718281

= 1.2155

Yn+l
= 1.2155 +0.05(1.105 + 1.12155)

y(0.2)
= 1.221025

When Yn
= 1.221025 x,,

= 0.2 Xn+I
= 0.3

'J .
Yn+I

= J.21025 +O.J(l.221025)
1<?¡:·, .

?)¡}.?!.
?

.
, Page 48 of 62



_ t'?i.
?J??-

l!:6!5 + 0.05( 1.349232625 + t .....u-,
,••,

1{1490902

, 'l'I I Xn
= OJ Xn•I = 0.4

1

= 1.490902051 + O. I ( 1.490902051)

= 1.639992256

ii

\, ; Yn+I
= 1.639992256 + 0.05( 1.639992256 + 1.639992256)

_}}'
-'¡

y(0.5)= 1.647447

When Yn
= 1.647447 Xn

= 0.5 x.,., = 0.6

Yn+I
= 1.647447 + 0.1 (1.64744766)

= 1.812191443

Yn+I
= 1.64744766 + 0.05(1.64744766+ l.812191443)

y(0.6)= 1.820428676

When Yn
= 1.820429 Xn

= 0.6 Xn+I
= 0.7

Yn+I
= 1.820428676 + 0.1 ( 1.820428676)

=2.002471544
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:?O'Mi?., o.a,, ?J1t11, t u-,4,,u.,
?·:?.

Yn+I
= 2.0115i4 - Oh? l\1 ¡??4)

=2.21273105t>

Yn+I
= 2.21273105687 .,. 0.05(2.212731056+2.2127310561

y{0.7)= 2.222789

When Yn
= 2.22278924 "" = 0.8 Xn•I = 0.9

Yn+I
= 2.222788924 +O.I (2.222788924)

= 2.445067816

Yn+I
= 2.222788924 + 0.05(2.222788924 + 2.212731056)

= 2.445067816

When y= 0.100333 x =O.I

y·=y2+1
=> y' = I.O I 0066711

y"=2yy' => y" = 0.202680466

i
=> y"= 2.081141719
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?ll92+ 0.05 (2.222788()24 •

2.-l-15iltiSJ61

•.

-'--, 701799937)
íl

O O "(2 4568 I 76 I -·lnt761 +
· :, .
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1.015000

.,,,,

1.349233
I

: U8-l15t-.

,.,.,.., ..
_,._.

f)ô
·.·"

. . , l;1n "'•
?•·

"?-..•s àl
0',:f

f
.•

!.;-

··· o

.

º·2 :

1.21ssoo , ..------L __ -+-- ,

0 .• 21025
1.2atJui_1.221052 I U-181'8 , : ----1-----,-=?;,

i

_, o., IJ-11 PS · ,
-

----.·-- •
-

¡

I .J49233 1.349859
--- -----? ----

'¡

---?

I 490902 : 1.491825
11,-l

1-18-1156
--?---- ----- -----?--'._

1.490902 !

1.63999= O 5 1.812 ltJI 1.647-147 I 1.648721
?----- •-- ---------?-- !

1.647447 1.812191 iIi.(, !Xiêl<ll 1.820429
J 1.822119

I
L69x104

1.820429 2.002-172 11,7 2.11(1??7? 2.011574 12.013753/2.179xl04

------
I I

!2.752xl0'42.21273 I O.S ê.212731 ! 2.222789 2.225541' 2.011574

I
I ·1'456182 [,4)-9603 •13.421xl0'3 I,

112.445068
'

0.9 2.-145068
I

L

,I-· I ----j
I I

.
I

.

·

I

1714081
,1,

718282 -1.201,10
•

¡/ 2.701800 I I.O ! 2.701800 ??--+-----I--?
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L 3.148721

7. 3.422119

2-(!_(!_oo

!
2 2osooo 3.?

_¡_ 2.421025
6•46111

I

-r? 9.23xl0-4

; c?9o9o2
I .27xl0-3

: -?147447

_8_. _ 3.713753

'

4 '"96 ]º - I

¡
·-'2_1_-__ ??".Q.-_t_,-?44513 _ 0.0,1095

: 4.718?80 ?IQ:6 _4_:721187 I l.71xl0-4

TABLE 3.9: COMPARISON BETWEEN TAYLOR'S SERIES AND MODIFIED

EULERsMETHODS

t£00
'·

2 'o
-

?0335
?710

,,

ITa_vfor??-... -:;?,?-.
-?I ?h)dilied

I"' tor ,
,

1-ulcr·,

I

--- ----+ __ , -- I

-
--

,

11.1111001111

i
o ._QQ___ - -

(/

! O.J.QQll:'.,__ -- J

2' I o-1,

I 0.202707 _ :,, f(HI

1-?1,-j,, I0-1,

I
0.42l?L - -

Xx fl)-1>

I

o:i-11,hêll
13,111',?.2--
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I

-

I o . .Jc w-11
_

: Error M. /Ex=---1
EL1ler's

·

?
-1.65xl0-4 IO.O

-j
_ ?:3_15xl0-4 : O.I

1·i-U9x I 0-4
f

0.2

-ê_3? I 0--l
_ ? 0.3

----,
'

-.l.18xl0--l I 0.4
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£.

,-,,
.!.-.,'

,? 0,684

?lB... ?-842248 4)(
1ífil-9

-

-?-0295647.Sx
00158

--
' ? Ü

Í I A •.

-
I

?I .4x
I o

7408
I 557 .'

.

-----L'..:..:'. O 7 3--- ----_:_ 3,25,, 11.4---

f \·

-? 3.10: COMPARISON B"· ..

. '_1'·_.?
,¡,

..

;,

__

.

•- í\\ EE:\
Q.11'8 METHODS
:·?

--·"t''
?
.3?

?

r?---?-: --- --------- -.----" Ta\lor·s IE
I /

-

,

y
.

i

rror Modified Error M"
, Ta:, lor"s Euler·,

· Exact

-----•-7¡...:E:.::u:.::lerc.;'s'.____?/?
¡ o

'

I:
1.00

1.44

11.96:rm':'2.56 '·
-

,

I

13.24---l --?-.
4.00 _j ?-,··· '

1.2

1.4

1.6

1.00

'1.-!-l

: 1.96

i
2.56

n 1.44 o

11 1.96

--· u
---- 2.56

-!___ 1.8

LL..12.0
3.24 l) 3.24

:
4.00 'O

I

4.00

o

o

o

o

T,\Bl:,E 3.11: COMPARISON BETWEEN TAYLOR'S SERIES AND MODIFIED

EUL.tRS METHODS

?
?

?
·,·.;-'

2
",

?
3

:' :_--

?
'?

I
Taylor's Y., Error

o.oo Jo
1.10517_1-?-Q-

-

l.22140L.-----º--

l 1.349g?1--° _
--

T-
- -- ?-r

·

Moditi,·d Euler's
¡

Error

I
__

_ __

Euler's

11oOOllllll i_J .6.lxl0-4

i

-J.25x 10-4

I

I 1011'111) ----:--------

1 ::o,IJ•:'. _
? 1.221403

--

I .2_48xl0-4 11.349859
'-1'?1s1,

__________

I

M. Exact

1.105171
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2.459603
- -5

-

10-t, , ·------
- -??7]6

I

I the Ln /or', ,
-

·--,
-, •,; .

. .. eries method has a better approxirna/J I,.O' while the modified Euler·, •
I;.

. mcthcid has lhe
errorof0.017095 '•t

.

1•_1

iiat example 2 ,,e will find out the Tailors saies method with an error of3.2Sx:1i.J
h

- '/1ere we notice that the modi tied Euler's method has a better approxnni4
1

{-
.,a'to the previous example. This is hecause the order ofx has increased. i

;:¡,
"fé 3 we find out that both the Ta, !or's series method the method Euler's metho:difu¡

s the same result which makes the error be zero (0). This is because ítiif
__

equation is of order two and we kno11 that the modified Euler's method is also of

.:'::'(fj?:?--

h t be exact Since the Taylor's series method is of order'$0 we should expect t em o , ·

h uation is of order two.uJd not expect less because I e eq

.;
_

JI b?tter approximation with an error of-
. etlioc ias a ,

___.i.tmple 4. The Taylor"s serre, m

, Jar"s series method has a better
·oncluck that the Ta"

:.;¡¡¡¡;an¡???-. we are at liberty to ?

_ 1

-
. method.

J"ticd Eu er'
'-:._: _. _ _ red to llit' mo 1

-

,,and less error corn pa
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