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ABSTRACT
Sparse multiple canonical correlation analysis (SMCCA) has been extensively used

by several authors as a tool for identifying sparse linear combinations of multiple
datasets that are highly correlated with each other under normal distribution. One of
the major problems in evaluating performance of SMCCA is wrong choice of sparse
penalty. The penalty functions are Least Absolute Shrinkage and Selection Operator
(Lasso), Elastic-net, Smoothly Clipped Absolute Deviation (SCAD), Fuse lasso and
Soft threshold. This research work evaluates the performance of sparse penalty in
Sparse multiple canonical correlation analysis under Normal, Lognormal,
Exponential, and Chi-square probability distributions at 10 fold Cross validation, to
choose which probability distribution best fit sparse multiple canonical correlation
analysis. The Goodness of fit criteriaused to evaluate the performances of penalty
function in SMCCA are Akaike Information Criterion (AIC), Schwartz’s Bayes
Criterion (SBC) and Bayesian Information Criterion (BIC). The result shows that Soft
threshold best fit penalty function for SMCCA.Soft threshold is recommended for

SMCCA.



CHAPTER ONE

INTRODUCTION

1.1 Background to the Study
The aim of canonical correlation analysis (CCA) introduced by Hoteling (1936) is to

identify and quantify linear relations between two sets of variables. CCA produces linear
combinations of each of the two sets of variables having maximal correlation. These
linear combinations are called the canonical variates and the correlations between the
canonical variates are called the canonical correlation. It has been successfully applied to
a wide range of disciplines, including psychology, agriculture, medicine, economics,

meteorology, biology, and more recently Genomics.

In some of the recent literatures, the main emphasis is on finding relationships between
two or more view on the same data as the analyses motivate researchers to attain good
understanding of their relationship (Le Cao et al., 2009). The relationship between two
sets of variables can be studied one at a time but it leads to high false-discovery rates and

is not interpretable (Parkhomenko et al., 2007).

When the number of variables exceeds the sample size, traditional CCA methods are no
longer appropriate. In addition, when the variables are highly correlated, sample
covariance matrices become unstable or undefined, leading to additional difficulty in
estimating the canonical correlation and variables. Therefore, classical CCA requires a
dimension reduction method to overcome this problem. Ridge regression introduced by
Hoerl and Kennard (1970) was the first penalized regression method designed to mediate
the predictors in which a quadratic penalty term is added to the regular least square

estimating equations.



Ridge regression shrinks the coefficients towards zero by imposing a penalty on their
squared size; however, the shrunken coefficients never equal zero. As a result, ridge
regression ridge does not perform variable selection. Other penalty functions, such as
LASSO, Elastic-net, SCAD, Soft Threshold and Fuse LASSO are available which
account for the multi-collinearity issue (“shrinkage”) as well as set some of the
coefficients to exact zeros producing sparse set of variables (i.e., variable selection).
Numerous methods have been developed for shrinkage and variable selection over the
past decade including LASSO (Tibshirani, 1996); Elastic-net (Zou and Hastie, 2005);
SCAD (Fan and Li, 2001) Fused LASSO (Witten and Tibshirani, 2009) and Soft
Threshold. Recently, these methods have been applied to CCA for assessing the

relationships between two sets of high- genomic data.

Sparse canonical correlation analysis (SCCA) is extension to classical canonical
correlation analysis. Sparse canonical vectors are canonical vectors with some of their
element estimated as exactly zero. The canonical variates then only depend on a subset of
the variables, those corresponding to the non-zero elements of the estimated canonical
vectors. The canonical variates are easier to interpret, in particular for high dimensional
data sets. Inducing sparsity in the canonical vector such that the linear combination only
includes a subset of variables. The variable selection techniques are applied to the
canonical variable loadings which set some of the coefficients to exact zeros, thereby
selecting the remaining variables. The important variables selected are then called the
sparse set of variables and the canonical correlation analysis using these variables is often

referred to as sparse canonical correlation analysis (SCCA).



Waaijenborg et al. (2008) first suggested a penalized version of canonical correlation
analysis using an iterative regression procedure with the Univariate Soft Threshold (UST)
version of the Elastic-net penalty. Subsequently, Parkhomenko et al. (2008) suggested the
SCCA method using a form of regularization similar to UST elastic-net, Witten et al.
(2009) used the LASSO penalty in their SCCA. These methods are appealing; however,
they do not directly control the sparsity of the solution. As a result, the methods may not
necessarily produce sparse set of variables (Lykou and Whittaker, 2009). To overcome
the issue, Zhou and He (2008) suggested two-step-procedure in carrying out SCCA in
which a L; penalty was used on the variable loadings during the first step followed by

additional variable filtering algorithm that uses Bayesian Information Criterion (BIC).

Sparse multiple canonical correlation analysis (SMCCA) is extension to sparse canonical
correlation analysis. Witten et al. (2009) developed a method for sparse multiple CCA by
imposing penalty functions formulation for the multiple-set CCA to more than two data
sets. In the spirit of the criterion for SCCA with two sets of variables, investigations of
extensions of SCCA, Lee et al. (2011) explored different penalty functions and their
relative successes on simulated and real data set.

In recent years, there have been a few important methodological advances in SMCCA
that helps in addressing the key issues that have been outlined above. But, to the best of
our knowledge comparative work has been done to evaluate SMCCA under different

probability distribution.



This research work evaluates the performance of LASSO, Elastic net, SCAD, Fused
LASSOand Soft Threshold in Sparse multiple canonical correlation analysis under
Normal, Lognormal, Exponential, and Chi-square probability distributions of sample
sizes 5, 10, 20, 30 and 40 at 10 fold CV, to choose which distribution best fitsparse
multiple canonical correlation analysis. The Goodness of fit criteria usedto evaluate the

performances of penalty function in SMCCA.

1.2 Statement of Problem

Sparse multiple canonical correlation analysis (SMCCA) has been evaluated using
different type of sparse penalty functions. In the literature, Lee et al. (2011) compared L1,
SCAD, Soft, H30 and WT in SMCCA using 5 fold cross validation and discovered that
WT is best under normal distribution. Chalise and Fridley (2012) used the SCCA
algorithm of Parkhomenko et al. (2009) and BIC to compare several penalty functions
such as LASSO, elastic net, SCAD and Hard-thresholding to discovered that elastic net
and particularly SCAD is the best penalty function. Previous research shows that there is
no empirical evaluation of SMCCA done on other distribution than Normal distribution.
As a further contribution to implementation of SMCCA, this research work evaluate the
performance of LASSO, Elastic-net, SCAD, Fused LASSO and Soft threshold in Sparse
multiple canonical correlation analysis under Normal, Lognormal, Exponential, and Chi-
square probability distributions using 10 fold cross validation to choose which probability
distribution best fit SMCCA and to choose which penalty function would best use fit

sparse multiple canonical correlation analysis using AIC, SBC and BIC.



1.3 Aim and Objectives of the Study”
The aim of this study is to evaluate performance of different penalty functions used in

sparse multiple canonical correlation analysis.

The objectives are to;
Q) Identify the best fit penalty in sparse multiple canonical correlation analysis.
(i) Determine the best fit probability distribution in sparse multiple canonical

correlation analysis when the data is non normal.

1.4 Significance of Study
With a growing dimensionality of high dimensional data, the focus these days have been

in finding the relationship between two or more sets of variables. One of the classical
methods that can be used in cases when we have more set of variables from the same
subject is CCA but it lacks interpretation for situations in which each set of variables has
more than thousands of variables. MSCCA was first addressed by Witten et al. (2009)
who proposed a novel method for Sparse Multiple Canonical Correlation Analysis

(SMCCA).

Recently there are few proposed methods to find relationships among more datasets
based on different penalty functions but there are very few comparative studies that has
been done so far. This work has come up with an aid that will help researchers to choose
objectively from among the numerous penalty function best fit SMCCA so that there will
be no basis of doubt for the appropriateness of probability distribution adopted by any

researcher. The significance of this study cannot be over emphasized.



1.5 Scope and Limitation of the Study
This research work would only evaluate the performance penalty for sparse multiple

CCA under normal, lognormal, exponential and chi-square probability distribution using

three goodness of fit criteria (AIC, SBC and BIC).



CHAPTER TWO

LITERATURE REVIEW

2.1 Canonical Correlation Analysis

Canonical Correlation Analysis is a tool use to study the relationship between two sets of
variables. CCA was developed to find linear combinations of two sets of variables that
have maximum correlation, which can help understand the overall dependency structure
between these two sets of variables.It has been successfully applied in various field of
research which include neuro imaging (Avants et al., (2010); genomics (Witten and
Tibshirani, 2009); Organization research (Bagozzi 2011); Human trafficking

characterization (Chen et al., 2012); Gene interaction (Wang et al., 2015).

2.2 Sparse Canonical Correlation Analysis
Sparse Canonical Correlation Analysis (SCCA) is extension to classical canonical

correlation analysis, sparse canonical vectors are canonical vectors with some of their
element estimated as exactly Zero. The canonical variates then only depend on a subset
of the variables, those corresponding to the non-zero elements of the estimated canonical
vectors. The canonical variates are easier to interpret, in particular for high dimensional
data sets. Inducing sparsity in the canonical vector such that the linear combination only
include a subset of variables. Sparsity is especially, useful association among high
dimensional data sets. Parkhomenko (2008) considered a sparse singular value
decomposition of matrix to derive sparse singular vector. The solution to the SCCA
criterion is obtained by solving the Singular Value Decomposition (SVD) of matrix under
normal distribution. Parkhomenko (2008) develop an iterative algorithm that alternatively
approximates left and right singular vector using iterative soft thresholding for feature

selection.



This approach is related to the Heretics algorithm of Good (1969), partial least squares
(PLS) method described by Wegelin (2000) and Sparse principal component Analysis
method developed by Zou et al. (2006). They evaluate SCCA properties using simulated
data and illustrated practical use of SCCA by applying it to the study of natural variation
in human gene expression. Two extensionsof SCCA were presented adaptive SCCA and
modified adaptive SCCA. They compare the performance adaptive SCCA and modified
adaptive SCCA using simulated data. Parkhomenko (2008) concluded that adaptive

SCCA solution contains fewer noise variables so it is more preferable to it counterpart.

Waaijenborg et al. (2008) considered wold (1968) alternating least squares approach to
CCA and obtained sparse canonical correlation vector using penalize regression with
elastic net under normal distribution. The ridge parameter of the elastic net is to be large,
according to the authors, ignoring the dependency structure within each set of variable.
There are several solutions that are almost equally good mainly focused on the canonical
correlation, while the maximization criterion of the penalized CCA lies closer to the
covariance. They concluded that the covariance of two canonical variates will increase as
the number of variables in the canonical variate pairs increases by adapting the elastic net
to canonical correlation analysis.

Witten et al. (2009) proposed an approach to Singular decomposition value named
Penalized Matrix Decomposition (PMD), standardized to have mean zero and standard
deviation one and discuss alternative penalizations such as fused lasso to impose
additional structure. The algorithm proposed by (Witten et al., 2009) is used for

calculating the canonical covariate of the SCCA.



Witten et al. (2009) use bounded form of the penalty function and the canonical vectors
are fixed one at a time such that the objective function of the biconvex criterion increases
by each step of the iterative algorithm.

The limitation of (Waaijenborg et al., 2008), (Witten et al., 2009) and (Parkhomenko et
al., 2009) approach is only granted if },, and ¥,, are replaced by their
corresponding diagonal matrices. A similar approach was taken by (Witten et al., 2009)
who apply a penalized matrix decomposition to the cross product matrixy.,, are but
assume that one can replace the matrices. Waaijenborg et al. (2008), Witten et al. (2009)

and Parkhomenko et al. (2009) all impose covariance restrictions i.e. Y., = X, = .

The potential disadvantage of CCA and similar statistical methods, such as Principle
Component Analysis (PCA) and Partial Least Squares (PLS), is that the learned
projections are a linear combination of all the features representations. This makes the
interpretation of the solutions difficult. Studies by Zou et al. (2004), Moghaddam et al.
(2006), Dhanjal et al. (2006) and the more recent d’Aspremont et al. (2007),
Sriperumbudur et al. (2007) have addressed this issue for PCA and PLS by learning only
the relevant features that maximize the variance for PCA and covariance for PLS.
Subsequent to Hardoon and Shawe-Taylor (2007) an application of sparse CCA has been
proposed by Torres et al. (2007) where the authors imposed sparsity on the semantic
space by penalizing the cardinality of the solution vector (Weston et al., 2003). The
SCCA presented by the authors is novel to the extent that instead of working with
covariance matrices Torres et al. (2007), which may be computationally intensive to
compute when the dimensionality of the data is large, it deals directly with the training

data.



These formulations, coupled with the need for sparsity, could prove insufficient when one
desires or is limited to a ML primal-dual representation,i.e. one wishes to learn the

correlation of words in one language that map to documents in another.

Meinshausen and Bihlmann (2006) also showed the conflict of optimal prediction and
consistent variable selection in the LASSO. They proved that the optimal A for prediction
gives inconsistent variable selection results in fact, many noise features are included in
the predictive model. This conflict can be easily understood by considering an orthogonal
design model (Leng et al., 2004). Whether the LASSO is an oracle procedure is an
important question demanding a definite answer, because the LASSO has been used
widely in practice. They attempt to provide an answer, whether the penalty could produce
an oracle procedure and, they consider the asymptotic setup where A varies with n (the
sample size).They first show that the underlying model must satisfy a nontrivial condition
if the LASSO variable selection is consistent. Consequently, there are scenarios in which
the LASSO selection cannot be consistent. To fix this problem, they then propose a new
version of the LASSO, the adaptive LASSO, in which adaptive weights are used for
penalizing different coefficients in the penalty. They show that the adaptive LASSO
enjoys the oracle properties. They also prove the near-minimaxoptimality of the adaptive
LASSO shrinkage using the language of (Donoho and Johnstone, 1994). The adaptive
LASSO is essentially a convex optimization problem with a constraint. Therefore, the
adaptive LASSO can be solved by the same efficient algorithm for solving the lasso.
Their results show that the penalty is at least as competitive as other concave oracle

penalties and also is computationally more attractive.

10



Wiesel et al. (2008) proposed an efficient greedy procedure that gradually expands the
supports of the canonical vectors. Unlike other methods, this greedy approach allows
precise control of the sparsity of the extracted components.Witten et al. (2009);
Parkhomenko et al. (2009) formulate sparse CCA as the optimization and in particular
considered an (1 relaxation of the €0 cardinality constraint. They suggest an alternating
minimization approach exploiting the bi-convex nature of the relaxed problem, solving a
LASSO regression in each step. The same approach is followed in (Waaijenborg et al.,
2008) combining €2 and €1 regularizers similarly to the elastic net approach for sparse
PCA (Zou and Hastie, 2005). Similar approaches have appeared in the literature for
Sparse singular value decomposition (Lee et al., 2010), (Yang and Zhang 2011). A
common weakness in these approaches is the lack of precise control over sparsity, the
mapping between the regularization parameters and the number of nonzero entries in the
extracted components is highly nonlinear. Further, such methods usually lack provable
non asymptotic approximation guarantees. Beyond sparsity, Witten and Tibshirani (2009)
discuss alternative penalizations such as fused LASSO to impose additional structure,
while Chen et al. (2012) introduce a group-LASSO to promote sparsity with structure.

Extensions of CCA have been proposed to overcome these limitations. Some
modifications deal with the singularity of sample covariance matrices by applying a
ridge-type regularization Vinod (1970); (Parkhomenko et al., 2009), Chalise and Fridley
(2012), have some structure such as sparsity, bandable or Toeplitz (Chen et al. 2013)
Safo and Ahn (2014), assuming sample covariance matrices are identity matrices (Witten,
2010). Gao et al. (2015) considered the sample covariance to be nuisance parameters and

replaced their precision matrices with pseudo-inverses.

11



The problem of biological interpretability has been tackled by assuming some
coefficients are zero, implying that those variables do not contribute to the overall
association between the two sets of variables Waaijenborg et al. (2008), Parkhomenko et
al. (2009), (Witten et al. (2009), Chalise and Fridley (2012), Chen et al .(2013), Gao et
al. (2015). To achieve sparsity on the canonical vectors, Safo and Ahn (2014) imposed a
I+ constraint on a modifed generalized eigenvalue problem arising from the CCA
optimization problem while minimizing the l1 norm of linear coefficients which was
motivated by Dantzig Selector Candes and Tao (2007).

There is a large volume of work on sparse PCA —see (Zou et al., 2006); (Amini and
Wainwright, 2008) and references therein— but these methods cannot be generalized to
the CCA problem. One exception is the work of d’Aspremont et al. (2007) where the
authors discuss extensions to the “non-square case”. Their approach relies on a semi
definite relaxation. References to sparsity in CCA date back to Thorndike (1976) and
Thompson (1984) who identified the importance of sparsity regularization to obtain
meaningful results However, no specific algorithm was proposed. Several subsequent
works considered a penalized version of the CCA problem, typically under a Langrangian
formulation involving a convex relaxation of the £0 cardinality constraint (Torres et al.,
2007), (Hardoon and Shawe-Taylor, 2007;2011).The success of the available sparse CCA
methods, include the exploit structural information among variables that is available for
biological data such as transcriptomic and metabolomics data. Using available structural
information, one can gain better understanding and obtain biologically more meaningful

results from CCA.

12



This has been demonstrated in the setting of sparse regression analysis Pan et al. (2010),
Li and Li, (2008), Kim and Xing (2013). Recently, Chen et al. (2013) incorporated
phylogenetic information from the bacterial taxa in CCA to study association between
nutrient intake and human gut microbiome composition Safo et al. (2016) work is
different from the structured sparse CCA of Chen et al. (2012). They considered
functional relationships among one data type and impose a group LASSO penalty on the
variables. Also, they do not utilize edge information among variables within pathways,
Sparse CCA is closely related to sparse PCA; but the argument }.,,,  is replaced by a
positive semi definite matrix. Chu et al. (2013) characterize the solutions of the
unconstrained problem and formulate convex €1 minimization problems to seek sparse
solutions in that set (Sriperumbudur et al., 2009) consider a constrained generalized eigen
value problem, which partially captures sparse CCA, and frame it as a difference-of-
convex functions program.

Lee et al. (2011) recast CCA as a regression problem through nonlinear iterative partial
least-squares (NIPALS) algorithm, and then adopt a random-effect model approach to
obtain sparse regression. The model gives unbounded gains for zero loadings at the
origin, so it forces many estimated coefficients to zero and develop an extension of
SCCA to address more than two sets of variables on the same set of observations.
Consequently, the CCA estimates can be obtained by performing the singular value
decomposition gives the solution for the CCA. The criterion to select the tuning
parameter is the same as the one specified in (Parkhomenko et al., 2009) SCCA

approach.

13



The optimal values of the tuning parameter correspond to the highest test sample

correlation.

Chalise and Fredley (2012) used BIC to compared several penalty functions such as
LASSO (Tibshirani, 1996); Elastic net (Zou and Hastie, 2005); SCAD (Fan and Li, 2001)
and Hard-thresholding in SCCA. They concluded that elastic net and particularly SCAD
achieve maximum correlation between the canonical correlation variables with more

sparse canonical vectors.

Safo et al. (2016) assess association between transcriptomic and metabolomics data from
a Predictive Health Institute (PHI) study including healthy adults at high risk of
developingcardiovascular diseases. They develop statistical methods for identifying
sparse structure in canonical correlation analysis (CCA) with incorporation of
biological/structural information. The proposed methods use prior network structural
information among genes and among metabolites to guide selection of relevant genes and
metabolites in SCCA, providing insight on the molecular underpinning of cardiovascular
disease. The simulations demonstrated that the structured SCCA methods outperform
several existing sparse CCA methods in selecting relevant genes and metabolites when
structural information is informative and are robust to mis-specified structural
information. The analysis of the PHI study reveals that a number of genes and metabolic
pathways including some known to be associated with cardiovascular diseases are

enriched in the subset of genes and metabolites selected by this approach.

14



2.3 Sparse Multiple Canonical Correlation Analysis

Witten et al. (2009) perform an integrative analysis of two data sets with features on a
single set of samples, an approaches for generalizing CCA to more than two data sets
have been proposed in the literature, and some of these extensions are summarized in Gifi
(1990) focus on multiple-set CCA. They briefly mention one idea for extending SCCA to
SMCCA, but they do not assess the method or give the reader a sense of how to find the
number of canonical pairs which should be considered significant. None of the other
references using or extending SCCA consider the case of more than one canonical pair.

Lee et al. (2011) develop a method for (SMCCA) by imposing penalty functions on the
formulation for the multiple-set CCA. In the spirit of this criterion for SCCA with two
sets of variables, they proposed algorithm is the modified SCCA algorithm proposed by
(Lee et al., 2011) for calculating the canonical covariate. Lee et al. (2011) demonstrated
the application of SMCCA on three sets of variables pairs. Witten et al. (2009)’s method

show better performance in terms of average test sample covariance with it counterpart.

Coleman et al. (2015) employed a method known as Sparse Canonical Correlation
Analysis (SCCA), they estimated the covariance matrix which has been done using
maximum likelihood estimation which is resistant to extreme observations or other types
of deviant data. They demonstrated the success of resistant estimation in variable
selection using SCCA to find multiple canonical pairs for extended knowledge about the
datasets using resistant estimators provided more accurate estimates than standard
estimators in the multiple canonical correlation setting and derived resistant
multiplecanonical correlation analysis (RMSCCA). The authors compared SMCCA and

RMSCCA to concluded that RMSCCA outperform SMCCA.

15



2.4 Akaike Information Criterion

Akaike Information Criterion develop by Hirotsugu Akaike under the name of “an
information criterion” (AIC) in 1974, is a measure of the goodness of fit of an estimated
statistical model. It is grounded in the concept of entropy, in effect offering a relative
measure of the information lost when a given model is used to describe reality and can be
said to describe the tradeoff between bias and variance in model construction, or loosely

speaking that of precision and complexity of the model.

2.5 Schwartz Bayes Criterion
Schwartz Bayes Criterion (SBC). The AIC penalizes the number of parameters less

strongly than does the Bayesian information criterion (SBC), which was independently
developed by Akaike and by Schwarz in 1978, using Bayesian formalism. Akaike's
version of SBC was originally denoted ABIC (for "A Bayesian Information Criterion™) or

referred to as Akaike's Bayesian Information Criterion.

2.6 Bayesian Information Criterion
Zhou and He (2008) proposed two-step procedure balancing the loss in the correlation

and gain in the sparsityof variables. In first step, they set a constraint on the loadings such
that the sparse-correlation does not decrease below a lower confidence limit of the
approximated canonical correlation by gradually imposing constraint through an iterative
procedure. In the second step, the variable filtering is carried out using a BIC-type
criterion, setting the smallest loading in absolute value to zero at each iteration for both

variables.

16
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Sparse multiple canonical correlation analysis (SMCCA) have been extensively used by
Witten et al. (2009), Lee et al. (2011) and Coleman et al. (2015) but all these authors
assumed that the variable are normally distributed. There is need to explore other
distributions to see the effect of the variables.The main disadvantage of the available
SMCCA methods is that they do not have direct control over the sparsity. As a result, it is
difficult to achieve effective dimension reduction. There is a trade-off between the
maximum correlation and the sparsity of the variables. Previous research shows that there
is no empirical evaluation of SMCCA done on other distribution than Normal
distribution, as a further contribution to implementation of SMCCA. This research work
evaluates the performance of LASSO, Elastic-net, SCAD, WT and Soft in SMCCA under
normal, lognormal, exponential and chi-square probability distributions to choose which
penalty function best fit SMCCA. Considering the cost, time and computational factor

this research use only simulated data.
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CHAPTER THREE
MATERIALS AND METHOD
3.1 Simulation Study

The simulation relies on repeated random sampling and statistical analysis to compute
the results. This method of simulation is very closely related to random experiments,
experiments for which the specific result is not known in advance. The simulation
method enables us to obtain experimental data under different conditions (different
treatment numbers, different sample sizes, etc.). The first data set generated is standard,
second data ordered and the third data set standard. The simulation can also be repeated
many times for every set of conditions, so that the sparse canonical technigues considered

in this work can be easily evaluated under Normal, (1) =0.5 and o?=1 Lognormal, (u)

=0.5 and o2=1, Exponential= 1 (i. ei) and Chi-square(u) =0.5
7 0.5

Table 3.1 Summary of Parameter used for the Simulation Studies

Parameter Description Value
N Sample Size 5-40
0, Number of Variable in X, 100
4, Number of Variable in X, 50
0s Number of Variable in X, 200
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3.2 Probability Distribution Used for Simulation

Normal, Lognormal, Exponential and Chi-square probability distributions were usedfor

simulation and analysis.

3.2.1 Normal Distribution

Normal distribution mean = 0.5 and variance = 1 was used for data simulation.

3.2.2 Lognormal Distribution

A random variable x is said to have lognormal distribution with parameters pue; and
o > 0 if In(x) has the normal distribution with mean u standard deviation ¢ Lognormal
distribution is used to model continuous random quantities when the data is believed to

have heavy tail.

3.2.3 Exponential Distribution

Exponential distribution is considered to generate data that is negatively skewed. Then

the random variable x~Exp (1)

3.2.4 Chi-square Distribution

The Chi-square distribution with degree of freedom six was used for the data simulation.

Chi-square distribution is considered to generate data that is positively skewed.

3.3 Software Used

R version 3.3.2 was used for simulation and analysis.
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3.4 Canonical Correlation Analysis Model

x1 Ko xp yiz K yig
X=| M O M|Y=|] M O M
X L Xnp Yy L Ynq

The mean of X and Y are written as 4, and ¢, respectively and are assumed to be

zero. The covariance matrix between X and Y can be written as

cov(XY) —[ZXX 2y ](3-1)

2 2y

Variance of X and Y are written as Y., Zyy and covariance matrix ¥, = Zyx I letA

and B be the corresponding linear combinations of X and Y A=W,X, B=W,Y Where

W,and W, are pair of coefficient vector of order (px1) and (qx1) respectively var(4) =

Wi Yux Wy wvar(B) =Wy ¥, W, and

cov(AB) = W{ ¥, W, but W, and W, is such that

maxy, w, Wi Yy W, Subjectto Wi ¥, Wy =1 and W) ¥, W, =1 (3.2)
(Johnson and wichern, 2007)

The correlation between A and B is

wy > yx W2 (3.3)

\/VV1T Z xxwl)(VVZT Z yyW2)

PAB =

Because OAB involves the canonical variate A and B is called a canonical correlation.

The goal of CCA is to find canonical variates.
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The covariance between variable X and Y which contains p ¢ element},,, Zyx is

replaced by min( pq). But when p and ¢ are large, it is very difficult to compute

—1 and S>3 may not exist. This situation arises when the number of

Xy XX
variable in each set is larger than the number of observations and when there ismulti-

collinearity.

3.5 Sparse Canonical Correlation Analysis Model

max W, 3 Wo SUDIEC Oy 2 <1 s P <1 P (W) s P(Wp) s, (34)
1VV2

Where A and B are canonical vectors (or weight) and we refer W X and W,Y as canonical

variables.

3.6 Sparse Multiple Canonical Correlation Analysis Model
Let the K data sets be denoted Xi, ....Xk; data set k is of dimension nqucontains

variables, and each variable has mean 0.5 and standard deviation 1 as in previous
sections. Then, the single-factor multiple-set CCA criterion involves finding that

maximize

max imze ZWiT XiT X W subjectto w, " x I x Wy =1k, (3-5)
Wi Wk =]

.....

Where W, €R%. It is easy to see that when K = 2, then multiple-set CCA simplifies to

ordinary CCA. SMCCA is derived by imposing sparsity constraints on this natural

formulation for multiple-set CCA. x[ X = | foreach k.
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3.6.1 SMCCA Witten et al. (2009) Model

The criterion for sparse multiple canonical correlation analysis is

i 2
max  STWiT X[ X w; SUPIECLEO Wi [ <1, PW() < ¢ Wk (3.6)
Wy Wi (S

Where P is convex penalty function. Then, W, is the canonical vector associated with X, .
If P is Ly or fused lasso penalty and c is chosen appropriately, then W, will be sparse. It is
not hard to see that just as (3.2) is biconvex in W, and W,, (3.6) is multiconvex in

W,,...,W, . That is, with w; held fixed for all j #k, (3.6) is convex in W,

3.6.2 Lasso penalty

The Least absolute shrinkage and selection operator (LASSO) is a shrinkage method
which sets some of the coefficients to zero and hence retains the ability of selecting

important features Tibshirani (1996). The Lasso penalty term is defined as,

q
pﬂlvasso W) = 2 Zl|wj | (3.7)
J:

Where 1 is a tuning parameter. SMCCA derive by imposing sparsityconstraints on this

natural formulation for multiple-set CCAfor each k.

22



3.6.3 Elastic-net penalty

Elastic-net (Zou and He, 2005) is a regularization technique that simultaneously performs
variable selection and continuous shrinkage. This method uses both the L, quadratic
penalty of ridge regression and the L; penalty of LASSO, forming a convex combination.
Therefore, this method retains the variable selection property while correcting for the

extra shrinkage. The elastic net penalty function can be defined as

_ q q
P/,LEIastlcnet W) =1, Z |Wj | + Ao Z W? . (3.8)
=1 i=1

3.6.4 Soft Thresholding

Parkhomenko et al. (2009) proposed univariate soft thresholding (UST) the simplified

version of the solution of is given as,

PSoft (W) = (jw;|—0.52)+sign(w;) (3.9)

3.6.5 Smoothly clipped absolute deviation penalty (SCAD)

(Fan and Li, 2001) proposed a non-convex penalty function referred to as the smoothly
clipped absolute deviation (SCAD). The criterion for a good penalty function is Sparsity.

The SCAD penalty is given by

2(a—21

pscad(\N)_{lvvjfza/’LIVVj|+/12]if/1<|\Nj|<a/’t (3.10)
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This thresholding rule involves two unknown parameters A and a. Theoretically, the best
pair (4, @) can be obtained using a two dimensional grid-search with criteria similar to
cross validation methods. However, such an implementation could be computationally
expensive. Based on a Bayesian standpoint and simulation studies, (Fan and Li, 2001)
suggested a =3.7 to be a good choice for various problems. They have further argued that
the performance of various variable selection problems do not improve significantly with
a selected by data driven methods. In comparison of the penalty functions, a is set to 3.7

with /1 selected by cross validation.

3.7Selection of Turning Parameter
The optimal combination of sparseness parameters are chosen by using k-fold cross-
validation (CV) and the criteria that controls how many variables that has to be included

in each soft-threshold steps is given by

i

1 Ad
AQQ,.:EZCOI"(XJ-WI ijZ ) (311)

j=1

Al

Which maximizes the test sample correlation, where k is the number of steps in CV, W,

|

and W, are the weights estimated for the training sets X, ; and X, ;, in which the subset j

will be remove. The k-fold cross validation was recommended by (Waaijenborg et al.,
2009), (Parkhomenko et al., 2009) and (Witten et al., 2009). The cross validation used in

this research is 10-fold. The most robust correlation is the better is the one selected.
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3.8 Good of Fit Criteria
Information criteria are used when comparing different models for the same data.

Akaike’s Information Criterion (AIC), Shwartz’s Bayesian Criterion (SBC) and Bayesian
information criteria (BIC) were used in this study to determine the most suitable penalty
function for SMCCA. The given the AIC, SBC, BIC values which is the most closestto
zero is accepted as the best sparse penalty function. The smallest sparse penalty function

becomes the best fit penalty for SMCCA.

3.8.1 Akaike Information Criterion (AIC)
Akaikes an information criterion is a measure of the goodness of fit of an estimated
statistical model (Littell et al,. 1996). The formula for this criterion is given by:
AIC =—2logr+2d (3.12)
Where T is the correlation, d = g, +q, + g, is total number of variable.
3.8.2 Schwartz’s Bayes Criterion (SBC)

The Schwarz Bayes Criterion (SBC) is a criterion for model selection among a finite set
of models. It is based, in part, on the likelihood function, and it is closely related to
Akaike information criterion (AIC). In fact, Akaike was so impressed with Schwarz's
Bayesian formalism that he developed his own Bayesian formalism, now often referred to
as the ABIC for "a Bayesian Information Criterion™ or more casually "Akaike's Bayesian

Information Criterion” (Littell et al., 1996).The formula for this criterion is given by:

SBC =—2logr+d logn (3.13)
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Where, r= correlation.d =g, +q, + g, is total number of variable, n is the observation

number.

3.8.3 Bayesian information criteria (BIC)

The new correlation coefficient is computed corresponding to new loadings at each
iteration (Zhou and He, 2008) proposed two-step procedure balancing the loss in the

correlation and gain in the sparsityof variables and the BIC is estimated by using

BIC =nlog@—r?)+dlogn (3.14)

Where d =q, +q, +q, d is the total number of variable, n is sample size and r is the

correlation. The variables corresponding to the minimum BIC value are the final selected

variables.
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CHAPTER FOUR

RESULT AND DISCUSSION

4.1 Sample correlation at 10-fold cross validation

The tables below indicate the sample correlation of the three dataset considered in this
research work at 10-fold cross validation. Considering the penalty functions and

distribution used to obtain the result.

Table 4.1.1 Correlation at n=5

Penaltyfunction | Normal Lognormal Exponential Chi square
Lasso 0.3638 0.2035 0.2489 0.2489
Elastic net 0.7269 0.3993 0.4955 0.4925
SCAD 0.0306 0.0101 0.0153 0.0161
Soft 0.5360 0.5600 0.5582 0.5525
WT 0.2985 0.2971 0.2998 0.2970

Table 4.1.1 showsthat Elastic-net fit SMCCA at Normal distribution but soft threshold
best fit SMCCA as the follow data Lognormal, Exponential and Chi-square distribution
(It provide the more smaller value on the distribution) .

Table 4.1.2 Correlation at n=10

Penalty function | Normal Lognormal Exponential Chi square
Lasso 0.1666 0.1648 0.1075 0.1881
Elastic net 0.3270 0.3214 0.2124 0.3680
SCAD 0.0105 0.0353 0.0003 0.1011
Soft 0.5732 0.5554 0.5396 0.5150
WT 0.2942 0.2918 0.2794 0.2746

Table 4.1.2 shows that Soft threshold best fit SMCCA at all the distribution considered

above (since is the closest value to one)
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Table 4.1.3 Correlation at n=20

Penalty function | Normal Lognormal Exponential Chi square
Lasso 0.2553 0.1935 0.1042 0.1991
Elastic net 0.7267 0.3745 0.1949 0.3907
SCAD 0.0211 0.0353 0.1290 0.0107
Soft 0.4574 0.5554 0.5396 0.5472
WT 0.2538 0.2918 0.2708 0.2907

Table 4.1.3 shows that Elastic-net fit SMCCA at Normal distribution, but soft threshold
best fit SMCCA as the follow data Lognormal, Exponential and Chi-square distribution
(Since it provide the most robust value on each distribution).

Table 4.1.4 Correlation at n=30

Penalty function | Normal Lognormal Exponential Chi square
Lasso 0.0832 0.1087 0.0894 0.0844
Elastic net 0.1655 0.2098 0.1758 0.1602
SCAD 0.0037 0.0141 0.0019 0.0090
Soft 0.4131 0.5455 0.4456 0.3985
WT 0.2161 0.2161 0.2824 0.2657

Table 4.1.4 shows that Soft threshold best fit SMCCA since the correlation is higher than

it counterpart in all the distributions considered above in this research work.

Table 4.1.5 Correlation at n=40

Penalty function | Normal Lognormal Exponential Chi square
Lasso 0.1046 0.0770 0.1174 0.1423
Elastic net 0.1957 0.1522 0.2762 0.2762
SCAD 0.0003 0.0301 0.7649 0.0071
Soft 0.5243 0.5251 0.3875 0.4754
WT 0.2717 0.2941 0.2941 0.2518

Table 4.1.5 shows that SCAD fit SMCCA Exponential distribution, but Normal,
Lognormal and Chi-square probability distribution Soft threshold best fit SMCCA (since

is the closest to one). The table 4.1.1-4.1.5 indicate Soft threshold best fit SMCCA at
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sample size 5,10,20,30 and 40 when the data follow Normal, Lognormal, Exponential

and Chi-square probability distribution.

4.2 Comparison of Some penalty function on Sparse Multiple Canonical Correlation
Analysis under different Probability Distributions

4.2.1 Fitting Criteria Results for Comparing Penalty Function under Normal
Distribution.

Table 4.2.1: Information Criteria for SMCCA Normal Distribution When n=5

n=5
Penalty function Information Criterion
AIC SBC BIC

Lasso 700.8782 2455177 244.3312

Elastic net 700.2770 2449165 243.0074
SCAD 703.0285 247.6680 244.6374

Soft 700.5416 2451811 243.9040

WT 701.0501 245.6896 234.6814

Table 4.2.1 shows that Elastic net best fit penalty function for SMCCA at AIC and SBC,
also fuse LASSO fit SMCCA at BIC (since it is the one that provide the most smaller

values) with reference to sample size.
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Table 4.2.2: Information Criteria for SMCCA Normal distribution When n=10

n=10
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.5566 351.5566 349.8777

Elastic net 700.9709 350.9709 349.5088
SCAD 703.9576 353.9576 349.9995

Soft 700.4833 350.4833 348.2715

WT 701.0627 351.0627 348.1433

Table 4.2.2 shows that Soft threshold best fit SMCCA at AIC and SBC compare to result

obtain in Fuse LASSO indicate good performance at BIC.

Table 4.2.3: Information Criteria for SMCCA Normal distribution When n=20

n=20
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.1858 456.5463 445.9458

Elastic net 700.2771 455.6377 488.8375
SCAD 703.3514 458.7118 455.3565

Soft 700.4833 455.8438 451.9005

WT 701.1910 456.5515 452.7725

Table 4.2.3 shows that Lasso fit SMCCA at BIC and Elastic net best fit SMCCA, they

perform well in AIC and SBC with reference to sample size
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Table 4.2.4: Information Criteria for SMCCA Normal distribution When n=30

n=30
Penalty function Information Criterion
AIC SBC BIC

Lasso 702.1597 518.5890 516.6086

Elastic net 701.5624 518.2616 516.3373
SCAD 703.7015 521.5627 516.6990

Soft 700.7678 517.4670 514.2613

WT 701.3306 518.3231 514.2984

Table 4.2.4 shows that Soft threshold is the best fit SMCCA in AIC, SBC and BIC with

reference to sample size

Table 4.2.4: Information Criteria for SMCCA Normal distribution When n=40

n=40
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.9609 562.6818 560.5297

Elastic net 701.4168 562.1377 560.0425
SCAD 705.0457 565.7666 560.1370

Soft 700.5608 561.2817 555.1370

WT 701.1318 561.8528 554.6415

The result indicatethat Soft threshold best fit SMCCA in AIC and SBC, while Fuse Lasso

fit SMCCA the data follow Normal distribution at BIC.
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4.3 Fitting Criteria Results for Comparing Penalty Function under Lognormal
Distribution at Different Sample Sizes
Table 4.3.1: Information Criteria for SMCCA Lognormal distribution When n=5

n=5
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.3828 246.0223 244.2623

Elastic net 700.7974 245.4369 244.2622
SCAD 703.9913 248.6308 244.6392

Soft 700.5036 2451431 243.8223

WT 701.0541 245.6936 243.6937

Table 4.3.1 shows that Soft threshold best fit SMCCA in AIC and SBC, while Fuse Lasso

fit SMCCA the data follow Normal distribution at BIC with reference to sample size.

Table 4.3.2: Information Criteria for SMCCA Lognormal distribution When n=10

n=10
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.5660 351.5660 349.5088

Elastic net 700.9859 350.9859 349.5264
SCAD 702.9044 352.9044 349.9945

Soft 700.5107 350.5107 348.5054

WT 701.0698 351.0698 348.1085

Table 4.3.2 shows that Soft threshold best fit SMCCA in AIC and SBC, while Fuse Lasso

fit SMCCA at BIC with reference to sample size.
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Table 4.3.3: Information Criteria for SMCCA Lognormal distribution When n=20

n=20
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.4266 456.7870 455.0289

Elastic net 700.8531 456.2135 454.0478
SCAD 700.4353 455.7960 451.3918

Soft 700.5500 455.9499 452.7760

WT 701.0979 448.4584 452.1483

Table 4.3.3 shows that SCAD best fit SMCCA at AIC and BIC while Fuse Lasso fit
SMCCA at SBC.

Table 4.3.4: Information Criteria for SMCCA Lognormal distribution When n=30

n=30
Penalty function Information Criterion
AIC SBC BIC
Lasso 701.9275 518.6267 516.5443
Elastic net 701.3563 518.0555 516.1127
SCAD 701.7015 520.4007 516.6966
Soft 700.5264 517.2256 512.0972
WT 701.0982 518.0907 513.6691

Table 4.3.4 shows that Soft threshold the best fit SMCCA in AIC, SBC and BIC
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Table 4.3.5: Information Criteria for SMCCA Lognormal distribution When n=40

n=40
Penalty function Information Criterion
AIC SBC BIC

Lasso 702.2270 562.9479 560.6175

Elastic net 701.6351 562.3391 560.2973
SCAD 703.0428 561.9865 560.7051

Soft 700.4805 561.2014 557.8944

WT 701.0630 561.7840 557.4270

Table 4.3.5 shows that Soft threshold best fit SMCCA at AIC and SBC compare to result

obtain in Fuse LASSO indicate good performance at BIC.

4.4: Fitting Criteria Results for Comparing Penalty Function under Exponential
Distribution at Different Sample Sizes.
Table 4.4.1: Information Criteria for SMCCA Exponential distribution When n=5

n=5
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.2079 245.8474 244.0179

Elastic net 700.6099 245.2494 244.0277
SCAD 703.6306 248.2701 244.6395

Soft 700.5064 245.1459 243.8288

WT 701.0463 245.6858 243.6720

Table 4.4.1 shows that Soft threshold best fit SMCCA in AIC and SBC, while Fuse Lasso
fit SMCCA at BIC with reference to sample size.
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Table 4.4.2: Information Criteria for SMCCA Exponential distribution When n=10

n=10
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.9371 351.9371 349.9495

Elastic net 701.3456 351.3456 349.7995
SCAD 707.0457 357.0457 349.9999

Soft 700.5358 350.5396 348.5054

WT 701.1075 351.1075 348.3742

Table 4.4.2 shows that Soft threshold best fit SMCCA in AIC and SBC, while Fuse Lasso
fit SMCCA at BIC with reference to sample size.

Table 4.4.3: Information Criteria for SMCCA Exponential distribution When n=20

n=20
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.9643 457.3247 455.2655

Elastic net 701.4204 456.7808 455.0240
SCAD 701.7788 457.1392 455.2146

Soft 700.5895 455.9499 452.7760

WT 701.1347 456.4952 452.3448

Table 4.4.3 shows that Soft threshold best fit SMCCA in AIC and SBC, while Fuse Lasso
fit SMCCA at BIC with reference to sample size..
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Table 4.4.4: Information Criteria for SMCCA Exponential distribution When n=30

n=30
Penalty function Information Criterion
AIC SBC BIC

Lasso 702.0973 518.7905 516.5946

Elastic net 701.5099 518.2091 516.2901
SCAD 705.4424 522.1416 516.6991

Soft 700.7012 517.4013 513.8153

WT 701.2675 518.2599 513.8212

Table 4.4.4 shows that Soft threshold best fit SMCCA in AIC, SBC and BIC.

Table 4.4.5: Information Criteria for SMCCA Exponential distribution When n=40

n=40
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.8606 562.5815 560.4798

Elastic net 701.2656 562.9865 560.7520
SCAD 704.2498 564.9707 560.7199

Soft 700.8234 561.5443 557.8944

WT 701.3647 562.0857 557.4270

Table 4.4.5 shows that Soft threshold best fit SMCCA in AIC and SBC, while Fuse Lasso
fit SMCCA the data follow Normal distribution at BIC with reference to sample size
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4.5: Fitting Criteria Results for Comparing Penalty Function under Chi-square
Distribution at Different Sample Sizes
Table 4.5.1: Information Criteria for SMCCA Chi-square distribution When n=5

n=5
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.2163 247.0722 2445033

Elastic net 700.6151 245.2547 244.0365
SCAD 703.5634 248.2258 244.6395

Soft 700.5153 245.1548 243.8486

WT 701.3647 245.6939 243.6945

Table 4.5.1 shows that Soft threshold best fit SMCCA in AIC and SBC, while Fuse Lasso
fit SMCCA at BIC with reference to sample size

Table 4.5.2: Information Criteria for SMCCA Chi-square distribution When n=10

n=10
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.4512 351.4512 349.8435

Elastic net 700.8683 350.8683 349.3680
SCAD 703.9251 353.9251 349.9994

Soft 700.5763 350.5763 348.6615

WT 701.0544 351.1225 348.3742

Table 4.5.2 shows that Soft threshold best fit SMCCA in AIC and SBC, while Fuse Lasso
fit SMCCA the data follow Chi- square distribution at BIC with reference to sample size.
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Table 4.5.3: Information Criteria for SMCCA Chi-square distribution When n=20

n=20
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.4019 456.7623 455.0090

Elastic net 700.8163 456.1767 453.9216
SCAD 703.9412 459.3016 455.3594

Soft 700.5237 455.8841 452.2694

WT 701.0731 456.4336 451.7742

Table 4.5.3 shows Soft threshold best fit SMCCA at AIC and SBC compare to result

obtain in Fuse LASSO indicate good performance at BIC.

Table 4.5.4: Information Criteria for SMCCA Chi-square Distribution When n=30

n=30
Penalty function Information Criterion
AIC SBC BIC

Lasso 702.1473 518.8465 516.6060

Elastic net 701.5906 518.2898 516.3604
SCAD 704.0915 520.7907 516.7907

Soft 700.7991 517.4983 514.4461

WT 701.1512 518.1436 512.6691

Table 4.5.4 shows that Soft thresholdis the best fit SMCCA at AIC and SBC, but Fuse

lasso also perform well at BIC penalty with reference to sample size.
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Table 4.5.5: Information Criteria for SMCCA Chi-square Distribution When n=40

n=40
Penalty function Information Criterion
AIC SBC BIC

Lasso 701.6935 562.4144 560.3655

Elastic net 701.1175 561.8384 560.5830
SCAD 704.2974 565.0183 560.7200

Soft 700.6488 561.3667 556.2704

WT 701.1978 561.9188 555.6395

Table 4.5.5 the result indicate that Soft threshold best fit SMCCA in AIC and SBC, while
Fuse Lasso fit SMCCA as the data follow Chi-square distribution at BIC.

Information criteria from above table indicated that Soft threshold is best fit penalty
function use for SMCCA when the data follows Chi-square distribution at a large sample

size.
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CHAPTER FIVE

RECOMMENDATION AND CONCLUSION

5.1 Summary
CCA is one of the most important tools in multivariate analysis, where it has been used,

for example, in data reduction or visualization of high-dimensional data to carry out
multiple studies on the same set of subjects. Multiple types of measurements are collected
on the same sets for such studies and hence integrative analysis approaches are
increasingly necessary. However, the traditional CCA has its limitations. CCA cannot be
used when the number of variables is larger than the sample size. To overcome this issue,
a sparse version of CCA (SCCA) can be implemented. Since SCCA uses only a few
important selected variables, it also facilitates the interpretation of the results. It is well
known that improved estimation can come by imposing constraints, and in this case
sparsity constraint is natural. Hence sparsity constraint can help in reducing the number
of parameters. Since SMCCA uses only a few important selected variables, it also
facilitates to either use Lasso, Soft threshold, SCAD, WT or Elastic-net penalty. The goal
of this research is to determine the best fit sparse penalty in SMCCA under some

probability distribution.

The Sample correlation at 10 fold CV indicate that at n=5 and 20 Elastic-net produce
better result under Normal distribution. Soft threshold best fit the SMCCA at sample

sizes 5, 10, 20, 30 and 40 across all the distribution used in this research work.

According to information criteria AIC, SBC and BIC, Soft threshold best fit SMCCA
(since it is the ones that provided the smaller values on both the AIC, SBC and BIC)

when data followed Normal, Lognormal, Exponential and Chi-square probability
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distribution. Then followed by Fuse Lasso and Elastic-net, at n=5 and n=20 at normal
distribution. SCAD perform well under Lognormal n=20 and Chi-square n=30. The
tables above show the results or performances of each sparse penalty based on AIC, SBC
and BIC Information criteria and on different sample sizes in SMCCA. Compare to Lee

et al. (2011).

5.2 Contribution to Knowledge
When performing SMCCA data from non-normal distributions and when there are

different sample sizes, the penalty function to be used is unknown. Thus, incorrect or
misuse of statistical methods are made due to little or no fundamental statistical
knowledge about the sample sizes and distribution of the data that follows. The study

contributed to the knowledge as follows;

1. Soft threshold was found to be the best to use when data follows any of the
distributions considered in this work.

2. When sample size is small and follows normal distribution, Elastic-net and Lasso
are good sparse penalty to use.

5.3 Recommendations

From the above results of the analysis, the following recommendations were made:

1) Before conducting any research on SMCCA, the distribution of data has to be
checked in order to determine the best sparse penalty for such data, so that to
avoid misinterpretation.

2) The penalty function that best fit the data should be the one to use for further

analysis.
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5.4 Conclusion
From the foregone discussion, the following conclusions were made: This study is

concerned with investigation of performances of different sparse penalty function in
sparse multiple canonical correlation techniques under different Probability Distributions
at different sample sizes. Therefore, Soft thresholdbest fit penalty function for SMCCA,

when data follows normal and non-normal distributions.
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APPENDICES
Appendix i

Normal Distribution. (When n=5)

set.seed(1)

n=5

u <- matrix(rnorm(n),ncol=1)

v1 <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

v2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

v3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

x1<- u%*%t(v1) + matrix(rnorm(n*100),ncol=100)

X2<- u%*%t(v2) + matrix(rnorm(n*50),ncol=50)

x3<- u%*%t(v3) + matrix(rnorm(n*200),ncol=200)

xlist<- list(x1, x2, x3)

perm.out<- MultiCCA.Permute(xlist, type=c("'standard", "ordered","standard"))
print(perm.out)

plot(perm.out)

out<- MultiCCA(xlist, type=c("'standard", "ordered", "standard"),
penalty=perm.out$bestpenalties, ncomponents=2, ws=perm.out$ws.init)

print(out)
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Normal Distribution. (When n=10)

set.seed (1)

n=10

u <- matrix(rnorm(n),ncol=1)

v1 <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

v2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

v3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

x1<- u%*%t(v1) + matrix(rnorm(n*100),ncol=100)

X2<- u%*%t(v2) + matrix(rnorm(n*50),ncol=50)

x3<- u%*%t(v3) + matrix(rnorm(n*200),ncol=200)

xlist<- list(x1, x2, x3)

perm.out<- MultiCCA.permute(xlist, type=c("standard", "ordered","standard"))
print(perm.out)

plot(perm.out)

out<- MultiCCA(xlist, type=c("'standard", "ordered", "standard"),
penalty=perm.out$bestpenalties, ncomponents=2, ws=perm.out$ws.init)

print(out)
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Normal Distribution. (When n= 20)

set.seed (1)

n=20

u <- matrix(rnorm(n),ncol=1)

v1 <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

v2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

v3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

x1<- u%*%t(v1) + matrix(rnorm(n*100),ncol=100)

X2<- u%*%t(v2) + matrix(rnorm(n*50),ncol=50)

x3<- u%*%t(v3) + matrix(rnorm(n*200),ncol=200)

xlist<- list(x1, x2, x3)

perm.out<- MultiCCA.permute(xlist, type=c(*"standard"”, "ordered","standard"))
print(perm.out)

plot(perm.out)

out<- MultiCCA(xlist, type=c("'standard", "ordered", "standard"),
penalty=perm.out$bestpenalties, ncomponents=2, ws=perm.out$ws.init)

print(out)
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Normal Distribution. (When n= 30)

set.seed (1)

n=30

u <- matrix(rnorm(n),ncol=1)

v1 <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

v2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

v3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

x1<- u%*%t(v1) + matrix(rnorm(n*100),ncol=100)

X2<- u%*%t(v2) + matrix(rnorm(n*50),ncol=50)

x3<- u%*%t(v3) + matrix(rnorm(n*200),ncol=200)

xlist<- list(x1, x2, x3)

perm.out<- MultiCCA.permute(xlist, type=c("standard", "ordered","standard"))
print(perm.out)

plot(perm.out)

out<- MultiCCA(xlist, type=c("'standard", "ordered", "standard"),
penalty=perm.out$bestpenalties, ncomponents=2, ws=perm.out$ws.init)

print(out)
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Normal Distribution. (When n= 40)

set.seed (1)

n=40

u <- matrix(rnorm(n),ncol=1)

v1 <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

v2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

v3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

x1<- u%*%t(v1) + matrix(rnorm(n*100),ncol=100)

X2<- u%*%t(v2) + matrix(rnorm(n*50),ncol=50)

x3<- u%*%t(v3) + matrix(rnorm(n*200),ncol=200)

xlist<- list(x1, x2, x3)

perm.out<- MultiCCA.permute(xlist, type=c(*"standard"”, "ordered","standard"))
print(perm.out)

plot(perm.out)

out<- MultiCCA(xlist, type=c("'standard", "ordered", "standard"),
penalty=perm.out$bestpenalties, ncomponents=2, ws=perm.out$ws.init)

print(out)

53



Appendix ii
Lognormal Distribution. (When n=5)
set.seed(1)
n=>5
aa<- matrix(rlnorm(n),ncol=1)
aal <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)
aa2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)
aa3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)
yl <- aa%*%t(aal) + matrix(rinorm(n*100),ncol=100)
y2 <- aa%*%t(aa2) + matrix(rlnorm(n*50),ncol=50)
y3 <- aa%*%t(aa3) + matrix(rinorm(n*200),ncol=200)
ylist<- list(y1, y2, y3)
perm.outy<- MultiCCA.permute(ylist, type=c("standard", "ordered","standard"))
print(perm.outy)
plot(perm.outy)
outy<- MultiCCA(ylist, type=c(*"standard", "ordered", "standard"),
penalty=perm.outy$bestpenalties, ncomponents=2, ws=perm.outy$ws.init)

print(outy)
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Lognormal Distribution. (When n=10)

set.seed(1)

n=10

aa<- matrix(rlnorm(n),ncol=1)

aal <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

aa2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

aa3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

yl <- aa%*%t(aal) + matrix(rinorm(n*100),ncol=100)

y2 <- aa%*%t(aa2) + matrix(rinorm(n*50),ncol=50)

y3 <- aa%*%t(aa3) + matrix(rinorm(n*200),ncol=200)

ylist<- list(y1, y2, y3)

perm.outy<- MultiCCA.permute(ylist, type=c("standard", "ordered","standard"))
print(perm.outy)

plot(perm.outy)

outy<- MultiCCA(ylist, type=c(*"standard", "ordered", "standard"),
penalty=perm.outy$bestpenalties, ncomponents=2, ws=perm.outy$ws.init)

print(outy)
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Lognormal Distribution. (When n= 20)

set.seed(1)

n=20

aa<- matrix(rlnorm(n),ncol=1)

aal <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

aa2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

aa3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

yl <- aa%*%t(aal) + matrix(rinorm(n*100),ncol=100)

y2 <- aa%*%t(aa2) + matrix(rinorm(n*50),ncol=50)

y3 <- aa%*%t(aa3) + matrix(rinorm(n*200),ncol=200)

ylist<- list(y1, y2, y3)

perm.outy<- MultiCCA.permute(ylist, type=c("standard", "ordered","standard"))
print(perm.outy)

plot(perm.outy)

outy<- MultiCCA(ylist, type=c(*"standard", "ordered", "standard"),
penalty=perm.outy$bestpenalties, ncomponents=2, ws=perm.outy$ws.init)

print(outy)
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Lognormal Distribution. (When n=30)

set.seed(1)

n=30

aa<- matrix(rlnorm(n),ncol=1)

aal <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

aa2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

aa3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

yl <- aa%*%t(aal) + matrix(rinorm(n*100),ncol=100)

y2 <- aa%*%t(aa2) + matrix(rinorm(n*50),ncol=50)

y3 <- aa%*%t(aa3) + matrix(rinorm(n*200),ncol=200)

ylist<- list(y1, y2, y3)

perm.outy<- MultiCCA.permute(ylist, type=c("standard", "ordered","standard"))
print(perm.outy)

plot(perm.outy)

outy<- MultiCCA(ylist, type=c(*"standard", "ordered", "standard"),
penalty=perm.outy$bestpenalties, ncomponents=2, ws=perm.outy$ws.init)

print(outy)
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Lognormal Distribution. (When n= 40)

set.seed(1)

n=40

aa<- matrix(rlnorm(n),ncol=1)

aal <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

aa2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

aa3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

yl <- aa%*%t(aal) + matrix(rinorm(n*100),ncol=100)

y2 <- aa%*%t(aa2) + matrix(rinorm(n*50),ncol=50)

y3 <- aa%*%t(aa3) + matrix(rinorm(n*200),ncol=200)

ylist<- list(y1, y2, y3)

perm.outy<- MultiCCA.permute(ylist, type=c("standard", "ordered","standard"))
print(perm.outy)

plot(perm.outy)

outy<- MultiCCA(ylist, type=c(*"standard", "ordered", "standard"),
penalty=perm.outy$bestpenalties, ncomponents=2, ws=perm.outy$ws.init)

print(outy)
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Appendix iii
Exponential Distribution.(When n=5)
set.seed(1)
n=>5
bb<- matrix(rexp(n),ncol=1)
bbl <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)
bb2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)
bb3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)
z1 <- bb%*%t(bb1) + matrix(rexp(n*100),ncol=100)
22 <- bb%*%t(bb2) + matrix(rexp(n*50),ncol=50)
23 <- bb%*%t(bb3) + matrix(rexp(n*200),ncol=200)
zlist<- list(z1, z2, z3)
perm.outz<- MultiCCA.permute(zlist, type=c("standard", "ordered","standard"))
print(perm.outz)
plot(perm.outz)
outz<- MultiCCA(zlist, type=c("'standard”, "ordered", "standard"),
penalty=perm.outz$bestpenalties, ncomponents=2, ws=perm.outz$ws.init)

print(outz)
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Exponential Distribution. (When n=10)

set.seed(1)

n=10

bb<- matrix(rexp(n),ncol=1)

bbl <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

bb2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

bb3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

z1 <- bb%*%t(bb1) + matrix(rexp(n*100),ncol=100)

22 <- bb%*%t(bb2) + matrix(rexp(n*50),ncol=50)

23 <- bb%*%t(bb3) + matrix(rexp(n*200),ncol=200)

zlist<- list(z1, z2, z3)

perm.outz<- MultiCCA.permute(zlist, type=c("standard", "ordered","standard"))
print(perm.outz)

plot(perm.outz)

outz<- MultiCCA(zlist, type=c("'standard", "ordered", "standard"),
penalty=perm.outz$bestpenalties, ncomponents=2, ws=perm.outz$ws.init)

print(outz)
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Exponential Distribution.(When n=20)

set.seed(1)

n=20

bb<- matrix(rexp(n),ncol=1)

bbl <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

bb2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

bb3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

z1 <- bb%*%t(bb1) + matrix(rexp(n*100),ncol=100)

22 <- bb%*%t(bb2) + matrix(rexp(n*50),ncol=50)

23 <- bb%*%t(bb3) + matrix(rexp(n*200),ncol=200)

zlist<- list(z1, z2, z3)

perm.outz<- MultiCCA.permute(zlist, type=c("standard", "ordered","standard"))
print(perm.outz)

plot(perm.outz)

outz<- MultiCCA(zlist, type=c("'standard", "ordered", "standard"),
penalty=perm.outz$bestpenalties, ncomponents=2, ws=perm.outz$ws.init)

print(outz)
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Exponential Distribution. (When n=30)

set.seed(1)

n=30

bb<- matrix(rexp(n),ncol=1)

bbl <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

bb2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

bb3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

z1 <- bb%*%t(bb1) + matrix(rexp(n*100),ncol=100)

22 <- bb%*%t(bb2) + matrix(rexp(n*50),ncol=50)

23 <- bb%*%t(bb3) + matrix(rexp(n*200),ncol=200)

zlist<- list(z1, z2, z3)

perm.outz<- MultiCCA.permute(zlist, type=c("standard", "ordered","standard"))
print(perm.outz)

plot(perm.outz)

outz<- MultiCCA(zlist, type=c("'standard", "ordered", "standard"),
penalty=perm.outz$bestpenalties, ncomponents=2, ws=perm.outz$ws.init)

print(outz)
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Exponential Distribution.(When n=40)

set.seed(1)

n=40

bb<- matrix(rexp(n),ncol=1)

bbl <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

bb2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

bb3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

z1 <- bb%*%t(bb1) + matrix(rexp(n*100),ncol=100)

22 <- bb%*%t(bb2) + matrix(rexp(n*50),ncol=50)

23 <- bb%*%t(bb3) + matrix(rexp(n*200),ncol=200)

zlist<- list(z1, z2, z3)

perm.outz<- MultiCCA.permute(zlist, type=c("standard"”, "ordered","standard"))
print(perm.outz)

plot(perm.outz)

outz<- MultiCCA(zlist, type=c("'standard", "ordered", "standard"),
penalty=perm.outz$bestpenalties, ncomponents=2, ws=perm.outz$ws.init)

print(outz)
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Appendix iv
Chi-square Distribution. (When n=5)
set.seed(1)
n=5
cc <- matrix(rchisq(n,6),ncol=1)
ccl <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)
cc2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)
cc3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)
w1l <- cc%*%t(ccl) + matrix(rchisq(n*100,6),ncol=100)
w2 <- cc%*%t(cc2) + matrix(rchisq(n*50,6),ncol=50)
w3 <- cc%*%t(cc3) + matrix(rchisq(n*200,6),ncol=200)
wlist<- list(w1, w2, w3)
perm.outw<- MultiCCA.permute(wlist, type=c("standard", "ordered","standard"))
print(perm.outw)
plot(perm.outw)
outw<- MultiCCA(wlist, type=c("standard", "ordered", "standard"),
penalty=perm.outw$bestpenalties, ncomponents=2, ws=perm.outw3$ws.init)

print(outw)
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Chi-square Distribution. (When n=5)

set.seed(1)

n=5

cc <- matrix(rchisq(n,6),ncol=1)

ccl <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

cc2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

cc3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

w1l <- cc%*%t(ccl) + matrix(rchisq(n*100,6),ncol=100)

w2 <- cc%*%t(cc2) + matrix(rchisq(n*50,6),ncol=50)

w3 <- cc%*%t(cc3) + matrix(rchisq(n*200,6),ncol=200)

wlist<- list(w1, w2, w3)

perm.outw<- MultiCCA.permute(wlist, type=c("standard", "ordered","standard"))
print(perm.outw)

plot(perm.outw)

outw<- MultiCCA(wlist, type=c(*standard", "ordered", "standard"),
penalty=perm.outw$bestpenalties, ncomponents=2, ws=perm.outw$ws.init)

print(outw)
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Chi-square Distribution. (When n=10)

set.seed(1)

n=10

cc <- matrix(rchisq(n,6),ncol=1)

ccl <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

cc2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

cc3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

w1l <- cc%*%t(ccl) + matrix(rchisq(n*100,6),ncol=100)

w2 <- cc%*%t(cc2) + matrix(rchisq(n*50,6),ncol=50)

w3 <- cc%*%t(cc3) + matrix(rchisq(n*200,6),ncol=200)

wlist<- list(w1, w2, w3)

perm.outw<- MultiCCA.permute(wlist, type=c("standard", "ordered","standard"))
print(perm.outw)

plot(perm.outw)

outw<- MultiCCA(wlist, type=c(*standard", "ordered", "standard"),
penalty=perm.outw$bestpenalties, ncomponents=2, ws=perm.outw$ws.init)

print(outw)
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Chi-square Distribution. (When n=20)

set.seed(1)

n=20

cc <- matrix(rchisq(n,6),ncol=1)

ccl <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

cc2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

cc3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

w1l <- cc%*%t(ccl) + matrix(rchisq(n*100,6),ncol=100)

w2 <- cc%*%t(cc2) + matrix(rchisq(n*50,6),ncol=50)

w3 <- cc%*%t(cc3) + matrix(rchisq(n*200,6),ncol=200)

wlist<- list(w1, w2, w3)

perm.outw<- MultiCCA.permute(wlist, type=c("standard", "ordered","standard"))
print(perm.outw)

plot(perm.outw)

outw<- MultiCCA(wlist, type=c(*standard", "ordered", "standard"),
penalty=perm.outw$bestpenalties, ncomponents=2, ws=perm.outw$ws.init)

print(outw)
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Chi-square Distribution. (When n=30)

set.seed(1)

n=30

cc <- matrix(rchisq(n,6),ncol=1)

ccl <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

cc2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

cc3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

w1l <- cc%*%t(ccl) + matrix(rchisq(n*100,6),ncol=100)

w2 <- cc%*%t(cc2) + matrix(rchisq(n*50,6),ncol=50)

w3 <- cc%*%t(cc3) + matrix(rchisq(n*200,6),ncol=200)

wlist<- list(w1, w2, w3)

perm.outw<- MultiCCA.permute(wlist, type=c("standard", "ordered","standard"))
print(perm.outw)

plot(perm.outw)

outw<- MultiCCA(wlist, type=c(*standard", "ordered", "standard"),
penalty=perm.outw3$bestpenalties, ncomponents=2, ws=perm.outw$ws.init)

print(outw)
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Chi-square Distribution. (When n=40)

set.seed(1)

n=40

cc <- matrix(rchisq(n,6),ncol=1)

ccl <- matrix(c(rep(.5,25),rep(0,75)),ncol=1)

cc2 <- matrix(c(rep(1,25),rep(0,25)),ncol=1)

cc3 <- matrix(c(rep(.5,25),rep(0,175)),ncol=1)

w1l <- cc%*%t(ccl) + matrix(rchisq(n*100,6),ncol=100)

w2 <- cc%*%t(cc2) + matrix(rchisq(n*50,6),ncol=50)

w3 <- cc%*%t(cc3) + matrix(rchisq(n*200,6),ncol=200)

wlist<- list(w1, w2, w3)print(perm.outw)

plot(perm.outw)

outw<- MultiCCA(wlist, type=c(*standard", "ordered", "standard"),
penalty=perm.outw$bestpenalties, ncomponents=2, ws=perm.outw$ws.init)

print(outw)
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